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Argument Estimates of Certain Analytic Functions Associated
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Abstract. The purpose of the present paper is to derive some inclusion properties and argument es-
timates of certain normalized analytic functions in the open unit disk, which are defined by means of
a class of multiplier transformations. Furthermore, the integral preserving properties in a sector are
investigated for these multiplier transformations.
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1. Introduction

Let A denote the class of the functions of the form:
o0
f(z) =z+Zakzk, (D
k=2

which are analytic in the open unit disc U = {z : |z| < 1}. If f(2) and g(z) are analytic in U,
we say that f(z) is subordinate to g(z) written symbolically as follows:

f=gzeUorf(z) <g(z) (z€),

if there exists a Schwarz function w(z), which (by definition) is analytic in U with w(0) = 0
and |w(z)| <1 (z € U), such that f(z) = g(w(2)) (z € U). In particular, if the function g(z)
is univalent in U, then we have the following equivalent (cf., e.g., [2]; see also [10], [11, p.
4])

f(z)<g(=)(z€U) < f(0)=¢(0) and f(U)c g(U).
Many essentially equivalent definitions of multiplier transformation have been given in litera-
ture (see [4], [5], and [20]). In [3] Catas defined the operator I™(A,£) as follows:
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Definition 1. [3] Let the function f(z) € A. for m € Ny =N U {0}, where N ={1,2,...}, A >
0, £ > 0. The extended multiplier transformation I"™(A,£) on A is defined by the following infinite
series:

m X re+1+Ak—1)7"
ML 0Of(z) = z+kZ:2:[ T } a,zk (2)
(f € AA=>0;£>0;meNy;zeU).
We can write (2) as follows:
IM(A,0f (2) = (@5 * f)(2), 3)

where

X Te+1+Ak—1)™
T (z)=2+ [ } zK.
At ; +1
It is easily verified from (2), that
Az(Im(A,E)f(z))/ =1+ O™ 0Of (2) = [1— A+ L™, 0)f (2) (A > 0). 4)

We note that:

1°(,0)f (2) = f(2) and I*(1,0)f (2) = 2f (2).

Also by specializing the parameters A,{ and m we obtain the following operators studied by
various authors:

(i) I™(1,£) =I"({)f (z) (see Cho and Srivastava [4] and Cho and Kim [5]);
(i) I™(%,0)f(2) = DT'f(z) (see AL-Oboudi [1]);
(iii) I"™(1,0)=D™f(z) (see Salagean [18]);
(iv) I™(1,1) = I"f(z) (see Uralegaddi and Somanatha [20]).

Let the functions gy, ..., g, be in the class A. Then we say that the functions g, ..., g, are in
the class Q,, 5 ¢(q; A, B) if they satisfy the subordination condition:

2(I™(A, 0)g,(2)) L1+

q
(D Zraoge
j=1

(zeU;i=1,..,¢;—-1<B<A<1), (5)

where
n

1
> ~I"(A,0g,(z)#0  (z€ ).

j=1
For A=1, m={ =0 and

gj(Z) = W_jf(wjz) (feAj=1,.,q;w= eZm’/n) ’
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Qm.2.0(q;A,B) reduces to the class of starlike functions in U with respect to q symmetric
points [12] (see also [17]). If wetake A=1,£ =0, m=0,q=2,A=1and B=—-1in
(5), then we obtain the class of mutually adjoint close-to-convex functions in U considered by
Lewandowski and Stankiewicz [9].

Let Cy,2.¢(q;A,B) be the class of functions of functions f € A satisfying the argument
inequality

2(I™(A, 0)f (2))
q
(ﬁ)ggzm(xi)gxz)

(z€U,meN),0<a<1;g;€Q,,(qAB);=1,....9) .

Ifwetake m=(=0,A=1,qg=1, a=1, A=1and B = —1in (6), C;, 5 (q;A,B) be-
comes the familiar class of close-to-convex functions in U introduce by Kaplan [8]. Further,
form=£=0,A=1,q9q=2,a=1,A=1and B= -1, C,,,,(q;A,B) covers the class of
close-to-convex functions in U with respect to symmetric points studied by Das and Singh [6].

S
S

6)

In this present paper, we give some argument properties and estimates of analytic func-
tions belonging to A, which contain the basic inclusion relationships among the classes Q,, 5 ((q;A, B)
and C,, 5 ¢(q;A, B). The integral preserving properties in connection with the operator I"'(4,{)
defined by (2) are also considered.

2. The Main Results And Their Consequences

Unless otherwise mentioned,we shall assume in the reminder of this paper that A > 0,£ >
0 and m € N,
In proving our main results, we need the following lemmas.

Lemma 1. [7] Let h be convex univalent in U with h(0) =1 and
R(Bh(z)+7v)>0 (z€U;B,yeC).
If p is analytic in U with p(0) = 1, then

zp ()

pl=)+ Bp(z) +v

<h(z) (z€U),

implies that
p(z) <h(z) (z€U).

Lemma 2. [10] Let h be convex univalent in U and ¢ be analytic in U with
R(¢p(z)>0 (z€U).

implies that
p(z) <h(z) (zeU).
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Lemma 3. [14] Let p be analytic in U with p(0) = 1 and p(g) # 0 in U . If there exists two

points 1,2, € U such that

%nal = arg(p(z1)) < arg(p(z)) < arg(p(z;)) = gaz , (7)

for some a; and a, (a, ay > 0) and for all z (|z] < |z,| = |25|), then

z1p (21) (a1t 50 () (o tay
————=—i|—————|mand ———=i|——=|m, (8)
p(z1) 2 p(z2) 2
where
1—|a Lo T oy
> and a=itan— )]
1+ |al 4 \a;+ay
First of all, with the help of Lemma 1 and 2, we obtain the following.
PrOPOSition 1. Ifgb RS gq € Qm-i-l,l,f(q;A)B)) then 8150 gq € Qm,l,ﬂ(q;A)B)
Proof. Let
21", 08:(=)
pi(z) = 7 : (i=1,..,q). (10)
1) 31 m(2, 0g,(2)
j=1
By using the identity (4), we get
m —A+ m m+1
—Z(I (A, f)gJ(Z))Pl(Z)-F (I (A,0)g:(2)) = —(I (A, 0gi(z)). (A1
15=
Differentiating both sides of (11) with respect to z, and simplifying, we obtain
zp,(2) 21" (L 0g(z) 144z
pi(z) + q = : = 1+ Bz = h(Z),
(B Xe@+5 (1) ermﬂ(x 0g;(2)
= J
(zeU;i=1,..,q), (12)

€15+ 8¢ € Quny1,2,0(¢;A,B). Since h is convex, for any z, € U, there exists a point {; € U
such that

K@)
X(ZO)+X(ZO)—+—]‘ ;+€ - (GO)

where

1 q
X(z)= =Y pi(2).
q i=1
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Then we find from Lemma 1 that X < h. Applying Lemma 2 with
1

PO e

to (12) again, we find that p; < h for all i(i = 1, ...,q). Next, we prove that

q

> ézm(x,z)gj(z) £0 (z€U).

Jj=1

Since g1, ...,8q € Qn+41,2,¢(q;A,B) and h is convex, we find that there exists a point {, € U
such that, for any z, € U,

q /
20 (Z Imﬂ(l,f)gj(zo))

Jj=1

= h(Co) 5

r(z0) =
2 Im(A,0)g;(20)
j=1
and hence, r < h. We note also that

Z

q % +1 LAt q
208 = s f £ Y IR, 0gj(e)de

— i=1
J 0 J

Thus, by applying Lemma A of [12], we conclude that

q

> ézm(x,z)gj(z) £0 (z€U).

j=1
This evidently completes the proof of Proposition 1.

Proposition 2. If g1, ..., 8q € O ,¢(q;A, B), then F.(g1), ..., Fc(8q) € Qm ,¢(q;A, B), where F,
is the integral operator defined by

z

c+1 1 .

F.(g;) =F.(g)(z) = " tgi(t)dt (i=1,..,q,c=0). (13)
0
Proof. From (13), we have
2(I™(A, OF.(g)(2)) = (c + DI™(A, Ogi(2) — cI™(A, OF.(g))(2). (14)
Let ,
" A,e c\&i .
pi(z) = A7 DF(g)(=) (i=1,..,q9).

q
(5) > IM(A0F(g)(2)
j=1
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Then by using (14), we obtain
1 q
(5) S Um0, OF(g)ENPi(E) + I, OF(g)() = (c + DI™(2,0g,(s) . (15)
j=1

Differentiating both sides of (15) with respect to z, and simplifying, we obtain

e HE Um0, 086)
i (1) S )+ (l) 3 Im(l,ﬁ)g-(z).
= =1 ’

Then, by the same arguments as in the proof of Proposition 1, it follows that Proposition 2
holds true as stated.

Remark 1.

2mi

(i) Putting m = £ = 0,A = 1 and g,(z) = wif(w2)(f € A;i = 1,...,q;w = e 1) in
Proposition 2, we obtain the result obtained by Mocanu [12];

(i) Puttingm =€ =0,A =1,q9 = 2,g8,(2) = f(2), and g,(2z) = —f(—=2) in Proposition 2,
we obtain the result obtained by Padmanabhan and Thangamani [16], which (in turn)
includes the result given by Das and Singh [6] as a special case.

Next, we prove the following theorem.

Theorem 1. Let f € Aand 0 < &1, 6, < 1. If

2(I™ (A, 0f (2))

TT TT
——0; <arg <—=0,,
: (1) %m0, 08
) & 0)g;
where g1, ..., 84 € Uny1,2,0(q;A, B), then
m 2(I™(A, 0)f (2)) n
—§a1<arg 7 <—=a,y,
(1) 2 m, 08
j=1

where a1 and a, (0 < a;, ay < 1) are the solutions of the following equations:

9 1 (ar+az)(1-la)cos(Z)t;
+ = t B _1 5
5, = 4 (ﬂ) an (z(%+1—;“)(1+|a|)+(a1+a2)(1—|a|)sin(g)rl (B#-1) (16)

a; (B=-1),
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and
- (g) can-1 (ar+az)(1-la)cos(Z)t; (B £-1)
6y = 27 \n z(}j‘;# H)(1+|a|)+(al+o¢2)(1 lal)sin( %) ¢, ’ a7
ay (B=-1),
a being given by (9), and
2 A—B s
t1—Esm 1—AB+1_§+Z(1—B2) . (18)
Proof. Let
2(I" (2, Of (2)) 1
pa) = — L B0 and QL) =1 > 0,(2).
1) 3 1m0, 0g,(2) =
1) 5
where .
z(I"™(A,0)g:(2)) .
Qi(z) = q g (l = 1) sy Q) .
(1) X m,0g5)
1) 5

using (10) with g; replaced by f, we have
m —A+ m +¢ m+1
( )Z(I (A,0)g;(2))p(2) Pk A oAt AOf(2) = —=—I""(4,0f (2) - (19)

Differentiating (19) with respect to z, and simplifying, we obtain

Z(Im+1(l,€)f(z))/ Zp/(z)

d =p(&)+ ———57

(2) X 1m1(2,081(2) Q) + 15
j=1

Since g1, ..., &n € Qm41,2,¢(q;A, B), by Proposition 1, we know that gy, ..., 84 € Q5 (q; A, B),
and so

OBE R

Hence, we observe from [19] that

(z€eU;—-1<B<A<1).

1—AB
1 - B2

A—B
<
1 - B2

‘Q(Z) - (z€U;B#-1), (20)

and 1A
Re(Q(2)) > — (zeU;B=-1). (21)
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Then, by using (20) and (21), we have

1-A+4¢ .
Q) + ———— = pet™i2,
A
where
1—A+1—A+€ 1+A+1—A+€
<p<
1-B 2 P=17B 2

_t1<¢<t1 (B#_]')J
t; being given by (18), and
1 —A+ 1-A+¢
2 A
-1<¢p<1 (B=-1).

<p <oo

324

We note that p is analytic in U with p(0) = 1. Let h be the function which maps U onto the

angular domain
T T
{gi) : —561 <arg(¢) < 562} , with h(0) = 1.
Applying Lemma 1 for this h with

¢(Z)=m,

we see that
R(p(z))>0 (z€U),

and hence, p(z) #0in U.

If there exist two points z; and 2, in U such that condition (7) is satisfied, then (By Lemma

3) we obtain (8) under restriction (9). For the case B # —1, we first obtain

arg (P(Zl) + QZL(?_)H@)

(zl)+ A

v a;+a o —
= —§a1+arg(1—i 12 Zm(pe¢m/2) 1)
. _r -] (a1+a2)msin(%)(1—¢)
< ——a;—tan

2! 2p+(a1+a2)mcos(§)(1—¢)

a;+ay)(1—lal)cos(Z)t

SR (a1 + a)(1 = lal)cos (F) £

1+B

(5 + ) b oo o (3
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and
Zzp/(zz)
arg | p(z2) + —— 537
( Qz2) + 1—;“)
™ B (a1 +az)(1—lal)cos (%) t;
> §a2+tan TRV,
2 (18 + 2 (1 +fa) + (op + @p)(1 — laD)sin (£) &
j— ﬂ:6
= 502,
where we have used inequality (9), 61, 6, and t; being given by (16), (17), and (18), re-
spectively. Similarly, for the case B = —1, we have
Z1P,(Z1) T
arg | p(z1)+ ——— 7 | S —5x
( Q(z1) + 1—j{+€ ) 2
and )
23 (22) T
arg | p(z) + ——F— | = 7 a2
( Qz2) + %) 2

These obviously contradict the assumption of Theorem 1. The proof of Theorem 1 is thus
completed.

Putting 6; = 65, = 6 in Theorem 1, we obtain the following corollary.

Corollary 1. Let f € Aand0< 6 < 1. If

2™ (A, 0f (2)) n
arg 7 < 55 ,
1 m+1 .
(%) 21", 0g)
where g1, ..., 8¢ € Qm 2,¢(q;A, B), then
2(I™(A, 0f (2)) m
arg Ea s

q
(1) X080
j=1
where o (0 < a < 1) is the solution of the equation

2 ] acos(%)tl
=t B# -1
S5 = a+ h an ((%-ﬁ-—l_iﬂ)—kasin(%)tl) ( 7 )

a (B=-1),

t, being given by (18).
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From Corollary 1, we immediately obtain the following corollary.

Corollary 2. The inclusion relation

Crmt1,2,0(@3A,B) C Cr 5 0(q5A, B)
holds true for any integer m.

Remark 2. Form ={ =0,A=1,9 = 1,6 = 1,A=1and B = —1, the class C,, 3 4(q;A,B)
reduces to the class of quasiconvex functions in U introduced by Sakaguchi [17] (see also [13]).
Hence, we see from Corollary 2 that every quasiconvex function in U is close-to-convex in U.

Next, we prove the following theorem.

Theorem 2. Let f €A, 0< 6, 6, <1landc>0.If

T 2(I™(4, Of () m
3 1 < arg N < =04,
(%) Xm0 0g)(2)
where g1, ..., 8¢ € Qm 2,¢(q;A, B), then
m 2(I™(2, OF (£ )(2)) m
——oaq < arg 7 <—=ay,
() L1, OF L))
b=

where F. is the integral operator defined by (13), and a; and a, (0 < a;, a, < 1) are the
solutions of the following equations:

2. 1 (a1+az)(1—la)cos(2)t,
a; + =tan B# -1
§1=4 '~ (2(%—%)(1+|a|)+(a1+a2)(1—|a|)sin(g)t2 (B#-1)
a; B=-1),
and
2. 1 (a1+az)(1—la)cos(2)t,
a, + = tan B#-1),
Spo=4 '~ (2(%—%)(1+|a|)+(a1+a2)(1—|a|)sin(g)t2 (B#-1)
a; B=-1),

1-A+¢

a being given by (9) and t, being the same as t, given by (18) with ¢ = P
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Proof. Let
2(I™(A, OF,(f)(2))
q
(1) 3 1m0, OF(g))
j=1

1 q
p(z) = and Q(z)=- Y Q(2),
q k=1

2(I™(A, OF(g:)(2))
- .
(1) 2 m(,OF(g))(@)
j=1

Qr(z) =

Using the relationship (14), we obtain
1 q
(5) D ™A OF(2)E)PE) + (A OF(f)(z) = (¢ + DI"(ALOf (). (22)
j=1

Differentiating (22) with respect to z, and simplifying, we get

QOfE) o @)
B zrooge T
=

Since g1, ..., 8¢ € Qm,1¢(q; A, B), by Proposition 2, we have F.(g), ..., Fc(gq) € Qpm 2,¢(q; A, B).

Hence, we find that
1+ Az

14+ Bz

The remaining part of the proof is similar to that in the proof of Theorem 1, and so we omit
the details involved.

Q(z) < (z€eU;—-1<B<A<1).

Putting 6, = 6, in Theorem 2 we obtain the following corollary.

Corollary 3. Let f €A, 0< 6 <1landc=>0. If

2A"A0fE@) ||
() Sraoge || 2
] IEE
where g1, ..., 8¢ € Qm 2,¢(q;A, B), then
2(I™ (A, OF(f)(=)) i
2 J

q
(1) 2 (L OF(g (@)
j=1
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where a (0 < a < 1) is the solution of the following equation

2 _ acos(%)tz _
6= a+;tan1((1+A ) (37'é 1),

H_—B-H:)-i-asin(g)tz

a (B=-1),
1-A+4

P
From Corollary 3, we readily obtain the following corollary.

ty being the same as t, given by (18) with ¢ =

328

Corollary 4. Let f € Cy,; ((q;A,B). Then F.(f) € Cp,;(q;A,B), where F,_ is the integral

operator defined by (13).

Remark 3. From Theorem 2 or Corollary 4, we see that every function in Cy, ; ,(q;A, B) preserves
the angles under the integral operator defined by (13). Ifweputm=£ =0, A=1,q=2,A=1

and B = —1 in Corollary 4, we are easily led to the result given earlier by Das and Singh [6].

Finally, we state Theorem 3 below. The proof is much akin to that of Theorem 1, and so

that details may be omitted.
Theorem 3. Let f €A, 0< 61, 6,<1andy>0. If

n 2™ (0, 0f (2)) 2(I"(A,0f (2))
—551<arg y 7 +(1-y) 7
() X, 0g,(2) (1) Zmo.0g@)
9) & 1) 5
where g1, ..., 84 € Uny1,2,0(¢;A, B), then
n A"ALOfFE) | =
_Eal < arg 7 < —a,,
LY m(2,08(2)
j=1
where a; and a, are the solutions of the following equation:
2. (a1+a3)(1-la]y cos(Z) t;
=t B#—-1
§,=4 4 Toen (z(%Jr%)(1+|a|)+(al+az)(1—|a|)sin(g)t1 (B#-1),
a (B=-1),
and
2. (a1+a3)(1—-lalycos(£) t;
2t B# -1
5y= ap + 7 tan (2(%%—%)(1+|a|)+(a1+a2)(1—|a|)ysin(%)tl (B#-1),
as (B=-1),

a and ty being given by (9) and (18), respectively.

Y
< —=0,,
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Remark 4. Form={=0,A=1,q9q=2,A=1, B=—1and 6 =1, Theorem 3 reduces at once
to the result given earlier by Padmanabhan and Thangamani [15].

Remark 5. Putting A = 1 in the above results, we obtain the results obtained by Cho and
Srivastava [5].

Remark 6. Putting £ = 0 in the above results, we obtain the corresponding results for the opera-
tor D3'.
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