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Abstract. Recall that monomorphisms in some categories such as the category of posets, and the cat-
egory of topological spaces, are not necessarily embeddings. The notion of regular monomorphism,
solves this problem in these two categories. We have the same situation in the category S-Pos of S-
posets; that is posets with an action of a pomonoid S which preserves the order. In this category, regular
monomorphisms exactly determine sub S-posets.

In this paper, we study some categorical properties of regular monomorphisms in the category of S-
posets with action-preserving monotone maps.
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1. Introduction and Preliminaries

One of the very useful notions in many branches of mathematics as well as in computer
science is the action of a semigroup or a monoid on a set. Such acts corresponds to rep-
resentation of monoids. Also the action of a pomonoid S on partially ordered sets, namely
S-posets, appears as representations of mappings between pomonoids (cf. [6]). Brazegar et
al. [5], inspired by the work of Banaschewski [2] on ./ -injectivity, introduced three differ-
ent kinds of essentiality for a subclass .# of monomorphisms of a category, and considered
some category-theoretic conditions on .# to study well-behaviour of ./ -injectivity via these
essential monomorphisms. In the present paper, considering .# to be the class of regular
monomorphisms (order-embeddings) in the category S-Pos of S-posets with action-preserving
monotone maps, we investigate some categorical properties of .# which mostly are useful
in the study of well-behaviour of regular injectivity of S-posets (see also [4, 13]). Then we
compare some categorical properties of monomorphisms and regular monomorphims in the
categories of posets and S-posets.

A study of S-posets from a category-theoretic standpoint forms the content of [11], and
extends the results found in [8]. For more information on various properties of S-posets, see
also [7, 9, 10, 15].
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In the rest of this section we give some preliminaries about S-acts, posets, and S-posets
needed in the sequel.

Let S be a monoid with identity 1. Recall that a (left) S-act A is a set equipped with a
map A : S x A — A, called its action, such that, denoting A(s,a) by sa, we have 1a = a and
(st)a = s(ta), for all a € A, and s,t € S. The category of all S-acts, with action-preserving
maps between them, is denoted by S-Act. An S-act congruence 6 on A is an equivalence relation
with the property that afa’, a,a’ € A, implies that safsa’, for all s € S. A quotient S-act is
the set A/ 6 with the natural action, s[a] = [sa], which makes the canonical mapy :A— A/9,
a — [a], an S-act map. For more information about S-acts, see [12].

A monoid S is said to be a pomonoid if it is also a poset whose partial order is compatible
with the binary operation.

For a pomonoid S, a (left) S-poset is a poset A which is also an S-act whose action is mono-
tone in both arguments. An S-poset map (morphism) is an action preserving monotone map
between S-posets. Note that each poset P can be made into an S-poset with trivial action:
sp=p, foreveryp € Pbs €8S.

Let Abe an S-poset. An S-poset congruence on A is an S-act congruence 6 with the property
that the S-act A/0 can be made into an S-poset in such a way that the canonical S-act map
A— A/0 is an S-poset map. For a binary relation R on A, define the relation <z on Aby a <z d’
if and only if

a<aRa] <...<a,Ra, <d,

for some a;, ag, ...,a,,a. €A. Then an S-act congruence 6 on A is an S-poset congruence if

n> 4y
and only if a@a’ whenever a <4 a’ <4 a. The S-poset quotient is then the S-act quotient A/6
with the partial order given by [a] < [b] if and only if a <y b. Also the S-poset congruence
0(H) on A generated by H C A x A can be characterized as follows (see [15, Proposition 3.3]):

a®(H)a’ if and only if a = a’, or there exist s1,55,...,5,,t1,ts,...,t, €S such that

a < s1¢q1,51d; < 59Cy,89dy < $5C3,...,5,d, < d’;
/
a’ = t1p1,t1q1 < P2, t2qs < t3P3, .., tnGm = Q,

where (c;,d;), (pj,9q;) €HUH 'fori=1,2,...,nand j=1,2,...,m.
Moreover, the order relation on A/9(H) can be defined by: [a] < [a’]if and only ifa < a’,
or there exist s1,$5,...,5, €S such that

a< Slcl,sldl < 52C2,52d2 < $3C3, .. 'andn < a/,

where (¢;,d;)€e HUH ! fori=1,2,...,n.

Recall that the product of a family of S-posets is their cartesian product, with component-
wise action and order. The coproduct is their disjoint union, with natural action and componen-
twise order. As usual, we use the symbols [ [ and [ [ for product and coproduct, respectively.
Also for a family (A,),e; of S-posets each with a unique fixed element 0, the direct sum A,
is defined to be the sub S-poset of the product [ [A, consisting of all (a,),e; such that a, =0
for all a € I except a finite number of indices.

Throughout S denotes a pomonoid unless otherwise stated, and .# stands for the class of
regular monomorphisms of S-posets.
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2. Categorical Properties of Regular Monomorphisms in S-Pos

In this section we investigate the categorical and algebraic properties, regarding composi-
tion, limits and colimits of the category S-Pos with respect to the class .# of regular monomor-
phisms which are exactly order-embeddings.

We have divided the section into three subsections as follows:

2.1. Composition Properties of Regular Monomorphisms

In this subsection we study the composition properties of regular monomorphisms of S-
posets. To find the importance of these properties, the reader is referred to [1, 2].

Lemma 1. The class # is:

i) Composition closed; that is, if f :A— B and g : B — C belong to #, then gf also belongs
to M.

ii) Isomorphism closed; that is, it contains all isomorphisms and is closed under composition
with isomorphismes.

iii) Left cancellable; that is, if gf € M, then f € .

Proof. Since . is in fact the class of all order-embeddings, the proof is obvious. O

Remark 1. For every pomonoid S, the class # is not right cancellable. For example, consider the

inclusions 2 ‘i> 201 < 3 with trivial actions of a pomonoid S on 2, 2U1 and 3. Then gf € 4
but g is not in .#. Also, for every pomonoid S, there always exists a monomorphism that is not
regular. To see this, it suffices to take the inclusion i : 1U1 < 2 with trivial actions of a pomonoid
S on 1U1 and 2.

Here we investigate the factorization property in S-Pos. Recall that for two morphisms
f:A—Band g:C — D in a category 6, f is called vertical on g if for morphismsu: A — C
and v : B — D which vo f = gou, there exists a unique morphism w : B — C such that
wo f =uand g ow = v. Also a factorization diagonalization system for 6, is a pair (&, .#)
where & and . are some classes of morphisms, with the following properties:

e & and .# are composition and isomorphism closed.
e Foreverye € & and m € ., e is vertical on m.

e Every morphism f € % has a factorization of the form f = mo e in which m € .# and
e€é.

In this case, we say that € has (&, 4 )-factorization diagonalization property.

To find a factorization diagonalization system for S-posets, we use the decomposition and
first isomorphism theorems (see [7, Proposition 2.3], [8, Theorem 1]). First recall that for
every S-poset homomorphism f : A — B, the subkernel of f is defined by

Ky ={(a,a) €AxAlf(a) < f(a)}.



H. Rasouli / Eur. J. Pure Appl. Math, 7 (2014), 166-178 169

Proposition 1. Let & be the class of all S-poset epimorphisms. Then S-Pos has (&, .# )-factorization
diagonalization property.

Proof. First, notice that in view of Lemma 1, & and .# are composition and isomorphism
closed. Also [7, Proposition 2.3] implies that each S-poset homomorphism f : A — B can be
decomposed as f = me, where

e=17n:A£>A/kerf ;f(A),

and m =1i: f(A) — B. Clearly, m € 4 and e € §&. Now, we show that every e € & is vertical
oneverymée /. Letu:A— Cand v : B — D be some S-poset homomorphisms such that the

following diagram is commutative:

A—~

B
c—-D
We claim that K, € K,,. Suppose e(a) < e(a’), for a,a’ € A. Then
mu(a) = ve(a) < ve(a’) = mu(a’).

Since m is a regular monomorphism, we get u(a) < u(a’), as claimed. Using [8, Theorem 1],
there exists a unique d : B — C such that de = u. Also we have mde = mu = ve and hence
md = v because e is an epimorphism. This completes the proof. O

2.2. Limits of regular monomorphisms

In this subsection some of the categorical properties of regular monomorphisms related to
limits such as products and pullbacks are studied.

Proposition 2. i) The class A is closed under products.

it) Let {f, : A = Byla € I} be a family of regular monomorphisms. Then their product
homomorphism f : A— [ | B, is also a regular monomorphism.

Proof. It is straightforward. O

Proposition 3. Let {f, : A — B,|la € I} be a source of regular monomorphisms. Then the
homomorphism f : A — li(_mBa (existing by the universal property of limits) is also a regular
monomorphism.

Proof. Let f(a) < f(a’) for some a,a’ € A. For every a € I, we have
fal@) = mof(a) < mof (a') = fo(d),

where 7, : gi_mBa — B, is a limit morphism. Since f, is a regular monomorphism by the

assumption, a < a’. Thus f is a regular monomorphism. O
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The above result as well as Proposition 2 (ii) are also true whenever for some (not neces-
sarily all) a €1, f, is a regular monomorphism.

Recall that a class of morphisms of a category is called pullback stable if pullbacks transfer
those morphisms. In the next result, we study this property for regular monomorphisms of
S-posets.

Proposition 4. The class # is pullback stable.

Proof. Consider the pullback diagram

ij Lg
A—L.c

where P is the sub S-poset {(a,b) : f(a) = g(b)} of A x B, and pullback maps ps : P — A,
pp : P — B are restrictions of the projection maps. Assume that f € .#. We show that pz € 4.
Let pg(a,b) < pg(a’,b’), for a,a’ €A, b,b’ € B. Then b < b’ and hence

fl@)=g(b) < g(b)=f(a).

This implies a < d’, because f is a regular monomorphism. Therefore, (a,b) < (a’, b’), as
required. O

2.3. Colimits of Regular Monomorphisms

In this subsection we investigate the colimit properties, such as coproducts, direct sums,
pushouts and directed colimits (direct limits) of regular monomorphisms.

Proposition 5. The class .# is closed under coproducts and direct sums.

Proof. Assume that {f, : A, — B,|la € I} is a family of regular monomorphisms and
[1f. : 1A« — ]]B, is the coproduct morphism (which uniquely exists by the universal
property of coproducts):

114, 2118,

We show that | | f,, is a regular monomorphism.
Let ([ [f)(a,@) < ([ [f.)(@’,a'), where a € A,,a’ € Ay,a,a’ € I. It can be written as
(JIf)re(@) < (] f)tw(a’) and by the commutativity of the diagram, we get

(ful@), @) =t fo(@) = (| [ Fla(@) < (| [fduw(@) =t fula) = (fo(a), @');
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But this is impossible except @ = a’ and then f,(a) < f,(a’). Since f, is order-embedding,
a < d’. Consequently, (a,a) = (a,a’) < (da’,a’), as claimed.

For the second part, let {f, : A, — B,|a € I} be a family of regular monomorphisms such
that A, and B, have a unique zero element, and f : A, — P B, be the homomorphism

induced by the product of f,’s. In fact, f =] | fa‘@ . Since [ [ f,, is a regular monomorphism
Aq

by Propoition 2, this clearly implies that so is f. O

Here we show that pushouts transfer regular monomorphisms in S-Pos.
Theorem 1. S-Pos has ./ -transferring pushouts.

Proof. Consider the pushout diagram

ALB

|,

C——Q

Recall that Q = (B U C)/6(H) and 6(H) is the S-poset congruence on B LI C generated by
H = {((1,f(a)),(2,g(a))) : a € A}, where iz : B— BUC,i- : C — BLC are the coproduct
injections given by iz(b) = (1, b) and i-(c) = (2,¢c), for every b € B,c € C. Also the pushout
maps are given as q; = mic : C = Q, qg = miz : B = Q, where m : BUC — Q is the
canonical epimorphism. Suppose f is a regular monomorphism. To show that g is a regular
monomorphism, let g:(c) < qc(c”), for ¢,c’ € C. Thus we have

[(2,0)] = mic(c) = gc(c) < qelc’) = mic(c) = [(2,¢)].

Then, by [15, Proposition 3.3], we get (2,c¢) < (2,¢’) (and hence ¢ < ¢’) or there exist
$1,89,-..,5, €S such that

(2,¢) < s109,81d7 < 55Cq,55dy < 55C3,...,5,d, < (2,¢),
where (c;,d;) e HUH ! fori = 1,2,...,n. It follows that there exist a;, ..., a, €A such that

(2,C) < 51(2: g(al)):sl(]-:f(al)) < 52(17f(a2))752(2: g(aZ)) <
53(2: g(aB)): .. ')sn—l(laf(an—l)) < Sn(]-)f(an))>sn(2: g(an)) < (2) C/)~

This gives the following:

¢ < g(s1a1), f(s1a1) < f(s2a2), 8(s2a2) <
g(SSaS)’ e :f(sn—lan—l) < f(snan): g(snan) < Cl*

Since f is a regular monomorphism,

5107 < S909,5303 <S4y, -5 Sp—1dp—1 < Spdy.
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Hence, we get

¢ < g(s1a1) < g(sya) < glssaz) < ... < glsp1a,1) < g(s,a,) <.
O

For a class & of morphisms of a category, we say that multiple pushouts transfer £-morphisms

if in the multiple pushout (Q, (A, & Q),er) of a family {f, : A — A,|la € I} of &-morphisms,
gy € &, forevery a 1.
Analogously to the pushouts, the following result is obtained.

Theorem 2. Multiple pushouts transfer regular monomorphisms.

Proof. Assume that (Q, (A, K Q),<1) is the multiple pushout of a family
{fy : A— Ayla € I} of regular monomorphisms. Recall that Q = (] [A,)/6(H), where 6(H)
is the S-poset congruence on | [A, generated by H = {(i,(f,(a)), ig(fg(a)))la €A, a,p €1},
and q, = mi,, where 7 : | JA, = Q and i, : A, — | [A, are the natural map and coproduct
injection, respectively. We take a € I and prove that q, is a regular monomorphism. Let
qq(ay) < qq4(a)), for ay,al, €A,. Then we have

[(a,a)] = mig(aq) = qa(a) < qulay,) = mig(ay) = [(a, a})].

Using [15, Proposition 3.3], this implies that (a,a,) < (a,a,) (and then a, < a/) or there
exist $1,89,...,5, €S such that

/
(a,a,) < s10q,51d7 <55C9,85dy < 83¢3,...,8,d, < (a,a),
where (c;,d;) € HUH ! fori = 1,2,...,n. Thus there exist aj, ..., a, €A such that

(a,a,) < 51(a:fa(a1)),51(a1,fa1(a1)) < Sz(alafal(az)),
52(a2> faz(az)) < 53((12) faz (aB)): AR Sn—l(an—lnfan_l (an—l))
< sp(ap-1, fa, (@), snl@, folan)) < (a, ap).

Then we get

Aq < fo(51a1), fo,(5101) < fo,(52a2), fo,(s2a2) <

fay(53a3)s -+, fa,  (Spe1@p1) < fo, [ (5,00), fo(s5pa,) < .
Since f4 ..., fq, , are regular monomorphisms,
$1a7 < S9lg, ..., Sp_10p_1 < $,0p,
whence
o < fa(51a1) < fo(520) < fols3a3) < ... < fo(sn1@n-1) < folspan) < a,

as required. O
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Corollary 1. Every multiple pushout of regular monomorphisms (the diagonal maps on the mul-
tiple pushout diagram) is a regular monomorphism.

Proof. Apply Lemma 1(i) and Theorem 2. O

Definition 1. Let & be a class of morphisms of a category 6. We say that € has:

i) &-bounds if for every small and non-empty family {h, : A — B,}.c; of §-morphisms, there
is an &-morphism h : A— B which factorizes through all h,’s.

ii) &-amalgamation property if in (i), h factorizes through all h,’s by &-morphisms.
In view of Corollary 1, the following is immediate:
Proposition 6. S-Pos has .# -amalgamation property and so also has ./ -bounds.

Finally, we study directed colimit of regular monomorphisms in S-Pos. Recall that a directed
system of S-posets and S-poset maps is a family (A;);c; of S-posets indexed by an up-directed
set I endowed by a family (v);; : A; = A;)i<je; of S-poset maps such that giveni < j <k €1,
Yix = Yjiij, and ¢y = id. Also the pair (li_n)lAi,{ai tA o lll}Ai}) or in abbreviation,
lll)‘LAi is called the directed colimit (or direct limit) of the directed system ((A;)ies, (¥ij)i<;) if
for every i < j €1, ajy;; = a;, and for every (B, f; : A; = B) with fj3);; = f;, i < j €1, there
exists a unique S-poset map v : li)nAi — B such that va; = f;, for everyi € I.

Recall from [7] that the directed colimit of a directed system ((4;);es, (¥;;)i<;) of S-posets

exists, and may be represented as (A/6,(y; : A; = A/0);c;), where
) A=]]A;
ii) afa’(a €A;,a’ €A;)if and only if 3k > 1, : Y (a) = Y (a’);
iii) [a]y <[a’']g(a €A;,a’ €A;)if and only if Ik > i, : Py(a) < P jla’);
iv) foreachi el and a € A;, ¢;(a) =[alp.

Theorem 3. Let I be an up-directed set and {h, : A, — B, | a € I} be a directed family of regular
monomorphisms. Then the directed colimit homomorphism induced by h : lll)?Aa — li_)mBa isa

regular monomorphism.

Proof. Let (li)nAa, fo)s (lll)nBa, g,) be directed colimits of the directed systems

((Aa)aeb(waﬁ)asﬁ) and ((Ba)aela(waﬂ)asﬁ)’ reSPECtiveIY- Suppose {ha tAq = By | a €1}
is a directed family of regular monomorphisms such that for every a < 8, fgy,p = f, and

8p¥Pap = &a- Then

gﬁhﬁwaﬁ = gﬁ (paﬂha = gaha'
Thus h = lll;tha exists by the universal property of colimits. Consider le)nAa =([1,4.)/p
and limB, = (L1.B.)/p’. Let hla,], < hlag],. Then we have

[ha(aa)]p/ = gahq(ag) = hfy(a,) = h[aa]p <
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h[aﬁ]p = hf/s(aﬁ) = gﬁhp‘(aﬂ) = [h[j(aﬁ)]p’-

Therefore, h,(a,) <, hg(ag) and hence there exists y € I such that y > a, § and

Yarhalay) < wpyhglag). This implies that h, v, (a,) < h,2pp,(ag). Now, since h, is a reg-
ular monomorphism by hypothesis, we get 1 ,,(a,) < ¥g,(ag) which gives that a, <, ag.
Consequently, [a,], < [ag], and hence h is a regular monomorphism. O

Corollary 2. S-Pos has . -directed colimits.

Proof. Assume that (lll;lBa, 2.) is the directed colimit of the directed system

((Ba)aeb ((paﬂ )ag[} )’
and {h, :A— B, | a € I} is a directed family of regular monomorphisms such that
8pPap = 8u> for every a < f3. Leth: A— lll}Ba be the directed colimit of regular monomor-
phisms h, : A— B,, a € I. Recall that

h:lll}hazgaha:gﬁhﬁ =gyh, =....
Now, take
L={id: Ay > A Jael—{y},A,=A=A}
It is clear that X is a directed system and Zl)nAa =] JA,. By Theorem 3, the induced directed
colimit homomorphism k" : [ [A, — lll)iBa is a regular monomorphism. On the other hand,

obviously the canonical map i, : A, — | [A, is also a regular monomorphism. Hence, in view
of lemmal (i), h=hi,: A, =A— lll}Ba is a regular monomorphism. O

Definition 2. Let & be a class of morphisms of a category €. We say that €6 fulfills the &-chain
condition if for every directed system ((Aq)aer> (Wapla<per) Wwhose index set I is a well-ordered
chain with the least element 0, and g, € & for all a, there is a (so called “upper bound") family
(ga :Aa _)A)ael with 8o € & and &p (paﬁ = 8a-

Proposition 7. S-Pos fulfills the .# -chain condition.

Proof. Take A= hl)naAa and let g, : A, — A be the colimit maps. Then, applying Corollary
2, we get the result. O

3. Comparison of Categorical Properties of Monomorphisms and Regular
Monomorphisms

In this section some category-theoretic notions relative to monomorphisms and regular
monomorphisms in Pos and S-Pos is studied. We show that these morphisms have a different
behaviour with some categorical properties.

First notice that using similar arguments in proofs of results in Section 2 for the class of
monomorphisms, some properties regarding composition closed, limits (products and pull-
backs), colimits (coproducts and direct sums) and directed colimits hold in Pos and S-Pos.

About factorization diagonalization property, note the following:
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Remark 2. S-Pos does not generally have (&, # ono)-factorization diagonalization property,
where & and # ono are the classes of epimorphisms and monomorphisms, respectively. In fact,
although each S-poset morphism f has a factorization as f = me, where m € .# ono,e € & (see
the proof of Proposition 1), there exist e € & and m € # ono such that e is not vertical on m.
To see this, for a pomonoid S, consider the S-posets A=1U1 = {a,b}, B=2 = ({a,b},a <b),
C=2U1= ({a,b,c},a<b)and D = 3 = ({a,b,c},a < b < ¢) with trivial actions of S. Take
the inclusion maps e : A<= Band m : C — D. Clearly, m € #ono and e € §& We show
that e is not vertical on m. For this, define the morphisms u : A - C and v : B — D by
u(a) =v(a) = b,u(b) = v(b) = c. Consider the following commutative diagram

A——~B
C—=D
One can easily check that there is no morphism d : B — C such that de = u.

The following example shows that, in contrast to some categories such as S-Act, for a
monoid S, pushouts do not transfer monomorphisms in S-Pos (see [4, Theorem 3.2(1)]).

Example 1. For a pomonoid S, consider the S-posets A=1U1={a,b}, B=2=({a,b},a <b)
and C = 2U1 = ({a,b,c},a < ¢) with trivial actions of S, and also the inclusion i : A — B and
the homomorphism j : A— C given by j(a) =c, j(b) = a. The pushout of i and j is described as

(@=@uc)/6wm),q5 = niz.qc = mic)
where O(H) is the S-poset congruence on B LI C generated by

H={((1,a),(2,¢)),((1,b),(2,0))},

m:BUC — Q is the natural map, and ig, i are the coproduct injections. We claim that
[(2,a)] = [(2,c)]. First note that since a < c in C, (2,a) < (2,¢) in B U C which implies that
[(2,a)] < [(2,c)]. On the other hand, (2,c) <g_g-1 (2,a) because we have

(2,¢) < (2,0)H*(1,a) < (1,b)H(2,a) < (2,a).
This gives that [(2,¢)] < [(2,a)]. Therefore,

qc(a) =[(2,a)]=[(2,¢)] = gc(o),
which shows that q. is not a monomorphism.

Injectivity and absolute retractness relative to a class of morphisms of a category are two
category-theoretic close notions, which usually coincide under some conditions (cf. [4]). Re-
call from [3] that in the category Pos of posets and order-preserving maps, these concepts with
respect to regular monomorphisms (order-embeddings) are the same, which are exactly com-
plete posets. Here we show that absolute retractness is actually a different notion to injectivity
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of posets relative to monomorphisms (one-one monotone maps). More precisely, there exists
no non-trivial injective poset, but we show that absolute retract posets are exactly complete
chains.

Let us first recall some definitions.

A poset P is called (regular) absolute retract if each (regular) monomorphism f : P — Q in
Pos is a section.

Notice that, using Zorn’s lemma, there exists a total order < on a poset (P, <) which is
compatible with the partial order <; this means a < b implies that a < b, for every a,b € P
(see [14]).

In the following result, all absolute retract posets is characterized.

Theorem 4 (Characterization of absolute retract objects in Pos). Let P be a poset. Then P is
absolute retract if and only if it is a complete chain.

Proof. Assume that (P, <) is an absolute retract poset. This clearly implies that P is regular
absolute retract and then complete by [3, Proposition 1]. To show that P is a chain, consider
a compatible total order < on P. Thus the morphismi : (P, <) — (P, X), mapping the elements
of P identically, is a monomorphism and then has a left inverse by hypothesis. This obviously
implies that P is a chain. For the converse, let P be a complete chain and f : P — Q be a
monomorphism in Pos. Since P is a chain, f is order-embedding. On the other hand, since
P is complete, it is regular absolute retract by [3, Proposition 1]. Consequently, f has a left
inverse and hence P is absolute retract.

In what follows, we study enough absolute retractness of posets. To this end, we recall
some required notions.
Let P be a poset. A poset E is said to be an extension of P if P is embedded into E. Also
we say that E is a monomorphic extension of P if there exists a monomorphism from P to E.
An extension E of P is called join dense if each element of E is the join of its predecessors in
P, that is,
ez\/{pEP:pSe},

for every e € E. Meet density is defined dually. The Dedekind-MacNeille completion of P, de-
noted by DM(P), is a complete extension of P which is both join and meet dense.

Lemma 2. Let P be a chain. Then so is DM(P).

Proof. Suppose P is a chain, and x, y € DM(P), x ¢ y. Then there exists an s € P such that
s<x ands ¢ y (join density) and hence also a t € P such that t > y and s ¢ t (meet density).
Since P is a chain, t <s. Thus we get y <t <s < x, showing that DM(P) is a chain. O

Finally, the following result is obtained:

Proposition 8. Pos has enough absolute retracts: Each poset can be monomorphically extended
to an absolute retract poset.

Proof. Let P be a poset. In view of Theorem 4, it suffices to find a complete chain as a
monomorphic extension of P. To see this, first note that P is embedded into the complete
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poset DM(P). Moreover, DM(P) is monomorphically extended to the chain C = DM(P) with
a compatible total order. If C is complete, the assertion holds. Otherwise, using Lemma 2, it
suffices to consider the complete chain Q = DM(C) in which C is embedded. Consequently, P
is monomorphically extended to the complete chain Q, as required. O

Remark 3. In Pos poushouts do not transfer monomorphisms, otherwise, in view of [5, Theorem
3.6] and Proposition 8, Pos has enough injectives, a contradiction.
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