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Abstract. In this paper, we introduce a Stancu type generalization of modified Srivastava-Gupta
operators. We obtain the moments of the operators and then prove the basic convergence theorem.
Next, the Voronovskaja type asymptotic formula and some direct results for the above operators are
discussed. Also, the rate of convergence and weighted approximation by these operators in terms of
modulus of continuity are studied. Then, we obtain point-wise estimates using the Lipschitz type
maximal function and two parameter Lipschitz-type space. Further, we study the A-statistical
convergence of these operators. Lastly, we give better estimations of the above operators using
King type approach.
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1. Introduction

In the year 2003, Srivastava and Gupta [33] introduced a general family of summation-
integral type operators {G,, .} which includes some well-known operators as special cases.
They obtained the rate of convergence for functions of bounded variation. For the details
of special cases in [33], we refer the readers to [13], [20] and [31].
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For f € C4[0,00) := {f € C[0,00) : | f(t)| < M(1+t)" for some M > 0,7 > 0}, Srivastava
and Gupta proposed a certain family of positive linear operators defined by

n c fa = nzpn E\Z,C / pn-{—c,k—l(ta C)f(t)dt +pn,0(l‘a C)f(O), (1)
where
Nk
I B 10 2
and

e T, c=0,

Verma and Agrawal [35] introduced the generalized form of the operators (1) and studied
some of its approximation properties. Deo [3] gave a modification of these operators and
established the rate of convergence and Voronovskaja type asymptotic result. Recently,
Acar et al. [1] introduced Stancu type generalization of the operators (1) and obtained an
estimate of the rate of convergence for functions having derivatives of bounded variation
and also studied the simultaneous approximation for these operators.

Yadav [36] proposed the modification of the operators (1) using the King approach as

G* = annk z,c / Prtek—1(t,¢)f <(n;c)t> dt + pno(z,c)f(0) (3)

and studied its moment estimates, direct estimate, asymptotic formula and statistical
convergence. Recently, Maheshwari [22] obtained the rate of convergence for the functions
having bounded derivatives on every finite subinterval of [0, c0) for the operators (3). Very
recently, Neer et al. [29] introduced the Bezier variant of the operators (3) and studied
the direct approximation result and estimate of the rate of convergence of these operators
for functions of bounded variation.

n [34], Stancu introduced the positive linear operators pieA) Cl0,1] — C[0,1] by
modifying the Bernstein polynomial as

(o kE+a

where by, ;(z) = (})2*(1 — )", € [0,1] is the Bernstein basis function and «, 3 are
any two real numbers which satisfy the condition that 0 < a < f.

In the recent years, Stancu type generalization of the certain operators introduced by
several researchers and obtained different type of approximation properties of many oper-
ators, we refer some of the important papers in this direction as [1], [2], [32] etc.
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For f € C,[0,00), 0 < a < we introduce the following Stancu type generalization of
the operators (3):

’ﬁ f 1‘ = nzpnk x c / pn+c,k71(tvc)f <(n;c_£tﬁ+a> dt

sonateof (25) (@

For a« = 8 =0, we denote GZS?’B)(]”;;U) by Gy, .(f;2).

The goal of the present paper is to study the basic convergence theorem, Voronovskaja type
asymptotic result, local approximation theorem, rate of convergence, weighted approxi-
mation, pointwise estimation and A-statistical convergence of the operators (4). Further,
to obtain better approximation, we also propose modification of the operators (4) using
King type approach.

2. Moment Estimates
Lemma 1. [36] For G}, .(t™;z), m = 0,1,2, one has
(1) G (Liz) =1
(ii) G, o(t @) = a;

i) G (% 2) = ("Q_CQ)xi+2w(n_c), for n > 2c.
n,c n(n—2c)

Lemma 2. For the operators G,*z(,?’ﬁ)(f;x) as defined in (4), the following equalities hold:

(i) Gre? (L) = 1;

*(aﬁ . _ nzto.
(it) Gne (@) = 755

2

*(a, n(n?2—c2 n((n—c)+a(n—2c a?
(iii) G (1% x) = {(77‘_(26)(”—")5)2}!@2 + {2 (((n_ng(nimZ ) }x + gz for n>2c

Proof. For x € [0,00), in view of Lemma 1, we have
GeA(1z) = 1

Next, for f(t) = t, again applying Lemma 1, we get

o o o0 n—c)t+a o
Gl (tz) = ann,k(x,c)/O Prtek—1(t¢) <(n425) dt + pn,o(z, c) <n+5>

N a nrto
- n—i—ﬁG ot )+n+5_n+5
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Proceeding similarly, we have

o0 0o B 2
G 00) = 1Y paslee) [ pmiesr(:0) (") ol (2
() e i ()
= (vg) G0+ G n+p

B n(n? — c2) 2 2n((n —¢) + a(n — 2c)) . o?
et e G

Lemma 3. For f € Cp[0,00) (space of all bounded and continuous functions on [0,00)
endowed with norm || f ||= sup{|f(x)| : 2 € [0,00)}). | GaZ” (f5) 1<l £ ||

Proof. In view of (4) and Lemma 2, the proof of this lemma easily follows.

Remark 1. For every x > 0,n > 2¢, we have

a— Bx
n+p3"’

Gl ((t = x); )

and

ne(2n — ¢ 2(n —2¢c
N
2n(n — ¢) — 2aB(n — 2¢) . o?
+{ (n—20)(n + B)? } CETEs

= ’Ync ( ) (S(J,y)

n > 2c

3. Main Results

Theorem 4. (Voronovskaja type theorem) Let f € Cg[0,00). If f', f" exists at a fized
point x € [0,00), we have

lim n (G*(a’fj (f;z) — f(x)) = (a — Bz)f'(x) + z(1 + cx) f"(z).

n—oo

Proof. Let x € [0,00) be fixed. From the Taylor’s theorem, we may write

ft) = fl2) + (t—2)f'(z) + %f”(fﬂ)(t —2)? +£(t2)(t - 2)?, ()

where £(¢, x) is the peano form of the remainder and 1%im &(t,z) = 0.
—T

Applying ngg’ﬁ)(f, x) on both sides of (5), we have

n(GeD(fim) — f@) = nf @GS (¢~ 2);2) + o0 @CHED (¢ - )% )

:
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+nGZ€?’B) ((t — x)2§(t, x); :c) .

In view of Remark 1, we have

hﬁm nG*(O‘ P ((t—xz);z) =a— (6)
and
*(a B) ((+— )2 2) =
nh—{%o nG, ((t— )% ) =22(1 + cz). (7)

Now, we shall show that

n—oo

lim nGHe?) (5( )(t—a;)Q;x> =0

By using Cauchy-Schwarz inequality, we have

GZE?’B)(f(t,az)(t—:c ) \/G @B (e2(t, 2); 2 \/G*(aﬁ t—x)% ). (8)

We observe that £2(z,x) = 0 and £2(.,z) € Cg[0,0). Then, it follows that

lim G3&P)(E(t,x);2) = E(x,2) =0, (9)

n—o0

* Qv 1
in view of fact that Gn(,c ’ﬂ)((t —o)hz) = O<

n2>' Now, from (8) and (9) we obtain

lim nG*( 2:6) (&(t,z)(t —2)%2) = 0. (10)

n—oo

From (6), (7) and (10), we get the required result.

3.1. Local approximation

For Cg[0,00), let us consider the following K-functional:

K(f.0) = nt {1 f-gl+0]g" [}

where § > 0 and W2 = {g € Cg[0,00) : J,q € Cpl0,00)}. By, p. 177, Theorem 2.4 in
[4], there exists an absolute constant C' > 0 such that

KQ(fvé) < CW?(fv \/3)7 (11)
where

wa(f, Vo) = sup  sup | f(z+2h) —2f(z+h)+ f(z) |

0<h<+/6 2€[0,00)
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is the second order modulus of smoothness of f. By

w(f,6) = sup sup | f(z+h)—f(z)],

0<h<é z€[0,00)
we denote the usual modulus of continuity of f € Cg[0, 00).

Theorem 5. Let f € Cpl0,00). Then, for every x € [0,00), we have

G (1) = S| < O (100w) v (1)

where C is an absolute constant and

57(%5)(3:) = <GZ(2"B)((t _ x)z;x) N (a _ 5;,;)2)1/2.

n+p
Proof. For x € [0,00), we consider the auxiliary operators @Zgj’ﬁ) defined by
G Mfia) = Gl (i) - £ () 4 (o), (12)
n+p
From Lemma 2, we observe that the operators éig?’ﬁ) are linear and reproduce the linear
functions.
Hence
Gt —wpa) = 0. (13)

Let g € W2. By Taylor’s theorem, we have

o(t) = g(@) + (t - 2)g'(@) + / (t — v)g" (v)dv, t € [0,00).

(a,8)

Applying é;c on both sides of the above equation and using (13), we have

t
@) = o)+ (- o @ans).

Thus, by (12) we get

G2 (g:) — g(a)]

t neto

< G;(gﬁ)(‘/m (t —v)g (v)dv ;:1:) + /z +ﬁ <nnx—:—;z - v)g//(v)dv
t T |nz + a

< are? ([ - ol @hdoss) + [ BEEE g @l
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oo e+ (25 1o

(s @) 14" 1. (14

On other hand, by (12) and Lemma 3, we have

IN

IN

G (fm) < 3 F (15)

Using (14) and (15) in (12), we obtain
GHeB) (fr2) — f(2)] < (GO (f = g2) +|(f — 9)(@)] + G2 (g52) — g(a)]
‘f (nw—i—a) @)

< al7-ol+ (82@) 1" 1 +]7 (B ) - o]

Hence, taking infimum on the right hand side over all g € W2, we get

[ GleP (i) = )| < Ko (f,057 ()?) + (f, ’0‘15;')

In view of (11), we get

G fi)~ f@) | < Con (1827 @) 4 (1555,

Hence, the proof is completed.

3.2. Rate of convergence

Let wy(f,0) denote the modulus of continuity of f on the closed interval [0,5],b > 0,
and defined as

wp(f,6) = sup sup [f(t) - f(z)].

[t—z|<6 z,t€[0,]

We observe that for a function f € Cgl0, c0), the modulus of continuity wy(f,d) tends to
*(a,B)

zero. Now, we give a rate of convergence theorem for the operators G, .

Theorem 6. Let f € Cp[0,00) and wpi1(f,0) be its modulus of continuity on the finite
interval [0,b+ 1] C [0,00), where b > 0. Then, for every n > 2c,

GE@B) (fra) - <w>rs4Mf<1+b2>v£af><>+zwb1(f L@ (g >)7

where ’y,(l C”B)( ) is defined in Remark 1 and My is a constant depending only on f.
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Proof. For x € [0,b] and t > b+ 1. Since t —x > 1, we have
t) — f(z)] < Mp(2 42+ 22) < My(t — 2)2(2+ 22 + 222) < AM (1 +b)(t — z)2.
! f !

For x € [0,b] and ¢t < b+ 1, we have

16 = F@] < palfle - < (1457 Jwna(r9.0 >0,

From the above, we have

() — F@)] < AMp(L+B)(t - 2)* + (1 + |t_5$|>wb+1(f7 5),6 > 0.

Thus, by applying Cauchy-Schwarz inequality, we have
GHeD (fr2) = f@)] < AMp(L+ )G (- 2)% )

+wp+1(f, ) ( G* B (t — x)? :c)§>
< AMp(1+ 0P (@) + 2wpi (f, AP (o ))

on choosing § = 'yy(f‘cﬁ )( ). This completes the proof of the theorem.

3.3. Weighted approximation.

Let C, be the space of all continuous functions on [0,00) with the norm || f ||,=

sup @)l and CY = {f € C,: lim )] < oo}, where v(z) is a weight function.
x€[0,00) I/($) =00 V(x)

In what follows we consider v(z) = 1 + 22.

Theorem 7. For each f € C°, we have
lim || Gre?(f) = f [l.=0.
n—oo
Proof. From [8], we know that it is sufficient to verify the following three conditions

lim || GiloP) (tF2) — 2k |,=0, k=0,1,2. (16)

n—o0

Since GZ(,?’ﬁ)(l;x) = 1, the condition in (16) holds for k£ = 0.
By Lemma 2, we have

*(a7ﬁ
*(cB) (4. 1) _ _ |G (L) —
” Gn,c (ta iL‘) x) ”l/ aces[lOl,I;o) 1+ 2
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x « 1
< sup + sup —5
n+ g z€[0,00) 1 + 2 n+pf z€[0,00) 1 + x?
< o+0
- n+p

which implies that the condition in (16) holds for k& = 1.
Similarly, we can write for n > 2¢

Grie? (12) — 2

[ G;Egvﬁ)(ﬂ;x) — 22|, = xes[t(;&) T+ a2
n(n? — ) B 1‘ N 2n((n —¢) + a(n — 2c¢))
(n —2¢)(n + B)2 (n —2¢)(n+ B)2
o2
RCEYE

which implies that lim | G5 (¢%; 2) — 2% ||, = 0, the equation (16) holds for k = 2.
n—o00 ?
This completes the proof of theorem.

Now we give the following theorem to approximate all functions in CY. Such type of
results are given in [9] for locally integrable functions.

Theorem 8. For each f € CY and o > 0, we have

G (fr2) = f(a)]

i =0.
nLHQOZSBEO) (1 + 22)o+1
Proof. For any fixed xg > 0,
Grie P (f32) = f(@)] G (f12) — ()] G (f12) — f(@)
sup 2Yo+1 = Sup 2yo 11 + sup 2yo 11
z€[0,00) (1+22) z<wzg (14 22) x>T0 (14 22)
*(a,B)
|Gn(c (fv 1") - f($)| *(a,)
) < El J—
xes[lg,ro)o) (1 n $2)U+1 = ” Gn,c (f) f ”C’[O,xo}
1 sup 1GRED 0+ i) f ()
v - (1 + .7,‘2)0+1 >0 (1 + x2)g+1 .

The first term of the above inequality tends to zero from Theorem 6. By Lemma 2, for
any fixed xg > 0, it is easily prove that

ap 1G]
o (1 a2y

as n — 0o0. We can choose zg > 0 so large that the last part of the above inequality can

be small.
Hence the proof is completed.
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3.4. Pointwise Estimates

In this section, we establish some pointwise estimates of the rate of convergence of the
operators GZE?’ﬁ ), First, we give the relationship between the local smoothness of f and
local approximation.

We know that a function f € C[0,00) is in Lipys (o) on E, a € (0,1], EC [0,00) if it
satisfies the condition
If(t) — f(z)| < M|t —z|* t €]0,00) and z € E,

where M is a constant depending only on « and f.

Theorem 9. Let f € C[0,00) N Lipys («), E C [0,00) and o € (0,1]. Then, we have

G i) - ) < 2 (@) + 2@ ). aelooo)

where M is a constant depending on « and f and d(z, E) is the distance between x and E
defined as
d(z,E) =inf{|t —z|:t € E}.
Proof. Let E be the closure of E in [0, 00). Then, there exists at least one point 2o € E
such that
d(z,FE) = |z — x9].

By our hypothesis and the monotonicity of ngg’ﬁ ), we get

GHED(Fr0) = F@) < GHED(S() = (o)) + Gre P (|f (w) = flwo) s w)
< M (et —aol*s ) + o — ol
< M(GleP(t = al* ) + 2a — wol”)

2 1 1
Now, applying Hélder’s inequality with p = — and — =1 — —, we obtain
a q p

GO (i) = ()] < M ({GEP (1 = 2Ps2)}™/? 4 2% (2, B))

from which the desired result immediate.

Next, we obtain the local direct estimate of the operators defined in (4), using the
Lipschitz-type maximal function of order « introduced by B. Lenze [19] as

(:Da(f, .%') = sup M

~—, w€[0,00) and «a € (0,1]. (17)
t#x, t€[0,00) |t - JI’
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Theorem 10. Let f € Cg[0,00) and 0 < a < 1. Then, for all x € [0,00) we have

*(a ~ el /2
Gl () = F(@)] < Balf ) (10@) "
Proof. From the equation (17), we have

GEED (fr2) — f(2)] < Balf, )G (|t — 2| ).

2 1 1
Applying the Holder’s inequality with p = — and — =1 — —, we get
« q p

GO (fi) - F()] < BalF. )G (- 2)%2)F <Talfx) (0P @)

Thus, the proof is completed.

900

For a,b > 0, Ozarslan and Aktuglu [30] consider the Lipschitz-type space with two

parameters:

|t — x|

(t + az? + bx)

Lipg\f}vb)(a) = <f € Cl0,00) : |f(t) — f(x)| <M VER x,t €0, oo)) ,

where M is any positive constant and 0 < o < 1.

Theorem 11. For f € Lz’pg\fl’b) (a). Then, for all x > 0, we have

(a,8) /2
GrP) (fr2) — f(z)| < M (7”()> .

azr? + bx

Proof. First we prove the theorem for o« = 1. Then, for f € Lipg\?b)(l), and z € [0, 00),

we have

GH@B) (frx) — f(a)]

IN

GreD(If (1) = f(a)]sz)

t — x|
< MGHeP) |
- e (t+ ax? + bx)1/2’

M
7/3
(am2+bx)1/2G (It —ola
Applying Cauchy-Schwarz inequality, we get
* M . 1/2
GLeD ) = F@) S o (G- )5)

IN

1/2
v 1P ()
ax? + bx '
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Thus the result holds for a = 1.
Now, we prove that the result is true for 0 < o < 1. Then, for f € Lipg\?b) (a), and
x € [0,00), we get

* (v M *(Qv «
|Gn(,c"8)(f;x) - flx)] < WGngc’ﬁ)(]t—x\ ;).

Taking p = + and ¢ =

«

p%l, applying the Holders inequality, we have

(o M o a
|Gngcﬂ)(f;l’) - f($)| < W (Gngc’ﬂ)(‘t—l'|;l')) .

Finally by Cauchy-Schwarz inequality, we get

(o,8) /2
G (fr2) - fz)] < M(V(”C)> .

azx? + bx

Thus, the proof is completed.

3.5. Statistical convergence

Let A = (ank), (n,k € N), be a non-negative infinite summability matrix. For a given
sequence x := (x),, the A-transform of z denoted by Az : ((Ax),) is defined as

(Ax), = Z AnkTEk
k=1

provided the series converges for each n. A is said to be regular if lim(Az),, = L whenever
n

limz, = L. The sequence z = (), is said to be a A- statistically convergent to L i.e.
n

st4 — lim(z),, = L if for every € > 0, lim Z ani = 0. If we replace A by Cy then A
" " k:|zi—L|>e

is a Cesdro matrix of order one and A- statistical convergence is reduced to the statistical
convergence. Similarly, if A = I, the identity matrix, then A- statistical convergence
coincides with the ordinary convergence. It is to be noted that the concept of A-statistical
convergence may also be given in normed spaces. Many researchers have investigated
the statistical convergence properties for several sequences and classes of linear positive
operators (see [5], [6], [7], [10], [23], [28]). In the following result we prove a weighted
Korovkin theorem via A-statistical convergence.

Throughout this section, let us assume that e;(t) = t!,i = 0,1, 2.

Theorem 12. Let (a,;) be a non-negative regular infinite summability matriz and x €
[0,00). Let vc > 1 be a continuous function such that

lim 2@ _
T—00 U x)




A. Kumar, V. N. Mishra, D. Tapiawala / Eur. J. Pure Appl. Math, 10 (4) (2017), 890-907 902
Then, for all f € CY, we have
sta —lim || G5 (f) ~ f = 0.
Proof. From ([7] p. 195, Th. 6), it is enough to show that
sta —lim | Gl (e;) — e ||,= 0.
From Lemma 2, we get
sta—lim || G1{&7 (o) — eo [v=0.

Again by using Lemma 2, we have

1
G (eB) e1) — e < B sup L + o sup
IGnelen el < G, 00 Tv e P B,k T+
o ot 5.
- n+p

For any given € > 0, let us define the following sets:

= {nil GilePer) — 1 o= e},

[0 €
= N >7
S1 {n n—l—ﬁ_Z}

. B e
SQ'_{n'n—i—ﬁZZ}'

Then, we get S C S1 U Sy which implies that

Zankg Zank+ Z Ank

kesS keSy keSs

and

and hence
sta —lim || GE2P)(e1) —e1 ||,= 0.
A :

Similarly, we have

I G;(’g,ﬂ)(ez) Ce s < < n(n? — ¢ 1) 2n((n — ¢) + a(n — 2¢)) o2

(n—20)(n+p6)? (n —2c)(n+ B)? (n+pB)*

Now, we define the following sets:

Ui={n:| GeP(e2) — s > e},
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U“:%“<mf§;:?m Q 5}

|

_d 2n((n —¢) + a(n — 2¢))
U”‘{ T 2m B

wl o

and

[

Then, we get U C Uy U Uy U Uz which implies that
Zankg Zank+zank+zank
keU kel keUs keUs

and hence
st — lim || GZE?’B)(@) —e2 |,=0.

This completes the proof of the theorem.

4. Better Estimates

It is well known that the classical Bernstein polynomial preserve constant as well as
linear functions. To make the convergence faster, King [18] proposed an approach to
modify the Bernstein polynomial, so that the sequence preserve test functions ey and es,
where e;(t) = t',i = 0,1,2. As the operator GZE?’B)(f; x) defined in (4) preserve only the
constant functions so further modification of these operators is proposed to be made so
that the modified operators preserve the constant as well as linear functions.

For this purpose the modification of (4) is defined as

,B) _ o (n—c)t+«
nc fa = nzpnk 7"n /0 pn-l—c,k—l(ty C)f ( n+ ﬁ > dt

+@w0ﬁ@%@f(niﬁ>a (19

where 7, (z) = % for x €I, =2

795,00) and n>2c

Lemma 13. For each x € I, by simple computations, we have
(i) G (15) = 14

(ii) G*(a’ﬂ x) = x5
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(ii) G*( ,ﬁ)( £2: ) = (n? — c?) 22 2n(n —c) — 2ac(2n —¢)  a?c(2n — ¢) — 2an(n — c)

n(n — 2c) n(n — 2¢)(n + B) v n(n —2¢)(n + B)?
Consequently, for each x € I, , we have the following equalities

Gt — i) =0

—x(,B c(2n —c 2n(n —c¢) — 2ca(2n —c
Gn(,c ((t—2)%2) = n((n — 26)):52 + (n(n _) 26)(n5—6) )
a?c(2n — ¢) — 2an(n — c)
n(n —2¢)(n + B)?
= (), (say) (19)
Theorem 14. Let f € Cp(I,) and © € I,. Then for n > 2c, there exists a positive
constant C" such that

GO (i) — f ()|<<7wz(f a“()),

where Cn c”B)( ) is given by (19).

Proof. Let g € W? and x,t € I,,. Using the Taylor’s expansion we have
g

t

o) = g(a) + (¢ = 2)g' (@) + [ (¢~ v)g" ().

xT

Applying émc on both sides and using Lemma 13, we get

t
a;kl(’gﬁ)(g; x)—glx) = @Ef’ﬁ) </ (t— v)g”(v)dv;x)

G

|G (giw) - g@) 1S T2 (= w)%2) || " 1= P (@) 1 9" |-

Since | GV (f;2) 1< | £, we get

Obviously, we have < (t — 2)?|¢"||. Therefore

*(a,3) —x*(a, —x*(a,
G ()= @) | < G (=g [+ (= 9)@) | +1Ge? (g50) — g(a) |
< 2l f =gl + ¢ @)1g")-
Finally, taking the infimum over all g € W? and using (11) we obtain

TP (fr2) — F(o) < Cleon (ﬂ “ﬁmﬂ,

which proves the theorem.
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Theorem 15. Let f € Cp(1L,). If f', " exists at a fized point x € I, then we have

lim n (G107 (f2) = f(2)) = 2(1+ ca)f" ().

n—oo

The proof follows along the lines of Theorem 4.
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