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Asymptotic Attractors of Benjamin-Bona-Mahony Equations

Chaosheng Zhu*"
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Abstract. In this paper, we consider the long time behavior of solution for the Benjamin-Bona-Mahony
equations with periodic boundary conditions. By the method of orthogonal decomposition, we show
that the existence of asymptotic attractor which overcome difficulty come from the precision of approx-
imate inertial manifolds. Moreover, the dimensions estimate of the asymptotic attractor is obtained.
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1. Introduction

It is well known that the concept of an inertial manifold plays an important role in the
investigation of the long-time behavior of infinite dimensional dynamical systems, see, for
example, [6, 8]. Inertial manifold is a finite dimensional invariant manifold in the phase
space H of the system which attracts exponentially all orbits. It is constructed as the graph of
a mapping from PH to (I — P)H, where P is a projection of finite dimension N. However the
existence usually holds under a restrictive spectral gap condition. To investigate the case when
the spectral gap condition does not hold the concepts of approximate inertial manifolds [7]
have been introduced.

But the precision of approximate inertial manifolds is inextricable difficulty at all times. To
overcome this difficulty, recently, new concept of asymptotic attractor has been introduced
[12].

Now let us recall the definition of asymptotic attractor. We consider the solution u(t) of a
differential equation

u, +Au = F(u), (1.1

with initial data
u(0) = uy. (1.2)

The variable u(t) belongs to a linear space E called the phase space, and F is a mapping of E
into itself. The semigroup {S(t)} 0 associated to problems (1.1)-(1.2):
t>

S(t):ug€E—u(t) €E. (1.3)
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If B is a bounded absorbing set, then

g=() | s®u. (1.4)

s=20t=>s,upeB
is global attractor for problems (1.1)-(1.2).

Definition 1.1. [12]. Let & be a finite-dimensional subspace of the phase space E, and let B be
a bounded absorbing set in E. Suppose there exists a number t*(B) > 0 such that for all u, € B
and all t > t*(B), there exists a sequence {u*(t)}y C & such that

[u*(t) = S(Oullg = 0, k — oo. (1.5)
Then the sequence of sets .o/* defined by

g5 =) uk(t) (1.6)

$s=>0t>s,up€B
is called an asymptotic attractor of the problem (1.1)-(1.2).

In this paper, we will show that the existence of the asymptotic attractor for the following
Benjamin-Bona-Mahony equations with periodic boundary conditions

Ur — 6uxxt = Ulyy UL, = f(X), (1.7)
u(x,0) = ug(x), (1.8)

where u(x,t) = u(x + 2m,t), x € R, fOZﬂ u(x,t)dx = 0 and &, u are positive constants.
The Benjamin-Bona-Mahony equation was proposed in [3] as a model for propagation of
long waves which incorporates nonlinear dispersive and dissipative effects. The existence and
uniqueness of solutions, as well as the decay rates of solutions for this equation were studied
by many authors, see, for example, [1,2,4]. On the other hand, the long-time behavior for
this equation were considered also by many authors, see, for example, [5,9-11,13-15].
Here, by the method of orthogonal decomposition, we show that the existence of asymp-

totic attractor for problems (1.7)-(1.8). Furthermore, the dimensions estimate of the asymp-
. . . . 2
totic attractor is obtained. Throughout this paper, we set 2=(0,27), ||ul|*> = f 0 " |u|>dx and

27
H;er(ﬂ) =: {u ueL?(Q),u, € Lz(Q);J u(x, t)dx =0;
0

u(x,t)=u(x+2m,t),x ERl}.

Applying Faedo-Galerkin method, it is easy to prove that the problems (1.7)-(1.8) exists
a unique solution u(t) € H;er(ﬂ) if up(x) € H;er(ﬂ) and f(x) € L?(Q2). Moreover, there are
to > 0 and p, > 0 such that

B ={u(t) € B, (@) : (I + Il (DI* < p3, 2t}

per

is a bounded absorbing set. Now we are in position to state our main result:
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Theorem 1.1. If uy(x) € H;er(Q) and f(x) € L(S2), the semigroup S(t) associated with prob-
lems (1.7)-(1.8) possesses an asymptotic attractor .«/* in H' (). Moreover, the dimensions of

per
A" satisfies

_1 _1\2
2(45—3p§+||f||)2< Z(ﬁpo5 4 +cpod 2)

N_=min| NeN <1, <1l],
7 pZeip(N +1)? ¢1u(N + 1)
_ i (BNED? p
where ¢y —mln( 3 ,26).

2. Asymptotic Attractor

In this section, we show that the existence of asymptotic attractor for problems (1.7)-
(1.8) by the method of orthogonal decomposition. Let {sinkx,coskx,k =1,2,---} is an or-
thonormal basis of L;er([o, 271]), denote

Hy = Span{sinkx,coskx,k=1,2,--- ,N}.

Let Py: L;er([o, 21]) — Hy, Qy =1 — Py. For any u(x, t) € L;er([o,zn]), we denote

p=Pyu, q=Qnyu.

By projecting (1.7) on the Hy, we have

pt_5pxxt_nupxx+pN(uux):PNf: 2.1

and
q: — 5qxxt — UQGyx t+ QN(uux) = QNf (2.2)

For any ug(x) € B, we set uk = p + ¢~ satisfies:

q°-68¢°,, —uq®, +Qun(pp) =Qnf,
q°(x, ) = q°(x + 27, t), (2.3)
qo(x) 0) :QNuO-

g —68q~ , —ugk, + Q) =y f,
q(x,t) = q*(x +2m,t), (2.4)
qk(x) 0) = Q]k\[uO'

where Q;‘V =Qn — Qor+1y, k=1,2,---.

Thus by (2.3)-(2.4), we can get a sequence {u*(t)} for problems (1.7)-(1.8). To prove
Theorem 1.2, we only to check the condition (1.5), that is, we only prove the following
Lemma 2.1 and Lemma 2.2.
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Lemma 2.1. Assume that u(x, t) is solution for problems (1.7)-(1.8) with ug(x) € B, and q*
(k =0,1,2,---) satisfy (2.3)-(2.4), there are Ny € N and t](B) > 0 such that for N > N, we
have

lu¥|? + 6 lluf]® < 203, ¢ > t}(B),k=0,1,2,---. (2.5)

Proof : We only need to prove the following inequality:
g1+ 8llgkI* < pg. (2.6)

Here we verify (2.6) by the inductive method. Firstly, multiplying (2.3) by q°, we have

%%(nq‘)nz+5||q2||2)+u||q2||2
P12 1. 12 11g°l + 11£ 1Pl

pa 542 1g° + 11f Mgl

5=+ p2+IIfIDllg°l

G 2+ I -
Po N+1

IAIA

IA

g2

A

U _3
Ellqﬁll2 + (P§6~+ +IIF I

2u(N +1)?

It follows that

(02574 +|If )2
u(N +1)?

d
E(Ilqoll2 +56lg011%) +ullgdl? <
Noting that

u u
pllg®l? = Ellqﬁﬁll2 + Ellqﬁill2

pN+D? 0 B os
> —_— —6
= ( 5 llg™Il +25 gl
> o1 (lIg°l* + 811g211%),

we have

(p267 3 +|If )2
u(N +1)2

d
E(Ilqoll2 +8g3 1) + ea(llg°lI* + 6llg211%) <

By Gronwall’s Lemma, we have

Ig°(OI* +8llay (D> < (Ig°O)II* + 5lg2(0)]*)e™*

(02575 +IIf I

1—e b)),
cu(N +1)2 ( )
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There exists a t7;(B) > 0, such that for Vt > t];(B), we have

_3
2(pgd * +IIfIN?

0 2 0 2
t +0 t <
lg°(OI +8llay (Ol < = s

Let N is large enough, such that

3
2(p2574 + 2
(ﬁ;o ||f||2) <1, @.7)
pocl.u(N"‘l)

we have
Ig°(ON* +8llg2(DI* < p3, t=1t;,(B). (2.8)

Now assume that ||g""1||2+5]lg"?||> < p2 holds, we shall prove that for Yk (2.6) is holds.
Multiplying (2.4) by ¢*, we have

1d _3
EE(IIq"IIZ+5||q)’§||2)+ullq,'§||2 < (45 +pZ + IIf D"l

By using similar argument as above, we can obtain

(4p267% +[|£])?
u(N +1)2

d
a(llqkll2 +511g5 1) + 1 (g I1* + 5llgE 1) <
By Gronwall’s Lemma, there exists a t],(B) > 0 such that for YVt > t],(B) we have

2046 4pg +fID
cu(N +1)?

Ig“(OII* + 6llg5(D)II* <
Let N is large enough, such that

3
2045 3 p2 + IFID?
(2 Py ||f!) <1 2.9)
pacii(N +1)

we have
g (DI + 8llgE(OI* < g, t = t3,(B). (2.10)
Let t7(B) = max(t],(B), t],(B)), then (2.6) follows from (2.8) and (2.10). The proof of

Lemma 2.1 is completed.

Lemma 2.2. Under the hypotheses of Lemma 2.1, there are Ny € N and t3(B) > 0 such that for
N > N; we have
lg* = qli* + 61l — qull* =0, k— oo, > t5(B). (2.11)
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Proof : Here we verify (2.11) by the inductive method. Firstly, set w® = q° — g, by (2.2)
and (2.3) we have

W?—5WO —uw2x+QN(ppx —uu,)=0. (2.12)

xxt

Multiplying (2.12) by w® we obtain
1d
2dt

1 2110 25=21. 0
< 2fullzfluell2 W™l < 20567 4 [lw7ll.

Uwl? + 8lwdl*) + pliwdl?

By using similar argument as above, we can obtain

d 4p4
d—(IIWOII2 + 81wl + ey (WOl + 61wl*) < ————. (2.13)
t 52 u(N +1)2
By Gronwall’s Lemma, there exists a t3,(B) > 0, such that
004 (12 YR 8p; *
W (ON + Slwi(ONIF < —5————,  t=1t5(B). (2.14)
c162u(N +1)?
Denote wk = qk —q, by (2.2) and (2.4), we have
W]: — 5W§xt — ,uwix + QN(uk_lu)]i_1 —uu,) =0, (2.15)
where k =1, 2,---. Here we note that
uk_lufc_1 —uu, = uk_lwfj_l + wk_lux.
Multiplying (2.15) by w* we have
1d
k|12 k|2 k|2
——([[w*||* + &]|lw + ullw
(WA + 8w 1) + |
_1 _ _1 _
< V2573 pollwi T WK + 872 pollw* [ oo WK
_1 _1 _
< (V2po8 ™4 +cpos 2 ) Wk llwk|
1 _1 _1 _
< (V2P0 ¢ +epos 2 ) Iwk i
_1 1\2 w
< ————(V2py6 4 +c 5_2) whT 12 + = lwk)2.
v T (V2P08 epos 2 ) IWE IR + Sk
It follows that
d
E(Ilwkllz+5IIW§II2)+61(|IW"IIZ+5IIW§IIZ)
2
——(v2 5_%+c 5*%) wk12. 2.16
T (Y2P08 T +epos i ) i (2.16)
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where k =1,2,---. Let k =1 in (2.16), we have

d
E(IIWIII2 +8llwil?) + ey (Iwk (> + 51wl

_1 —1)?
m(\/ﬁpo6 4+Cp05 2) ||W2||2 (2.17)

By Gronwall’s lemma, there is a t3,(B) > 0 such that

Iw! (OI* + &llw (Ol
2

_1 _1)2 %
cu(l\l—+1)2(ﬁp05 ++cpod 2) Iwo(OI%, t>t5,(B). (2.18)
1

By the inductive method, there is a t5, (B) > 0 such that

W I+ &1lwkP?
2k

2k
— (V2 5_%+c 5_% wl(Ol?, t>t: (B (2.19)
W +1)2k( Po pos™2 )" Wl 5(B)

where k =1,2,---. If N is large enough, such that

2
Z(ﬁpoé_% + cpoé_%)
c (N +1)2

<1, (2.20)

then (2.11) follows from (2.14) and (2.19). The proof of Lemma 2.2 is completed.
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