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1. Introduction

For standard terminology and notations in fixed point theory, not specifically men-
tioned or defined we refer the reader to the standard textbook [21]. Throughout the paper,
for a nonempty set X, []_, X* denote the product space [y XA =XxXxXx---xX.

The existence of a fixed point for contraction type mappings in metric spaces along with
applications have been taken a considerable attention. The Banach contraction principle
is one of the earliest and the most important results in the area of fixed point theory.
Several authors have improved, generalized, and extended this classical result in nonlinear
analysis. The notion of coupled fixed point is introduced by Bhaskar and Lakshmikantham
[7]. Afterwards Lakshmikantham and Ciric [18] extended this notion by defining the g-
monotone property in partially ordered spaces. For a detailed study on coupled coincidence
and coupled common fixed point results, we refer the reader to [5, 11, 12, 13, 18]. Berinde
and Borcut [6] introduced the concept of tripled fixed point. An enough considerable work
have been done in this area by several authors (see, for instance, [1, 2, 3, 4, 16, 17, 23]).

In 2010, Samet and Vetro [20] extended the idea of coupled fixed point to higher
dimensions by introducing the notion of fixed point of n-order (or n-tupled fixed point,
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where n € N,n > 2) and presented some n-tupled fixed point results in complete metric
spaces. In 2011, Gordji and Ramezani [14] introduced and investigated the concept of an
n-tupled fixed point. In 2013, Imdad et al. [15] generalized the idea of n-tupled fixed point
by considering even-tupled coincidence point by initiating the idea of mixed g-monotone
property on X" and proved an even-tupled coincidence point theorem for nonlinear f-
contraction mappings satisfying mixed g-monotone property. However, the concept of
n-tupled fixed point given by Imdad et al. [15], which is quite different from the concept
of Gordji and Ramezani [14].

In this paper, we shall also point out some useful remarks on mappings whenever
found prominent or pertinent as we proceed with this article. Our focus however will be
on results that gives the guarantee about the existence and uniqueness of n-tupled fixed
point that extend the previous results in the framework of ordered complete metric spaces,
using the concept of an a-series for sequence of mappings having mixed monotone property
in ordered complete metric spaces. In order to do so, we propose a notion of compatible
mapping for mapping F : [[;_; X © — X and self mapping ¢ akin to compatible mapping
as introduced by Choudhary and Kundu [13] for bivariate mapping F' and self mapping
g. The methodology is analogous to those used in [15]. Finally, the main result of the
manuscript is supported with the aid of an illustrative example.

2. Preliminaries

In this section, we collect some definitions, properties and results which will be fre-
quently used in this paper.

As in [19] we define a metric on X, a mapping d : X x X — R such that for all
x,y,z € X: (i) d(z,y) = 0 if and only if, x = y; (ii) d(z,y) = d(z,z) + d(z,y). Thus, in
light of the above properties one can easily deduce that d(x,y) > 0 and d(y,z) = d(z,y)
for all z,y € X. The last requirement is called the triangle inequality. If d is a metric on
X, then we say that (X, d) is a metric space.

Definition 1. [10] A triple (X, d, <) is called an ordered metric space if (X, d) is a metric
space and (X, <) is a partially ordered set.

Imdad et al. [15] introduced the concept of mixed monotone property and g-mixed
monotone property for n-tupled mapping F : [[5_; X A — X in the following way:

Definition 2. Let (X, <) be a partially ordered set and F : [[5_; X* — X be a mapping.
The mapping F' is said to have the mixed monotone property if F' is nondecreasing in its
odd position arguments and nonincreasing in its even position arguments, that is,

Valhaole Xl <2l = F(al, 22, 2") X F(ad, 22, ... 27),

Vaode X, 23 223 = F(zh,22, ... 2") = F(zt,23,...,27),
3,3 3 3 1,2 .3 1.2 .3

Vg, as € X,y 2y = F(ah, 2%, xy,...,2") R F(a', 2%, x5,...,2"),

1.2 .3 1.2 .3
Val,oh € X,of <o = F(z' 2%, 2°,...,2)) = Fa', 2, 2°,...,25).
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Definition 3. [15] Let (X, <) be a partially ordered set. Let F : [[5_; X* — X and
g : X — X be two mappings. Then the mapping F' is said to have the mixed g-monotone
property if F' is g-nondecreasing in its odd position arguments and g-nonincreasing in its
even position arguments, that is

Vay,ay € X, g(xt) X g(ay) = Flaf,2%,...,2") 2 F(xh, ... z"),
v x%,x% € X,g(x%) =< g(a:%) = F(xl,x%,...,xr) - F(xl,xg,...,azr),
v J?%,.%% S ng(w?) = g(.ﬂ?%) = F(l’l7x2,x?,... ,$r) = F(xlax27x%a'-->$r)7
Vol ah € X, g(z]) 2 g(ah) = F(al,z? 23, ... 7)) = F(at, 2%, 23, ... ab).

Now, we introduce the concept of compatible mapping for mapping F : [[{_; X ¢
and self mapping ¢ akin to compatible mapping as introduced by Choudhary and Kundu
[13] for mapping F' and self mapping g.

Definition 4. Let F : [[}_; X* - X and ¢ : X — X be two mappings. Then F and g
are said to be compatible if

(i dlg(F(had...a). Fla(ed).o(a2)......a(a)) = 0.
im d(g(F(x, -  an,23)), Flg(wn), g(20), - 9(an), 9(23)) = 0,
im d(g(F (@, 27)), Fg(a3), (o), g(an), (7)) = 0,

whenever {zL}, {2},..., {27} are sequences in X, such that
nli)l_’I_loo F(zl 22 ... ,2") = nll)riloog(x;) =zl
ngg-loo F(%ZW x?“ T .7:711) - nll)l}_loog(l’%) = (1)
nEIEOOF(xZ, gl ath) = ngrfoog(x;) =",
for all 2, 22,...,2" € X.

The following is the definition of reciprocally continuity and weakly reciprocally con-
tinuity for mapping F : [[5_; X A — X and self mapping g¢:

Definition 5. Let F : [[{_; X* - X and ¢ : X — X be two mappings. Then F and g
are said to be
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(i) Reciprocally continuous if
lim g(F(zl,22,...,2") = g(z') and
n—+oo
lim F(g(ay,),9(23), .., 9(x})) = F(z', 2%, ... 2");
n—-+00
lim g(F(z2,22,...,27,2) = g(2?) and
n—-—+0oo
lim F(g(z?), g(mi), cong(@h),g(zl)) = F(a? 23, ... 2", 2t);
n—-+00
lim g(F(x),z,,...,2, ') = g(z") and
n—-+0oo
lim F(g(xy), g(xy), .. g(xp 7)) = F(a" 2!, .. 2"
n—+oo

whenever {z1}, {22},...

,{x] } are sequences in X, such that

2 1
ol Flan, o o) =l glan) =%,
T _
nEI}FQOOF(m N mn)—nll)rfoog( =1z
r—1\ __ : T\ _ .7
nEI—II—looF( n’ n?"‘7xn )_ngg_loog(xn)_x )
for some z!,2%,...,2" € X.
(ii) Weakly reciprocally continuous if
7 2 Ty — 1
nEIfoog(F( , Ty ,xz) g(z) or o
“lim F(g(eh).g(a2). ... 0(a}) = Fla' oo
lim g(F(z2,22,...,2",zL) = g(2?) or
e 3 1 2 .3 roo1
lim F(g(z2), g(:cn),...,g(xn),g(a:n)) = F(z%,2°,...,2" 2);
n—+oo

lim F

n—r—+oo

Whenever {z}}, {z2},...,

1

ny e

lim g(F(x),x

n—-+o00

(9(@7)s 9(zp), - -

{z] } are sequences in X, such that

lim F(z x2 c..,xr) = lim zh) = 2!
n—4o0o ( 3 ron 1 n—>+oog( )2 72
lim F a: i ' xr)= lim g(z2) ==z
l1m F 2t = lim g(2h) ="
n——+oco ( ’VL TL7 rrn ) n~>+oog( ) Y
for some 2!, 22,...,2" € X.

298
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Remark 1. Every pair of reciprocally continuous mapping (F, g) is weakly reciprocally
continuous but not conversely.

Definition 6. Let (X,d, <) be an ordered metric space. We say that X is regular if the
following conditions hold:

(i) if a non-decreasing sequence {x,} is such that z,, — x, then x,, <z for all n > 0,
(ii) if a non-increasing sequence {y,} is such that y,, — y, then y, = y for all n > 0.

Definition 7. [22] Let {s,} be a sequence of non-negative real numbers. We say that a
series Z:{i‘i Sp 18 an a-series, if there exist 0 < a < 1 and n, € N such that Zle si < ak
for each k > n,.

Example 1. The series 3% 1 is an a-series.

Remark 2. [22] It is bring here to notice that each convergent series of non-negative real
terms is an a-series. However, there are also divergent series that are a-series. As for
+o0 1

instance; the series 2 -, is an a-series.

Definition 8. Let X be a nonempty set. An element (z!,2?,...,27) € [[{_, X* is called
r-tupled fixed point of the mapping F : [[}_; XN - X if

F(z', 2%, ,2") = 2!,

F(z?,23,.. . 2') = 2%

F(z®,2%,...,2%) = 2%, (3)
F(a", 2t .. 2" ) = 2"

Example 2. Let (X, d, <) be an ordered metric space with < as natural ordering and let
F : I[5-; X* = X be a mapping defined by F(z!',22,...,27) = (2! - 2%---2")?, for any
' 22 ..., 2" € X. Then (0,0,...,0) and (1,1,...,1) are both 7-tupled fixed points of F.

Definition 9. Let X be a nonempty set. An element (z!,22,...,27) € [[{_, X* is called
r-tupled coincidence point of the mappings F': [[}_; X A3 Xandg: X — X if

F(zl 2% ... 2") = g(2!),
F(a:z,x?), ,xl) = g(J:Q),
F(a®at,... 1) = g(2?), (4)

Example 3. Let (X, d, X) be an ordered metric space with < as natural ordering and let
F: [, X* — X be a mapping defined by F(z!,2?%,...,2") = sin(z! - 2%---2"), for any
zl 22, ..,2" € X and g : X — X be mapping defined by g(x) = 2. Then (0,0,...,0) is
r-tupled coincidence point of F' and g.
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Proposition 1. Let (X, d, <) be an ordered metric space. Let g be a self-mapping on X
and {T};en be a sequence of mappings from [[5_; X*» — X. Then the pair of mappings
(T}, g) is said to have property (A) if for z', 2%, ... 2" y', 92, ...,y € X
d(Ti(a:l,@"Q, ... ,:L‘r),Tj(yl,yQ, 5y < 6i7j[d(g(:v1),ﬂ(:v1,$2, cox)
+d(g(y'), Ti(y',y%, -, y")]
+7i3d(9(y"), g(ah)) (5)

with

g(x") = g(y"),

where 0 < 3; j,7vij <1fori,j € Nand lim supf;, <1.

n——+o0o

Proposition 2. Let (X, =) be a partially ordered set and {T;};eny be a sequence of

mappings from [[}_,; X — X. Then {T;}icy is said to have property (B) if for

1,2 r .1 .2 7"
zx oy, y € X

E(-’L’l,x2, e 7xT) j E+1(y17y27 .. '7yr)7
Tia (293, oy yh) 2 Th(a?, 23, . 2", 2t),

E+1($r’xl’x2 o awril) j n(yrvylay27 s 7yr71)'

3. Main results

Theorem 1. Let (X, d, <) be an ordered metric space. Let g be a continious self-mapping
on X and {T;}ien be a sequence of mappings from [[5_, X* - X such that
i) Ti(ITh=y X?) € g(X), g(X) is regular and complete subset of X ;

it) {T;}ien have g-mized monotone property, the pair {T;};en and g are compatible,
weakly reciprocally continuous and satisfy property (A) and (B).

iii) There exists x},x3, ... a5 € X such that
9(xg) = To(wg, 73, -, 7p);
9(xg) = To(fv(z),xé, - ,x§,xé);
g(x3) = To(ad, 25, - -, 74, 23); (7)

g(I‘S) = TU(‘T67$(1)’ s ’xgil)'
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If (%ﬁ’:*l) is an a-series, then {T;}ien and g have a r-tupled coincidence

point.

Proof. Let (X, <) be a partially ordered set, g be a self-mapping on X and {7} };cn be
a sequence of mappings from [[5_; X* — X. Since T;([[5_; X*) C g(X), one can always
have z1,2% ... 27 € X such that

g(mi) = Tl(:cé,:cé, cexp), 1
9(1171) = Tl(ﬂi‘o,ﬂfo, CR) xSa 1"0)7
g(ah) =Ty (ah, x, ..., 2l b,
Again we can choose z3,23,..., 75 € X such that
g(xd) = To(z},23,. .., 27),
g(l'%) = TQ(JJ%’x%? - AT l‘%),
g($5) - T2($§7$%, t {L‘; 1)'
Continuing in this way, we can construct the {z. }, {22,},..., {27 } sequences as follows :
g(xin—o—l) = Tn(x'}n’ x?m . ,.’L’;@),
g(xfnﬂ) - Tn(f’«"?na x?n? <. 7x217 xin)v
(8)
g(z77;1+1) = Tn(x:nﬂ xvlrm ce ’xrm_l)‘
Now our claim is that for all m > 0.
We shall our claim by the prln(nple of Mathematical induction.
Since
g(:cé) = To(x, 23, ..., x5) :1 zi, ,
g(z) = To (95073351?;, S TG, Ty) =TT,
g(mg) =T (x07x0ﬂ e x(l),xg) = x?v
g(zg) = To(xp, zg, 7556_1) = .
and
g(a:i) = To($é,x§,. L T()s
1) :To(l'o,l’o,. ,:1}6,:13(1)),
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Which shows that (9) holds for m = 0. Now assume that (9) holds for some m > 0.
From (8) and (9), one can deduce that

g(z

Continuing in this way

2

g(x11n+1) _T ( mv"‘a‘rrn)
= Tm—i—l( Tm41,T 7x:n)
= Tm+1(x;n+l7 $3n+17 s 7‘T:n)
< Ty (), 22 Tyit)
m+1\Im 1 b1y - bmtd
- g( m+2)
g('x?n—i—l) = m+1(x3naxiw"'7xrm7x71n)
= Tm+1(x3n+1a iz 7x:n)axin
= Tm+1($72n+1’ m+1» ’x:mmrln)
= Ty (22 i)
- m~+1sYm—+1> m~+1sYm—+1
= 9($72n+2)
3 4 1 2
m—i—l) _T ( m?"'?x:n7mm7xm)
ij+1( Tint1r T "7x:n7x7lnaxgn)
4 1 2
= Tm-‘rl( m+17 L1+ 7x;1+17xm+1’xm+l)
- g( m+2)
9(@hi1) = Tonl@s Ty iy oy 2 )
= Tm—l—l( Tip41,T in7x2 ;;1 1)

r 1
i Tm+1 (xm+l7 xm+17
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= TM+1($Tm+1’x7171+1’:E72‘rz+17 T :n+11)
= g(Tm42)-

Thus by the principle of Mathematical induction, we conclude that (9) holds for all
n > 0. Therefore,

9(z) = 9(@mp)
g(zp) = g(ahp)
gzy,) = glap)
9(xm) = g(wh)-
We consider the sequences {x. }, {z2,},...,{z",} in X constructed in (8) and represent

them by &,, such that

Om = d(g(@n,), 9 41)) + d(g(27,), 9(27,10)), + - +d(g(ar,), g(@7,41))-

Now from the property (A) of {T;}ien and ¢ in (5) we get

d(To(:v(l],x(Q),. xp)), Ty (zt,22,.. . 2h)

Boald(g(xp), To(xg, @3, . - x5)) + d(g (1), Ti (21, 27, . .. 1))
+70,1[d(g(p), 9(21))]

Boald(g(xp), g(1)) + d(g(x1), g(x3))]

+70,1[d(g(p), 9(21))]-

d(g(1), g(3))

IN

Consequently,

(1= Bon)d(g(x1), g(x3)) < (Box +70,1)d(g(x}), g(x1)),
(232200 d(g(ah). glab)).

IN

or equivalently, d(g(z1), g(z3))

Now

d(g(z3),9(z3)) = d(Ti(1,8,...a7), To(ay, 23, ... 23))

< (B2 doted)atad)

Br2+71,2\ [ Bo1+ 70,1 1 1
(B (BLI00) dy(al), )

IN

Continuing in this way, we get

d(g(x;n)ag(xrln—i-l)) < d(Tm—l(xrln—hw?n—la'"xrm—l)va(‘r}vwxgm"'xrm))
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m—1
< 1l (5”“) d(g(a3).g(a1)). (10)

pirs 1 — Biit1

d(g(z3,), 9@ 1)) < ATm-1(27 1,21 T 1y T 1)y T (T Ty - T, )

m’'m

mfl
- <5+1+w> d(g(x2), g(a2)).
=0

1= Biit1
Similarly, one can inductively write

m—1 [ Biit1+7i,i41
i=0 T—Biit1 d(g(z

" I1 5), 9@t
-1 ( Biit1+t7i
d(g(z3,), 9(23,.1)) < TI% 71?51.3““ d(g(x3), g(x?

(11)

Alg(7,), 9@ 00)) < TT00" (B2 ) d(g(ah) g(at)).

7,1+1

Adding (10) and (11), we have
Om = dlg(ay,), 9(xp 1)) + dlg(27,), 95 41) + -+ d(g(27,), 927, 41)

m—1 N N
< ]I <w> d(g(xd), g(x1)) + d(g(22), (22)) + - -- + d(g(a), g())]

1=0

-1
T (Biis i
= I S el )

BMH

Moreover, for p > 0 and by repeated use of the triangle inequality, ones obtain
d(9(x ), 9(Tmip)) + dlg(@h), 9(@hsp)) + -+ d(g(a7,), 9(27 1))
( ) (

), 9(@hy1)) + d(g(22,), g(@2 1)) + -+ d(g(2],), 9(z)41)))
+(d(g(2y,), 9(Thy2)) + d(g(xh), g(2212)) + -+ d(g(],), 9(h12)))
_l’_

5+1+7+1> 50+ﬁ<WW>50+...

S <
pal Bii+1 o\ 1=Biin
m+p—2
Bz i+1 + Vi, z+1>
" Pt £ i1 ) 5,
H ( 1-— /Bz,z+1

M7 5

k—1 Tp—1k-1
m Bii+1 + Yisit1 B ey Bi, 1+1 + Viit+1
SO (e, S i
1— B

k=0 i=0 Bz i+1
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Now using the fact that the Geometric mean of non-negative numbers is always less or
equal to the Arithmetic mean, one have

d(g(@) 9T ip) + dlg(23,), 907 4p)) + -+ dlg(a7,), 9(a7,,)

map—1 . k—1
1 Bii+1 + Vi i+1> &
< _ it LN o L N 50.
kz [k‘HO< 1= Biit :

=m 1=

m—+p—1
< () aMe.

k=m

am
<
11—«

0o

Now, proceeding the limit as m — 400, ones deduce that

m

lim §,, = lim do=0asa<l.

m——+o00 m—+oo 1 — v

e, lim [dg(ah). g(vhey)) + dlg(ad) g(wh ) +

o+ d(g(r,), 9(25,4p))] = 0.
Which further implies that

. 1 1 . 2 2
Jlimd(g(ag,), g(zp,)) = lim d(g(a7,),9(ah,)) = -
= lim d(g(zy,),9(z],,,)) = 0.

n—+oo
{g(zI)}, {g(22)}, ..., {g(x}))} are all Cauchy sequences in (X,d, <).
Since g(X) is complete subspace of X, and hence there exists (z§, 23,...,24) € [[5_; X*
such that
g(xg) = =,
x3) = 22,
9( 0) (12)
glag) = ="
By the continuity of g and (12), we have
9(g(zg)) = ().
g\g\xp)) = g\r=),
' (9(2)) = g(2%) (13)

9(g(zp)) = g(a").
Now using the above equations we have

. : 1,2 r 1

lim ! = lim T,(x,,,z,,...,2,) =T
m%Jroog( ;71+1) m——+o0 m( ;n? ;n? ’ m) 1 ’ 9

lim g(z = lim Ty(z;,,z, ,....,¢ x )=
m—)—i—oog( m+1) M—+00 m( my<‘m> »<Ym> m) ’
and lim g(alh,,1) = lim T(ah, 0, ...,20 ') =2

m—+00 m——+00
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Since {T;}ien and g are weakly reciprocally continuous, thus

Hm  g(To (x5, - .- 2h)) = g(2h),
m——400
lim g(Tm(wzn,x%l, . ,xrm,w}n) = g(xQ),
m——+0o0
and lim g(Tp, (a7, z) ... 27" 1)) = g(z").
m——+00

On the other hand, the compatibility of {7;};cn and g yields.
hm (gL, ), Tn0(wh), 002, - () = 0,

lim d(9(Tn (@ s+ s 20 3))s T (9(27), (23, -5 (27, 9(27,))) = 0,

and Hm  d(g(Tin (@), Tngs - T3 ) Tin(9(@h), 9(23,) -, 9(2, 1) = 0.

m—-+00

Thus the above expression turns out to be

i To(g(ar), 957+ 9(a7)) = g(a!)
i To(g(a7), (), - 907 w)) = 9(2°)

and lim Ty, (g(zl),g(xt), ... gzl 1) = g(z").
m——+00
Since {g(x%,)} are non-decreasing or non-increasing according as i is odd or even,
respectively. Using the regularity of ¢g(X), we have g(z!,) < z', when 7 is odd; and
g(z%,) = x*, when i is even. Therefore

(z'), when i is odd; and

=g
g(g(zy,)) = g(x'), when i is even.

Proceeding limit as m — 400 in the above inequality, using (13) with the fact that
Biim < 1, we get Ti(x,22,... 2" = g(x!). Similarly, it can also be shown that



M. Grewal, R. Kumar, A. Kumar / Eur. J. Pure Appl. Math, 10 (2) (2017), 295-311 307

g($3) = T‘i($3,$4,...,xr,$1,x2)

gz = Ty(a",z',... 2" h).

This shows that (z!,22,...,2") € [[i_, X* is a r-tupled coincidence point of {T}};en
and g. |

Theorem 2. Let X be regular and (X,d, =) be a complete ordered metric space. Let

{T;}ien be a sequence of mappings from [[5_, XA — X such that for allz', 22, ..., 2", y', 9%, ...

X with 2t <yl 22 = 92,23 <93, . 2" =y, {T;}ien satisfy the following conditions:
i) Tzt 2%, o 2") 2 Traa(yhv%, . y7);
i) d(Ty(xt, 22, ..., 2"), Tyt 2, ... y")
< Bi,j[d(x,Ti(xl,xz, o))+ d(yl,Tj(yl, T U]+ fyi,jd(yl,xl).

where 0 < 8,7, <1Vi,jeN

iii) There exists (v}, x3,...,25) € [[5_; X* such that
1 1,2
x5 = To(zg, x5, - - -, xp),
2 2 3 1
xg = To(xg, x5, - - . 20, xg),
3 3 4 1.2
1‘0 j To(xo,xo,...7m‘07$0),
xf = To(xh, zp zh b
0= 0 0r4L0yr - .

IfFy ey (%ﬂi“) is an a-series, then {T;};en has r-tupled fized point.
Proof. The proof easily follows from the proof of Theorem 1 by taking g to be an
identity mapping. |

Now, we give useful conditions for existence and uniqueness of a n-tupled common
fixed point.

Theorem 3. In addition to the hypotheses of Theorem 1, suppose that the set of coinci-
dence points is comparable with respect to g, then {T;};en and g have a unique r-tupled
common fixed point.

Proof. 1t is clear from Theorem 1 that the set of r-tupled coincidence points is
nonempty. Let (x!,22,...,2") and (y*,9%,...,y") € [[i_; X* be two r-tupled coinci-
dence points of {7} };en and g. Then

g(xl) = Ti(arl,xQ, ooz
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g(xT) = E(xrvxlv ’xT_l)
and
g = T ..y
9@?) = TP, ...y 2t
9@ = T .y'...,yh
Now our aim is to show that

g(=") = gy

9(2*) = g(y°)

g(z") = g(y").

Since the set of coincidence points is comparable, using property (A) to these points

we obtain,

d(TZ-(:cl,:UQ, .. .xr)),Tj(yl,y2, .
< Bijld(g(a!), Ty(a", 2%, . .a"))
+d(g(yh), Ty (" o2 y")]
+yi5ld(g(yh), g(=h))]

< Bijld(g(ah), Ti(a", 22, .. a"))
+d(g(y"), Ty v y")]

< u%%[d(g(wl),ﬂ(xl,x%..
+d(g(y"), Ty(y" o2, - y"))-

.x"))

Also 7; ; < 1 and the elements of coincidence point are comparable, thus d(g(z!), g(y')) =
0 = g(2') = g(y'). Using the argument analogous to those used above, one can show

that

9(y").

Hence {7;};cny and g have a unique r-tupled coincidence point. It is well-known that two
compatible mappings are also weakly compatible, (i.e., they commute at their coincidence
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points). Thus, {7;}ieny and g have a unique r-tupled common fixed point. Hence the
result. |

Example 4. Take X = [0, 1] endowed with usual metric d = |z —y| for all z,y € X and <
be defined as “greater equal” the (X, d, <) be ordered metric space. Let T; : [[5_; X X
be mapping defined as

- 1[x1+:132—|—...+x7"

Ti(zt, 2%, 2") . :

;ieN

and g is a self mapping defined as g(x) = 22. By choosing the sequences

1
{ffrln} = m

1
2 _
o} = m+1

' 1

2 _
{omb = m+r—1

One can easily observe that (1) {T; };en have g-mixed monotone property; (2) {7 }ieny and g
are compatible, weakly reciprocally continuous (3) ¢ is continuous. By taking 0 < 3;; < 1
and 0 < 7;; < 1 it is easy to verify property (A) and (B). Thus all the hypotheses of
Theorem 1 are satisfied and (0,0,0,...,0) is the only r-tupled coincident point of g and
T; for all 4,7 € N.

The following remarks depicts that if we take T; to be a single mapping rather than the
sequence of mappings {7;}icn, then the pair T; and g may have more than one r-tupled
coincident points which depends upon the value of 4.

Remark 3. One can notice that if we consider X, d, <, T; and g as taken in the above ex-

ample, then (1,1,1,...,1) is an r-tupled coincident point of g and 7;. Also (%, %, %, e %)
is an r-tupled coincident point of g and T5. Similarly, (%, %, %, ceey %) is r-tupled coincident

point of g and T}, for a fixed k, k € N.

Remark 4. One can also notice that if we consider X, d, <, T; as taken in the above
example and g(z) = z, then (0,0,0,...,0) is only r-tupled coincident point of g and
T;, V i € N. However (0,0,0,...,0) and (1,1,1,...,1) are only rtupled coincident point
of g and T; only for ¢ = 1.
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