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Abstract. In this paper, we define 2-absorbing and weakly 2-absorbing primary ideals in a commutative
semiring S with 1 # O which are generalization of primary ideals of commutative ring. A proper ideal
I of a commutative semiring S is said to be a 2-absorbing primary (weakly 2-absorbing primary) ideal
of S if abc € I (0 # abc € I) implies ab € I or bc € VI or ac € /I. Some results concerning 2-
absorbing primary and weakly 2-absorbing primary ideals are given. It is proved that a subtractive
weakly 2-absorbing primary ideal I that is not a 2-absorbing primary ideal satisfies /T = 1/0.
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1. Introduction

The algebraic structure of semiring plays a prominent role in various branches of mathe-
matics as well as some other branches of applied science. The concept of semiring was first
introduced by H. S. Vandiver [13] in 1934 and has since then been studied by many authors.
The structure of prime ideals in semiring theory have gained importance and many mathe-
maticians have exploited its usefulness in algebraic systems over the decades. Anderson and
Smith [2] introduced the notion of weakly prime ideals in commutative ring for the study of
factorization in commutative rings with zero divisors. The concepts of 2-absorbing and weakly
2-absorbing ideals of commutative ring with nonzero unity have been introduced by Badawi
[7] and Badawi and Darani [8] respectively which are generalizations of prime and weakly
prime ideals in commutative rings. Recently, Badawi et al. [9] introduced the concept of 2-
absorbing primary ideals in commutative rings with 1 # 0 and gave some characterizations
related to it.
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A commutative semiring is a commutative semigroup (S,-) and a commutative monoid
(S,+,0s) in which Og is the additive identity and Os - x = x - Os = Og for all x € S, both are
connected by ring like distributivity. A nonempty subset I of a semiring S is called an ideal of
Sifa,belandreS,a+belandra,ar €. Anideal I of a semiring S is called subtractive
ifa,a+bel,beS,thenbel.

Let I be an ideal of S. Then, the radical of I is defined as

Rad(I) = VI = {a €S :a" 1 for some positive integer.}n

Annihilator of a semiring S is defined as Ann(a) = {x € S : ax = 0}. Recall from [10],
that a proper ideal I of a commutative semiring S is said to be a 2-absorbing (weakly 2-
absorbing)ideal of S if whenever a,b,c € S and abc € I (0 # abc € I), then ab € I or ac €
I or bc € I. It is easy to see that every 2-absorbing ideal of a semiring S is a weakly 2-
absorbing ideal of S but converse need not be true. For further understanding the concept
of semiring, refer [11] and the properties of a 2-absorbing and weakly 2-absorbing ideals in
commutative semirings, we refer[10]. The paper is organized as follows: In section 2, we
introduce the concepts of 2-absorbing primary ideal of a commutative semiring and prove
some results corresponding to ring theory. In section 3, we introduce the concept of weakly 2-
absorbing primary ideal of a commutative semiring and give some generalizations of [5, 6, 10]
and [12] which are analogous to commutative ring theory. Throughout this paper, semiring S
is considered as commutative with identity 1 + 0.

2. 2-Absorbing Primary Ideals

In this section, we introduce the concept of 2-absorbing primary ideal of a commutative
semiring and prove some results related to it.

Definition 1. Let S be a commutative semiring and I be a proper ideal of S. Then I is said to be
a 2-absorbing primary ideal of S if whenever a, b, c € S and abc € I, then ab € I or ac € \/T or

bc e /1.

It is easy to see that every 2-absorbing ideal of a commutative semiring S is a 2-absorbing
primary ideal of S but converse need not be true. For instance, consider a semiring S = Z*u{0}
and an ideal I = (8) of S. Then I is a 2-absorbing primary ideal of S but it is not a 2-absorbing
ideal of S, as 2.2.2 € (8) but 2.2 ¢ (8). Also, every primary ideal of S is a 2-absorbing primary
ideal of S but converse is not true, as (10) is a 2-absorbing primary ideal of S but it is not a
primary ideal of S.

Theorem 1. Let f : S — S’ be a homomorphism of commutative semirings. Then, if I' is a
2-absorbing primary ideal of S', then f ~*(I') is a 2-absorbing primary ideal of S.

Proof. Let abc € f1(I") for some a, b,c € S. Then f (abc) e I', that is, f (a)f(b)f(c) e I'.
Since I’ is a 2-absorbing primary ideal of S, therefore f(a)f(b) € I' or f(b)f(c) € /T’ or
f(c)f(a) e/T'. Hence, ab € f1(I') or bc € f (/1) or ca € f 1 (\/T'). Since
fUVT) e \/f1(I"), we have f~1(I") is a 2-absorbing primary ideal of S. O
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Theorem 2. If I is a 2-absorbing primary ideal of a semiring S, then \/I is a 2-absorbing ideal
of S.

Proof. Let abc € /I for some a,b,c € S. Suppose that ac ¢ /I and bc ¢ \/I. Since
abc € /I, then there exists a positive integer n such that (abc)® = ab"c" € I. This gives
ab™ e I, since I is a 2-absorbing primary ideal of S and ac ¢ \/T and bc ¢ \/I. Hence, ab € /1.
Thus, /I is a 2-absorbing ideal of S. O

Corollary 1. Let I be an ideal of a semiring S. Then the following statements are equivalent:
(1) I is a 2-absorbing primary ideal of S.
(2) /1 is a 2-absorbing ideal of S and if abc € I with bc ¢ \/T and ca ¢ \/T then ab €.

Definition 2. Let I be a 2-absorbing primary ideal of a semiring S. Then by above theorem
P = /T is a 2-absorbing ideal of S. In this case, I is said to be a P — 2-absorbing primary ideal of
S.

Theorem 3. Let I1,1Is,...,I, be P — 2-absorbing primary ideals of S, where P is a 2-absorbing
n

ideal of S. Then I = N I; is a P — 2—absorbing primary ideal of S.
i=i

Proof. Proof is similar to [9, Theorem 2.16]. O

Theorem 4. Let S be a semiring. Suppose that I; is a Py—primary ideal of S for some prime
ideal P; of S, and I is a Py—primary ideal of S for some prime ideal P, of S. Then the following
statements hold:

(1) I1I, is a 2-absorbing primary ideal of S.
(2) I1 n1, is a 2-absorbing primary ideal of S.

Proof. Proof is similar to [9, Theorem 2.4]. O

Theorem 5. Let I be a 2-absorbing primary ideal of S such that /I = P is a prime ideal of S.
Then (I : x) is a 2-absorbing primary ideal of S with \/(I : x) = P for all x € S \ \/I, where
(I:x)={reS:xrel}.

Proof. Letx e S~v/Tanda e (I:x). Then ax € I ¢ /1, givesae\/f, since x ¢ /I and /I
is prime. Hence, a € \/I, gives I € (I : x) € /I = P, which implies that
P=+I1c\/(I:x)c+/T=P. Thus, we have \/(I : x) = P. Now, let a,b,c € S be such that
abc € (I : x). Then abcx € I, implies that either abc € I or ax € /T or bex € /1. If ax € \/I

or bex e /T, we get ac € /(I :x) or bc € \/(I : x), since \/(I : x) = /T and x ¢ \/I. Next, if

abc € I, we have either ab € I or bc € \/T or ca € /I, since I is a 2-absorbing primary ideal

of S. Thus, ab € (I : x) or bc e \/(I:x) or ca € \/(I:x). Therefore (I : x) is a 2-absorbing
primary ideal of S. 0
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Theorem 6. If I is a 2-absorbing primary ideal of a semiring S, then the following holds:

(1) (V1:x) is a 2-absorbing ideal of S for all x € S\ \/I.

2 (VT:x)=(/T:x?)forall xeS~+/I

Proof (1) Let a,b,c € S be such that abc € (\/I : x). Then abcx € \/I. Since \/T is a
2-absorbing ideal of S therefore ab € v/T or bex € \/I or cax € /I, that is, ab ¢ (\/.7 :Xx) or
bce (VI:x)orcae (\/I:x). Hence (\/I : x) is a 2-absorbing ideal of S.

(2) It is clear that (VT : x) € (VT : x?). Let y € (/T : x%). Then x2y € v/I. Since
VI is 2-absorbing ideal of S, therefore we have either x2 e /I or Xy € VI, If Xy € VI,
then y « (\/T : x) and we are done. If x2 ¢ V1, then x € /I, a contradiction. Hence,

(VT:x)=(V/T:x?). O

Let S be a semiring and A be the set of all multiplicatively cancellable elements of S (so
1 € S). For further understanding of the structure of the semiring of fractions S4 of S with
respect to A, refer [3].

Theorem 7. Let I be a 2-absorbing primary ideal of a semiring S and A be the multiplicatively
cancellable subset of S. Then IS4 is a 2-absorbing primary ideal of Sa.

Proof. Let a/s,b/t,c/r € Sy, where a,b,c € S and s, t, r € A be such that abc/str € IS4 but
be/tr ¢ /ISy and ca/rs ¢ \/IS4. Then there exist p € I and z € A such that abcz = strp € I
but bez ¢ I and caz ¢ I since if bez € I and caz € I, we get be/tr € /IS4 and ca/rs € \/ISy,
which leads to a contradiction. Since abcz € I and I is a 2-absorbing primary ideal of S, we
have ab € I, implies ab/st € IS4. Hence, IS4 is a 2-absorbing primary ideal of Sa. O

Lemma 1. Let I be a 2-absorbing primary ideal of S. Suppose that I and \/T be subtractive ideals
of S and abJ ¢ I for some a, b € S and an ideal J of S. If ab ¢ I, then either aJ € \/T or bJ € \/I.

Proof Suppose that aJ ¢ \/I and bJ ¢ \/I. Therefore, there are some x, y € J such that
ax ¢ /I and by ¢ V1. Since abx €I and ab ¢ I and ax ¢ \/I, we have bx € \/I. Since aby el
and ab ¢ I and by ¢ /I, we have ay e V1. Now, since ab(x +y) eI and ab ¢ I, we have
a(x +y) e /Iorb(x+y)e I, since I is a 2-absorbing primary ideal of S. If a(x + y) € /T
and ay ¢ VI, then ax € /I, since \/I is subtractive, which is a contradiction. Similarly, if
b(x +y) € VI and bx € \/I, we get by € \/I, a contradiction. Hence, either aJ ¢ \/T or

bJ c V1. O

Theorem 8. Let I be a proper subtractive ideal of S and suppose that \/I is a subtractive ideal of
S. Then I is a 2-absorbing primary ideal of S if and only if whenever I11313 € I for some ideals
I, Iy, I3 of S, then either 111 € I or IyI3 € /T or IsI; € /1.

Proof. Proof is similar to the proof of [9, Theorem 2.19] O

Definition 3 ([1, Definition (4)]). An ideal I of a semiring S is called a Q-ideal (partitioning
ideal) if there exists a subset Q of S such that
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(1) S=u{q+I:qeQ}

(2 Ifq1,q2€Q then (1 +I1)n(q2+1) * @ < q1 = Q2.

Let I be a Q-ideal of a semiring S. Then S/I = {q +I : ¢ € Q} forms a semiring under
the following addition ‘@’ and multiplication ’®’, ( q1 +I) ® (q2 +I) = q3 + I, where q3 € Q
is unique such that g1 +qa +I € g3 +1I and (q1 +I) ©® (g2 +I) = q4 + I, where q4 € Q is
unique such that qi1q2 + I € q4 + I. This semiring S/Iq is called the quotient semiring of S and
denoted by (S/Iq,®,®) or S/Iy. By definition of Q-ideal, there exists a unique g € Q such
that 0+1 € qo+I. Then qo +1 is a zero element of S/I,. Clearly, if S is commutative then S/I,
is commutative.

Theorem 9. Let S be a semiring, I a Q-ideal of S and P a subtractive ideal of S such that I ¢ P.
Then P is a 2-absorbing primary ideal of S if and only if P/Ignp is a 2-absorbing primary ideal
Of S/IQ.

Proof. Let P be a 2-absorbing primary ideal of S. Suppose that q; +I,q2 +1,q3 +1 € S/Iq
are such that (q1 +I) ©(q2+I1) ®(qs +I) = q4 + I € P/Ionp where g4 € Q N P is a unique
element such that q1qaqs +1 € q4+1 € P/Ignp. SO q1q2q3 = g4 +1 for some i € I. Since P is a 2-
absorbing primary ideal of S and q1q2qs € P, therefore q1q2 € P or (q2q3)™ € P or (q3q1)"™ € P
for some positive integers m,n. Consider the case q1q2 € P. If (1 +I1)® (q2 +1) = i1 +1
where i; € Q is a unique element such that g1qo +I € i1 +I. Soi; + f = q1q2 + e for some
e,f €I. Since P is subtractive and I ¢ P, we have i; € P, therefore i1 € Q n P. Thus, P/Ignp
is a 2-absorbing primary ideal of S/I;. Next, if q5'q}' € P for some positive integer m. Let
(gt +I) © (g5 +1I) = ip + I where iy € Q is a unique element such that q5'q5 + 1 € iy + I.
So, iy + f1 = q5'q5' + e1 for some f1,e; € I. Since P is subtractive and I ¢ P, we have i, € P,
therefore iy € Q n P. This gives,

(@2+1)"0(gz+1)"=(q +1)©(q3' +1)=qyq3 +I Cip+1

where iy € Q N P. Hence, P/Ignp is a 2-absorbing primary ideal of S /1. Similarly, if (g3q1)" € P
for some positive integer n, we get P/Iqnp is a 2-absorbing primary ideal of S/I,.

Conversely, if P/Ionp is a 2-absorbing primary ideal of S/I,. Let abc € P for some a, b,c € S.
Since I is a Q-ideal of S therefore there exist q1,q2,93,q4 € Q such thata e g; +I, b e g3 + I,
ceqs+1I. Now,abce (q1+I)0(q2+I)®(qs+1I) =qa+I. So, abc = q4 + i3 € P for some
i3 € I. Since P is a subtractive ideal of S and I ¢ P, we have g4 € P. So,

(q1+1)®(q2+1)®(q3+1)=q4+I€P/Ian,

which gives (q1+1)®(qa+I) € P/Ignp or (g5 +1)©(q5+1) € P/Ignp or (q5+1)@(qi+I) € P/Ignp
for some positive integers r, t, since P/Io~p is a 2-absorbing primary ideal of S/I. If (g1 +1) ®
(q2+I) € P/Ignp, then there exists gs € Q N P such thatab € (q1+I)®(qz2+I) = gs+I. This gives,
ab = qs + i4 for some i4 € I. This implies ab € P. Thus P is a 2-absorbing primary ideal of S. If
(g5+I)©(g5+I) € P/Ignp, then there exists qg € Q N P such that b'c” € (g5 +1)®(q5+I) = qo+1.
This gives, b"c" = qe+is for some is € I. This implies, (bc)" € P. Therefore, bc € V/P. Similarly,
we can prove that ca € v/P. Hence, P is a 2-absorbing primary ideal of S. O
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3. Weakly 2-Absorbing Primary Ideals

In this section, we introduce the notion of weakly 2-absorbing primary ideal of a commu-
tative semiring and prove some results related to it.

Definition 4. Let S be a commutative semiring and I be a proper ideal of S. Then I is said to be
a weakly 2-absorbing primary ideal of S if whenever a,b,c € S and 0 + abc € I, then ab € I or
ac e\/T or bc e /1.

It is clear that every 2-absorbing primary ideal of S is a weakly 2-absorbing primary ideal
of S but converse is not true, as (0) is a weakly 2-absorbing primary ideal of S but not a 2-
absorbing primary ideal of S. Consider the set S = Z1 = {0,1,2,...,15}. Then S forms a
semiring under addition and multiplication modulo 16. If we take the set I = {0,8}. Then it is
easy to check that I is a weakly 2-absorbing primary ideal of S but it not a weakly 2-absorbing
ideal of S because 0 # 2.2.2 € [ but 2.2 ¢ I. For any ideal, the following implications hold:

Prime = 2-absorbing = Weakly 2-absorbing
ideal < ideal <+ ideal
# H H
Primary = 2-absorbing primary = Weakly 2-absorbing primary
ideal <~ ideal <+ ideal

Lemma 2 ([6, Lemma 2.5]). Let I be a subtractive ideal of a semiring S and let a € I and
a+be /I Thenbe /I

Proof Leta eI and a+ b € \/I. Then, we can assume that there exists a positive integer m
such that (a + b)™ =c+ b™ eI, where c € I (as a € I). This gives b™ € I since I is subtractive.
Hence b € /1. O

Theorem 10. Let S be a semiring and I be a subtractive weakly 2-absorbing primary ideal that
is not a 2-absorbing primary ideal of S. Then \/I = /0.

Proof We first prove that I> = 0. Suppose that I® # 0. Then, we prove that I is a 2-
absorbing primary ideal of S. Let abc € I for some a, b,c € S. Suppose that abc # 0, then
ab eI or bc € /I or ac € \/I since I is a weakly 2-absorbing primary ideal of S. So, assume
that abc = 0. If abI # 0, then there exists an element a’ in I such that aba’ # 0, which implies
0 # aba’ = ab(c +a’) € 1. Since I is a weakly 2-absorbing primary ideal of S, therefore either
ab eI or b(c+a') e /Tora(c+a') e+I. By Lemma 2, we have ab € I or bc € \/T or
ac € \/I. So, we assume that abl = 0. Similarly, we can assume that alc = 0 and Ibc = 0.
Now, let aI? # 0. Then there exist i1,iy € I such that aijiy # 0. Since abl = alc = Ibc = 0,
we have 0 # a(b +i1)(c +i3) = aiyiy € I. Therefore, either a(b +i;) € I or a(c +iy) € /I or
(b +i1)(c +1iy) € VI. Hence, we have either ab € I or ac € \/I or bc € \/I. So, we can assume
that aI?> = 0. Likewise, we can assume that bI? = 0 and cI? = 0. Since I® # 0, there exist
p,q,r €I such that pqr # 0. Again, (a+p)(b+q)(c+r) =pqr €I, soeither (a+p)(b+q) el
or (b+q)(c+r) eIor(a+p)(c+r) eI, thatis,ab+aq+pb+pqelorbc+br+qc+qre/I
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or ac + ar + pc + pr € \/I. Hence, either ab €I or bc € \/I or ac € \/I. This implies that I is a
2-absorbing primary ideal of S, which is a contradiction. Therefore, I* = 0. Clearly, /0 ¢ \/_
As I® = 0, we get I € +/0. This concludes that /T ¢ /0. Thus, \/T = /0.

Theorem 11. Let S be a semiring and {I;}icn be a family of subtractive weakly 2-absorbing
primary ideals of S that are not 2-absorbing primary ideals of S. Then I = (N I; is a weakly
ieA
2-absorbing primary ideal of S.
Proof. Let {I;}ica be a family of weakly 2-absorbing primary ideals of S that are not 2-
absorbing primary ideals of S. Therefore, by Theorem 10, we have +/I; = \/0 for all i € A.
This gives ﬂ VT; = /0. Thus we have \/_ =1/0, since N +/T; = VI. Next, let a,b,c € S be

ieA
such that O ¢ abc € I but ab ¢ I. Then there exists i € A such that ab ¢ I; and O + abc € I;.

This gives bc € \/I; or ac € \/I; since I; is a weakly 2-absorbing primary ideal of S and ab ¢ I;.
Thus, either bc € /T; = VO = /T or ca € /T; = VO = v/I. Hence I is a weakly 2-absorbing
primary ideal of S. 0

Definition 5 ([4, Definition 1(i)]). A proper ideal I of a semiring S is said to be a strong ideal,
if for each a € I there exists b € I such that a+ b =0.

Proposition 1. Let S and S’ be semirings, f : S — S’ be an epimorphism such that f (0) = 0 and
I be a subtractive strong ideal of S. Then the following holds:

(1) IfI is a weakly 2-absorbing primary ideal of S such that kerf c I, then f (I) is a weakly
2-absorbing primary ideal of S’.

(2) If I is a 2-absorbing primary ideal of S such that kerf c I, then f(I) is a 2-absorbing
primary ideal of S’.

Proof. (1) Let a, b,c € S’ be such that 0 # abc € f(I). Then there exists an element m € I
such that 0 # abc = f(m). Since f is an epimorphism, therefore there exist p,q,r € S such
that f(p) =a, f(q) = b, f(r) = c. Also, since I is a strong ideal of S and m ¢ I, therefore there
exists n € I such that m + n = 0. This implies f (n + m) = 0, that is, f (pqr + n) = 0, implies
pqr +nekerf cI. So, 0 # pgr €I (as I is a subtractive ideal of S) because if pqr = 0, then
f(m) =0, a contradiction. Since I is a weakly 2-absorbing primary ideal of S, therefore either
pgelorqreTorrpe/I. Thusabe f(I)orbcef(\VI)c\/f(I)oracef(VI)c\/f(I).
Hence, f (I) is a weakly 2-absorbing primary ideal of S’.

(2) It follows from (1). O

Proposition 2. Let a, x € S. Then the following holds:

(1) suppose Sx be a subtractive ideal S and if Ann(x) € Sx. Then Sx is a 2-absorbing primary
ideal of S if and only if Sx is a weakly 2-absorbing primary ideal of S.

(2) suppose al be a subtractive ideal S and if Ann(a) < al. Then al is a 2-absorbing primary
ideal of S if and only if it is a weakly 2-absorbing primary ideal of S.
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Proof. (1) Let Sx be a weakly 2-absorbing primary ideal of S and r,s, t € S with rst € Sx. If
rst # 0, thenrs € Sx or rt € \/Sx orst € \/Sx, which implies Sx is a 2-absorbing primary ideal
of S. So we assume that rst = 0. Evidently, rs(x + t) € Sx. If rs(x + t) # 0, we have rs € Sx
or r(x +t) € /Sx ors(x + t) € \/Sx, as Sx is a weakly 2-absorbing primary ideal of S. By
Lemma 2, we have either rs € Sx or rt € \/Sx or st € \/Sx. Therefore, we have rs(x +t) =0
implies rsx = 0 and so rs € Ann(x) € Sx and thus rs € Sx. Hence Sx is a 2-absorbing primary
ideal of S.

(2) Let al be a weakly 2-absorbing primary ideal and r,s, t € S such that rst € al. If rst # 0
then rs € al or rt € v/al or st € v/al, which implies al is a 2-absorbing primary ideal of S.
So, we assume rst = 0. Clearly, r(s + a)t =rst +rat eal. If r(s+a)t #0, then r(s +a) e al
or rt e \/al or (s + a)t € \/al. By Lemma 2, we get either rs € al or rt € \/al or st € \/al.
So, we assume that r(s + a)t = 0 implies rat = 0, as rst = 0. Hence rt € Ann(a) ¢ al. Thus
rt € al and hence al is a 2-absorbing primary ideal of S. O

Consider S = S; x S, where each S;, i = 1,2 is a commutative semiring with unity and
(Cll, az)(bl, bz) = (a1b1, azbz) for all ai, b1 € 51 and as, b2 € Sz.

Proposition 3. Let I be a proper ideal of a semiring S1. Then the following statements are
equivalent:

(1) Iis a 2-absorbing primary ideal of Si.
(2) 1 x 8, is a 2-absorbing primary ideal of S = S1 x So.
(3) I xSy is a weakly 2-absorbing primary ideal of S = S1 x Sj.

Proof. (1) = (2) Let (a1, az), (b1, b2), (c1,c2) € S be such that
(a1,a2)(b1,bz)(c1,¢2) € I x Sa. Then (aybicy,azbacy) € I x Sy implies a;bicy € I. This gives
either a;by € I or (byc1)™ €I or (ajcy)™ € I for some positive integers m, n, since I is a 2-
absorbing primary ideal of S;. If a; by € I, then (a1, az) (b1, ba) € I x Sa. If b'c[" € I for some
positive integer m, then (b, b3')(cT", cJ') € I x Sy, that is, (b}'c]", b5'cl') € I xSy. Similarly, we
can prove the case when (ajcq)" € I for some positive integer n. Hence, I x Sy is a 2-absorbing
primary ideal of S.

(2) = (3) It is obvious.

(3) = (1) Let abc € I for some a, b, c € S1. Then for each 0 # r € So, we have
(0,0) # (a,1)(b,1)(c,r) €I x Sy. This gives (a,1)(b,1) € I x S or (b™,1)(c™,r™) eI xS,
or (¢",r")(a",1) € I x So, since I x Sy is a weakly 2-absorbing primary ideal of S. That is,
either ab € I or b™c™ € I or a"c" € I for some positive integers m,n. This shows that I is a
2-absorbing primary ideal of S;. O

Theorem 12. Let (S, M) be a local semiring with M = 0. Then every proper subtractive ideal
of S is a weakly 2-absorbing primary ideal of S.

Proof. Proof is analogous to the proof of [10, Theorem 2.8]. O
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Theorem 13. Let S be a semiring, I a Q-ideal of S and P a subtractive ideal of S such that I ¢ P.
Then

(1) if P is a weakly 2-absorbing primary ideal of S, then P/[I(qnp) is a weakly 2-absorbing
primary ideal of S/I(q).

(2) if I and P[I(gnpy are weakly 2-absorbing primary ideals of S and S/I(q) respectively, then
P is a weakly 2-absorbing primary ideal of S.

Proof (1)If(q1+I)®(q2+1)®(q3+1I)+#0inS/I, then q1q2g3 # 0 in S, then the proof
follows from Theorem 9.

(2) Let a,b,c € S be such that 0 # abc € P. If abc € I, then either ab € I € P or
bcelcIc/Porcaclc/Tc+/P,sincel isa weakly 2-absorbing primary ideal of
S. So, assume that abc ¢ I. Then there are elements q1,92,q3 € Q such that a € q; + I,
b € gy +1, ¢ € g3 + 1. Therefore, for some iy,iy,i3 € I, a = q; +1i1, b = g2 + i3, ¢ = q3 + i3.
As abc = d192qs3 + qlqzig + q1q3i2 + q1i2i3 + nggil + q2i1i3 + q3i1i2 + ilizig € P and since P is
subtractive, we have q1q2qs € P. Consider, (q1 +1) ® (q2+1) ® (g3 +I) = g4 +I where g4 is the
unique element such that q1q2gs +I € g4 +1. Since P is subtractive, we have g4 € PnQ, hence
q19293+1 € qa+1 € P/Ignp, thatis, (q1+1)®(q2+1)®(q3+I) € P/Ignp. Let q € Q be the unique
element such that q +1 is the zero element in S/Iq. If (q1 +1) ©(q2+1) ©(q3+I) = Ogyy, = q+1,
then there exit r,s € I such that q1q2qs + r = ¢ +s € I. Therefore, q1q2q3 € I, since I is a Q-
ideal of S, it is subtractive by [Cor. 8.23, 11]. This gives abc € I, a contradiction. Hence,
Os/1, # (@1 +1) © (q2 +1) © (q3 +I) € P/Iqnp. This gives either (q1 + 1) ® (q2 +I) € P/Igp
or (gh+1) @ (¢4 +1) € P/Ignp or (g5 +1) @ (g + 1) € P/Ignp for some positive integers [, t
since P/Ig~p is a weakly 2-absorbing primary ideal of S/I. Thus, either ab € P or (bc)! € P
or (ca)’ € P for some positive integers [, t. Hence, P is a weakly 2-absorbing primary ideal of
S. O
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