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Abstract. The bivariate inverted hypergeometric function type I distribution is defined by the proba-
bility density function proportional to x}' ™ x}2 ™" (14 x; + x,) " R (, By (14 xq +x5)7Y),
x; > 0, x4 > 0, where v{, v,, a, 8 and y are suitable constants. In this article, we study several
properties of this distribution and derive density functions of X; /X,, X;/(X; + X5) and X; + X,. We
also consider several products involving bivariate inverted hypergeometric function type I, beta type I,

beta type II, beta type III, Kummer-beta and hypergeometric function type I variables.
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1. Introduction

The random variable X is said to have an inverted hypergeometric function type I distri-
bution, denoted by X ~ IH!(v,a, B,y), if its probability density function (p.d.f.) is given by
Nagar and Alvarez [8],

I'y+v—-a)(y+v-pB) x" 1 R
TG +v —a— ) A+ 72! (""ﬁ e H_x) x>0

(1)

where v >0,y >0, y +v > a+ 3, and ,F; is the Gauss hypergeometric function. For a =,
the density (1) reduces to a beta type II density given by

T(y+v—p) xV—B-1
T(T(v = B) (1 +x)"—F+r’

x>0,
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and for 8 = v, the inverted hypergeometric function type I density slides to

I'y+v—a) xv ol

r(y)r(v —a) (1+x)v=-2*r’ x > 0.

Further, for a = 0 or 8 = 0O, the inverted hypergeometric function type I density simplifies to
a beta type II density with parameters v and v.

Recently, Nagar and Alvarez [8] studied several properties and stochastic representations
of the inverted hypergeometric function type I distribution. Zarrazola and Nagar [16] derived
the density function of the product of two independent random variables having inverted hy-
pergeometric function type I distribution. They also derive densities of several other products
involving hypergeometric function type I, beta type I, beta type II, beta type III, Kuimmer-beta
and hypergeometric function type I variables.

The bivariate generalization of the inverted hypergeometric function type I distribution,
denoted by (X;,X,) ~ IH!(v,vy; a, B,7), is defined by the density [Nagar, Bran-Cardona and
Gupta 9],

xil_l gz_l F RV S (2)
(1+x,+ xz)V1+V2+Y2 ' (a,/a’, 1y X+ Xz) ’

C(’VDVZ; a, ﬁ; Y)

where x; > 0, x5 > 0, and C(vy,v5; @, 8,7) is the normalizing constant given by

l"(vl +V2+}f—a)l"(v1 +’V2+'}’_ﬁ)
T(v)T (v )T (v + v +y —a— )

with v{ > 0,v, >0,y >0,and v{ +v, +7 > a+ .

For a = 0 or 8 = 0, the density (2) slides to a Dirichlet type II density of order 3 with
parameters vq, v, and .

It can also be observed that bivariate generalization of the hypergeometric function type I
distribution defined by the density (2) belongs to the Liouville family of distributions proposed
by Marshall and Olkin [6] and Sivazlian [14].

In this article we study several properties of the bivariate generalization of the hypergeo-
metric function type I distribution defined by the density (2).

In Section 2, we derive results such as the marginal and the conditional densities, moments
and correlation and in Section 3 we show that if (X;,X,) ~ IH!(v,,v,; a, 3,7), then,

X, + X, ~HY vy +v,,a, B,7), which is independent of X; /(X; +X5) ~ B! (v{,v,) and
X1/X4 ~ B! (v,v,). In Section 4, we derive density functions of (X1X3,X,X3), where (X;,X5)
and X are independent, (X1,X5) ~ IH!(v{,v5;a, B,y) and

C(V1:V2; Qa, ﬁ) Y) =

(1) X3 ~ IHI(K,.UUP,O-)’
(i) X5 ~B'(x,0),
(iii) X3~ KB(x,u,A)

(IV) X3 ~ BI(KJ nu’):
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(v) X3 ~B"(x,u), and
i) X3 ~H(x,u,p,0).

Finally, in appendix we give definitions and results on Gauss hypergeometric function, Ap-
pell’s first hypergeometric function F;, Humbert’s confluent hypergeometric function ®; and
statistical distributions.

2. Properties

In this section we study several properties of the bivariate distribution defined in Section 1.
We first derive marginal and conditional distributions.

Theorem 1. If (X1,X,) ~ IH (v;,vy; a, B,7), then the p.d.f of X, is given by

F(vi+)T(vy+vy+y—a)l(vy +vy +7y — )
F(v)T()T(vi +vo +7)T(vi +vo +y —a—fB)
vi—1

X, _ ) 1
—'V a, o, s 5 5 .
X(1+X)l+}/3F2( B,vi+vy,vi+vy+y 1+x) x>0 3)
1 1

Proof. By integrating x, in (2), we get the marginal p.d.f. of X; as

Vl—].

Xy ' vi+y—1 vy—1 z
C(Vl,Vz;a,ﬁ,Y)W . Z (1—2)"2"",F, a,ﬁ;Y;1+x1 dz,

where we have used the substitution z = (1 + x;)/(1 + x; + x,). Now, the desired result is
obtained by using (A.2).

For a = v, the density (2) reduces to

vi—1_wvy—1

I'(vi +v))T(vi +vo+7v =) Xy Xy

) 4)
T(v)T (v )T (P)T(vy +v, — B) (x; + xz)ﬁ (14x,+ Xz)v1+v2+y—ﬂ
where x; > 0 and x, > 0. The marginal density of X; in this case is given by
T(vy + )T (vy +v)T(vy + vy + 7 — B)
(v ()T (vy +vo + 7T (v +v2 = B)
vi—1
xl— F . ) 1 0 5)
X(1+x1)vl+}’2 1 ﬁ’V1+Y’V1+V2+Y’1+X1 1) X1> . (

Using the above theorem, the conditional density function of X; given X, = x4 > 0 is obtained
as

T(y +v +v3) x¥1_1(1+x2)“v2 oF1(a, B3y (14 x1 +x3)71)
T(v)T(y +v5) (14 x1 +x)7 12 5F (o, B,y +va3 7,7y +v1 + Va3 (14 x3)71)°
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where x; > 0 and x, > 0. Further, using (2), the joint (r,s)-th moment is obtained as

V1+r 1 'V2+S 1 1
EXI'X3)=C(vqy,vq; @, X F | a, B;y; — | dx, dx;.
(X1X5) =C(vy,vo5 0, B, Y)f f (1+x1+x2)V1+V2+Y X2 1( By 1+x1+x2) 2dXy

Now, substituting u = x; /(x; + x3), v = x; + x5 and z = 1/(1 + v) with the Jacobian
J(x1,xy = u,2) = J(x1,x5 = u,v)J(v = 2) = (1 — 2)/2° in the above integral, one obtains

1
E(X1X35) = C(v1,v2;a,B,7)B(v1 + 1,7, +S)f 2T = )L (0, B s 2) de
0

Finally, evaluating the above integral using (A.2) and simplifying the resulting expression, we
get
T(vi +r)T(vy +)I(y —r =s)T(vi +vo + 1y — )T (v + vy +7 — )
T(v) )T (v )T (T +vo + )T (v +vo+y —a—f)
X3F2(a)ﬁ3}/ —r—=s5v" +'V2 +Y: 1):

E(XIX3)

where v; +1r >0, v5+5s > 0 and y > r +s. Now, substituting appropriately, we obtain

Vi l"(v1+1/2+}f—a)l"(v1+v2+}f—[5)

E(X;) =
(X0 y=1T(vy+vo+y)T(vi +vo+y—a—f3)
X3Fy(a, B,y — 1;7,v1 +vy + 75 1),
E(Xz) 'Vi('Vi+1) F(V1+’V2+Y—(X)F(’V1+’V2+'}’—ﬁ)
! =D —-2)T(v+vy+)I(vi+vo+y—a—f)
X3Fy(a, B,y —2;7,v1 + vy + 75 1),
and
ViV I'(vi+vy+y—a)l(vi+vo+y—)
E(X1X;) =

=D —=2)T(vi+vo+)T(vi+vy+y—a—f)
X3Fy(a, B,y —2;7,v1 + vy + 7135 1).

Using E(X;), E(Xiz) and E(X;X,), the expressions for Var(X;), Cov(X;,X,) and Corr(X;,X,)
can easily be calculated.

The stress-strength model describes the life of a component which has a random strength
X, and is subjected to a random stress X;. The component fails at the instant that the stress
applied to it exceeds the strength and the component will function satisfactorily whenever
X5 > X;. Thus, R = Pr(X; < X,) is a measure of the component reliability. In a recent paper,
Nadrajah [7] has give an extensive survey on applications and computation of R when X; and
X, follows bivariate distribution with dependence between them. If (X;,X,) has a bivariate

inverted hypergeometric function type I diStl’ibUti()ll, then
= ( ﬁ ) not ;/2 1 + ( ﬁ «xl )
R=C(vy,vy; , ,Y X a, ; Xo dX7.
b 0 ! X1 (1 X1 TX )Vl vaty? 1 1 1T X2 2 !
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Replacing ,F (a, Biv;(14+x; + xz)_l) by its series representation, we get

00 00 [e%) vo—1
(a);(B); -1 Xy
R=C(V1,V2§a,ﬁ,}’) N X ! - dedxl.
IZO: (it Jo 1 (14 xq + )" 2T

Now, using (A.8), we have

> (a)i(B);
R = C(Vl’vz;a’ﬁ’}/);(v1+y+i) (y); i!

o0
—(y+i 1+ x
XJ xl(HlH)zFl (Vl+V2+Y+i,V1+Y+i;1/1+}’+i+1;— < 1)dx1.
0 1

Finally, using (A.6), expanding ,F; in series form and using (A.7), we obtain
o0 00 .
(@)i(B)i (vi+va+y+i)k
R = C(Vl,'\’zﬂl,ﬁ,}’)zz . . - . )
S vy +0)ivi +y +i+ 1Dt

8 C(vy +vo)T(y +1)
F(V1+'V2+'}’+i)

2F1 (’V1+’V2+'}’+i+k,’\/1 +’V2;’V1+’\/2+'}’+i;—1).

3. Distributions of Sum and Quotients

It is well known that if (X1,X,) ~ D(vy,v5;v3), then X;/X, and X;/(X; + X,) are
independent of X; + X,. Further, X;/X, ~ B (vy,v,), X;/(X; + X,) ~ BY(vq,v,), and
X1 + X5 ~ B (v + v5,v3). In this section we derive similar results when X; and X, have
a bivariate inverted hypergeometric function type I distribution.

Theorem 2. Let (X1,X,) ~ IH (vy,v5;a, B,7). Then, Z = X;/(X; +X,) and S = X, + X, are
independent, Z ~ BY(vy,v,) and S ~ IH (v; +v,, a, B, 7).

Proof. Transforming Z = X;/(X; +X5) and S = X; + X, with the Jacobian
J(xq,x5 — 2,5) =s in (2), we obtain the joint p.d.f. of Z and S as

C( . )'Vl—l(l_ )vz—l SV1+V2_1 F wnse 1
’Vl,'Vz,a,ﬁ,Y Z z (1—|—5)V1+V2+Y2 1 a:ﬁ:Y) 1+s >

where 0 < z < 1 and s > 0. Now, from the above factorization it is clear that Z and S are
independent, Z ~ B!(v;,v,) and S ~ IH! (v +v,, @, B,7).

Corollary 1. Let (X;,X,) ~ IH!(vy,v5;a,f,y). Then, X;/X, and X; + X, are independent.
Further, X, /X5 ~ B (vy,vy).
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4. Products of Two Independent Random Variables

Let (X;,X,) and X5 be independent, (X;,X,) ~ IH!(v{,v,;a,8,7). In this section we
derive density functions of (X;X3,X,X3) when

() X3 ~IH!(x,u,p,0),
(i) X3~ B'(x,0),
(iii) X3~ KB(x,u,A),
(iv) X3 ~ B! (x, ),
(v) X3~ B (x,u), and
i) X5 ~H(x,u,p,0).
Throughout this section we write v; +v, = v.

Theorem 3. Let (X1,X,) and X5 be independent, (X1,X5) ~ IH! (v{,v5; a, B,7), and
X3 ~IH!(x,u, p,0). Then, the p.d.f of (Z1,Z,) = (X1,X5)Xs5 is given by
rv+y—a)l(v+y—p) Mo+xk—wl(c+x—p) T(v+o)(x+7y)
C(v )T (v )T )T(v+y—a—-B)T(o) (k) T(c+xk—u—p) T(v+y+x+0)
o0 o0
vi—1 _wvy—1 ZZ (a)r(.u')s(ﬁ)r(p)s(K + Y)r(v + G)s

Xz b4
! 2 =0 s=0 (Y)r(o-)s('\/ +K+Y+O')r+sr!5!

XoFi(v+o+s,v+y+rv+r+y+o+r+s;1—2 —29), 6)

where z; > 0 and 2z, > 0.
Proof. Using independence, the joint p.d.f. of (X;,X5) and X35 is given by

vi—1_wvy—1 —
lel 2 k—1 1

1 X 3 1
Fola,psvs————— |2F1 (. p;0; )
(1+ 31+ x)" 7 (14 x3)< 0 2 1( Fir T4+ +x,) 2\ PP T

where x; > 0, x5 > 0, x3 > 0 and

K — rv+y—a)l(v+7v—p) IFNo+xk—wrl(c+x—p)
L TP ()TN +y —a — B) T(o)T (k)T (0 +x —p—p)’
Transforming Z; = X1X3, Zy = X,X5 U = 1/(1 + X3) with the Jacobian
J(x1,X9, X3 = 21,2,u) = 1/(1 —u)? in the joint density of (X;,X,) and X, and integrating u,
we obtain the p.d.f. of (Z;,Z,) as

1 v+o-—1 Kk+y—1
21 e u (1 —-uw)r 1—u
Kz gkt FilapB;y;
LR ==z —zu 2 A pre g

X oF; (U, p;o;u) du. (7)
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Now, expanding Gauss hypergeometric functions in the integral (7) in terms of power series
we arrive at

x© X 1 wv+o+s—1cq7 _  \k+y+r—1
Kle1 1 Vz 122(‘1%(.”)3(/5%(/3)3] [u (1 u) r
0

(1) (o)srls! 1= (1= 2, —zu] "

r=0s

Finally, using (A.5) and substituting for K; we obtain the desired result.

Corollary 2. Let (X;,X,) and X5 be independent, (X1,X5) ~ IH!(vy,v5; a, B,7), and
X3 ~ B(k,0). Then, the p.d.f of (Z1,2Z,) = (X1,X)X5 is given by
Fy+v—a)l(y+v—-p) T(k+0o)T(v+o)(k+7) RS
F(y)F(vl)F(vz)F(}f +v—a—-B)T(o)(x) T(v+Kx+7y+0) R

(@), (B),(x +7),
szr(wwwo)m

XoFi(v+o,v+y+rv+k+y+o+r;l—z—3), €))

where z; > 0 and 2z, > 0.

Corollary 3. Let (X1,X,) and X5 be independent, (X1,X,) ~ D' (vq,v4;7), and X5 ~ Bl (x, o).
Then, the p.d.f of (Z1,75) = (X1,X45)X5 is given by
I(y+v) T(k+0o)T(v+o)(k+7y)
F(T(v)T(v) T(o)I(k) T(v+Kx+7y+0)

vi—1l_wvy—1

Xz,' 2,0 P (v+o,v+yivtk+y+o;l -2 —2), 9

where z; > 0 and 2z, > 0.

Note that the Gauss hypergeometric functions in the densities (6), (8) and (9) can be
expanded in series form if 0 < z; +2, < 1. However, if 2; +2, > 1, then 1—1/(2z; +2,) < 1 and
we use (A.6) to rewrite the densities (6), (8) and (9) in series involving Gauss hypergeometric
functions having 1 — 1/(z; + 2,) as argument.

The next theorem gives the density of the product of Kummer-beta and inverted hyperge-
ometric function type I variables.

Theorem 4. Let (X;,X,) and X5 be independent, (X1,X5) ~ IH! (v1,vy; a, B,7) and
X3 ~KB(k,u,A). Then, the p.d.f of (Z,,Z,) = (X1,X5)X5 is
Fr(v+y—a)l(v+y— BT (u+x)(y +x)

F(v)T (v )L ()C(C(v +y —a=B)T(y +u+«)

s $ Lpurin)
(1+21+Zz)”” 3 (r +u+ K (), r!

{1F (us k +ps A}

(1 +21 +Zz)_r

X P, [u,v+y+r;y+u+x+r; A}, 2, >0, 2,>0.

142, +29
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Proof. The joint p.d.f. of (X;,X,) and X3 is given by

1 1 e _
x{l xgz 1(1—x3)“ 1

(1 + X1 ‘I‘ Xz)v—i_y

2F1 (a,ﬁ; Y; exp[A(1 —x3)], (10)

K —)
1‘+‘X1 +X2

where x; > 0,x5, > 0,0 < x5 <1 and

Frv+y—a)l(v+y—pf)
Fv (v )I(I (v +7 —a—f)
Transforming Z; = X,X5, Z5 = X1 X5 and W = 1 — X5 with the Jacobian

J(xq,X9, X3 = 21,29,w) = 1/(1 —w)? in (10) and integrating w, we obtain the joint p.d.f. of
Z, and Z, as

K, = {B(x, )1 Fy (u; & + p; )}

vi—1_wvy—1 1 -1 +x—1
z,' 2, w1 —w)”

K,
Atz 4+2)"" Jy [1-w/(Q+2 +2,)]"""

A4z +zn)(1-w)
X exp(Aw),F; (a,[a’,% 1-w/(14+2 +2) ) -

(11

Now, expanding Gauss hypergeometric functions in the integral (11) in terms of power series
we arrive at

L wh=1(1 — w)r 5+ =1 exp(Aw)

[1-w/(Q+2 +2)]""7"""

vi—1 v 1
2"zt (a)-(B)r _
Kata +22)V+YZ o LFEatE) L

Finally, applying (A.12) and substituting for K, we obtain the desired result.

Corollary 4. Let (X1,X5) and X5 be independent, (X1,X5) ~ DX (v1,v5;7) and X5 ~ KB(x, u, A).
Then, the p.d.f. of (Z1,75) = (X{,X5)X5 is given by

C(y +v)I'(u +<)C(y +x) _
1P (usx +u; )T
T(v)T (v )T ()C(y)T(y + p + k)
Vl 1 ’\/2 1
1% v+ ++K;k 2. >0, 2o>0
TS AR A el R R e

Corollary 5. Let (X;,X,) and X5 be independent, (X;,X,) ~ D' (vq,v,;7) and X3 ~ B! (x, w).
Then, the p.d.f. of (Z1,75) = (X{,X5)X5 is given by

vi— 1 ’\/2—1

Ty +v)I'(u+x)C(y + ) z, 2z
T(v)T(v)T)T(IT(y +p+x) (1421 +2,)7F7

1
XoF NVYryiyt+tut+k;——— |, 2:>0, 2z,>0.
2 1(#« Y;sYy T 1+21+Zz) 1 2
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Corollary 6. Let (X1,X,) and X5 be independent, (X;,X5) ~ IH! (v1,vy; a, B,7) and
X3 ~ Bl(k,u). Then, the p.d.f of (Z1,Z,) = (X1,X5)Xj5 is given by
Fr(v+y—a)l(v+y— BT (u+x)(y +x)
F(v)T (v )T () (NT(v +y—a—B)I(y + p+K)

I, Z (@) (B)e(y + 1),
(1+21+Zz)V+Y 4 (v +u+x) (), 1!

(1 +21 +Zz)_r

1
14z +2
Theorem 5. Let (X;,X,) and X5 be independent, (X1,X5) ~ IH (vy,v9; a, B,7) and
X3 ~ B (x,u). Then, the p.d.f of (Z,,Z5) = (X1,X5)X5 is given by

Fv+y—a)l(v+y =BTk +wI'(k+7)
28T (v)T (vl )T (T(v + 7 —a = BT (k + p+7)

Xy F; (u,v+y+r;y+u+x+r; ), 21 >0, 2,>0.

vi—1 v2—1
Z a +K
1 +Z()(ﬁ’)(r )r(1+1+22)r
(1+zl+22)V T () (y + x4+ ), r!
1 1
XF vty + + +xk+u+r;—,—- |,
1(uv rrLpTRY TR ] r1+zl+zz 2)

where z; > 0 and 2z, > 0.

Proof. The joint p.d.f. of (X;,X,) and X5 is given by

x;’l 1 'V2—1 K 1(1 x )H 1 1 (12)
a ’— 5
(1+x1+x2)V+Y(1—|—x Yrtu2 fi| & birs 14x;+ X,

where x; >0, x5 > 0,0 < x3 <1 and
Frv+y—a)l(v+y—p)

F(v)I(v )T (YI(v+y —a—pf)

Now, transforming Z; = XX5, Z5 = X,X5 and W = 1 — X5 with the Jacobian

J(x1, X5, X3 = 21,29,w) = 1/(1—w)? in (12) and integrating w, the marginal p.d.f. of (Z, Z,)
is derived as

Ky = 2% {B(x, w)} .

Kyz)'~ 1zg2 ! J‘l w1 —w)str-t
2 (1421 +2)"" [ [1—w/(1 421 +2)]"77 (1 —w/2)<

(142 +2) (1 -w)
F s dw.
*2 1(“’[5”’ 1—w/(l+z+z) )

(13)

Expanding Gauss hypergeometric functions in the integral (13) in series form we arrive at

Koz S (@) 1 Wi (1 = wyetr .
2 (142 +2)" T (), rM (142 +22)" J [1-w/(1 421 +25)] 7 (1—w/2)

Finally, the desired result follows by using (A.11) and substituting for K.
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Corollary 7. Let (X1,X,) and X5 be independent, (X;,X5) ~ D' (vy,v,;7) and
X3 ~ B (x,u). Then, the p.d.f of (Z,,Z5) = (X1,X5)X5 is given by

(v +7)C(x + w(x +7y) 2 lzgz !
2T (v T (V)T ()T (T (k + p 4 1) (1 + 29 +2)" 7Y

1 1
xXFy (M§V+Y,M+K;Y+K+M;m,§),
112

where z; > 0 and 2z, > 0.

Theorem 6. Let (X1,X,) and X5 be independent, (X1,X5) ~ IH! (v1,v9; a, B,7) and
X3 ~HNx,u,p,0). Then, the p.d.f of (Z1,Z,) = (X1,X5)X5 is given by
rv+y—a)I v+y =Bk +y)I'(c+xk—wl(oc+x—p)
Py F(v)TI(I(v +y —a— (o +xk —u—p)l(k+y+o)

vi—1 v 1
oz (Ws(p)s(a).(B),(x + 7)),
“a +zl +22)V+Y;;Z (V)r(k+7+0)syrstr!

(1+ 1+22) r
Filo+sv+y+rk+o+y+s+ ! )
X o+s,v rik+o s+r;———
21 ’ ’ 142 +2
where z; > 0 and 2z, > 0.
Proof. The joint p.d.f. of (X;,X,) and X5 is given by
Kux;'~ 1x;2 ! l1-x
(1+X1+x2)v+y

3)0—1
2Fl(a:/5;Y; )ZFl(U:P;U;l — X3),

1‘+‘X1 +X2

where x; >0, x5 > 0,0 < x3 <1 and

rlv+y—a)l(v+7y—p) IMNo+xk—wrl(c+x—p)
T(v)T ()TN +y —a—=B)T()T(KIT(0 + Kk —pu—p)

Now, transforming Z; = X X3, Z; = X,X3 and W = 1 — X5 with the Jacobian

4=

326

(14)

J(x1,X9,X3 = 21,29,w) = 1/(1 —w)? in (14) and integrating w, we obtain the p.d.f. of

(Z4,2,) as

Kuz]'~ 1252 Dol o — )l
(142, +2)" %7 f [1-w/(1+2 +2)]""
(1 +21+25)7 1 —w)

—w/(1+2;+29)

XoFy (a B;v;

)Z‘F‘l (M:P,O';W) dW: Zl>05 ZZ>O'

Now, expanding the Gauss hypergeometric functions in series form, integrating the resulting

expression using (A.5), substituting for K, and simplifying, we obtain the desired result.
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Corollary 8. Let (X;,X,) and X5 be independent, (X,X5) ~ D' (vy,v,;7) and X5 ~ H! (x,u, p, o).
Then, the p.d.f of (Z1,2Z5) = (X1,X5)X5 is given by

vi—1l_wvy,—1

Frlv+y)I(k+y)INc+x—wl(c+xk—p) 2z %,
T(V1)T(V2)F(K)F(Y)T(G +x—u—p)l(k+y+0)(1+z+2)""

1
Z W) — o |ots,v+y;kto+yt+s;, ——
(K+Y+O‘)S ! 142, +2,

where z; > 0 and 2z, > 0.

Theorem 7. Let (X1,X,), Y1 and Y, be independent, (X1,X5) ~ IH! (v1,v9; a, B,7) and
Y; ~Bl(a;, b;), i = 1,2. Then, the p.d.f of (Z1,25) = (X1,X,)Y,Y; is given by
I'(a;+b)l(ag+ b)) (a1 +y) Tlr+v—a)l(y+v—p)
I'(a;)T(az)T(a; + by + by +7) T(v) )T (v )T (T (y +v —a — )

21 g (ba)s(ay + by — ap)s(@).(B),(ay +7),
(1+21 +Zz)V+YZZ (r);(ay + by + by +y)sqy s!r!

(1421 +25)7"

r=0 s=

1
XZFl b1—I—b2+s,v+}’—|—r;a1—|—b1+b2+}’+s+r;— ,
1+Zl +ZZ

where z; > 0 and 2z, > 0.

Proof Using Theorem A.8, Y;Y, ~ H!(ay, by,a; + by — ay, by + by). Now, using indepen-
dence of (X;,X,) and X5 and Theorem 6, we obtain the desired result.

Corollary 9. Let (X;,X,), Y; and Y, be independent, (X1,X,) ~ D' (vy,v,;y) and Y; ~ B! (a;, b;),
i =1,2. Then, the p.d.f of (Z1,75) = (X{,X,)Y,Y, is given by

vi—1_wvy,—1

['(a; + by)T(ay + by)T(a; +y)T(v +7) z %,
T'(a)T(ax)T(v)T(v))T(y)T(ay + by + by +71) (1 +21 +2)" 7
o (by)s(ay + by — ay)s
X;(a1+b1+b2+'}/)

1
Fi| by+by+s,v+vyv;a;+b;+by+y+s;——
12 1( 1 2 Ysa1 1 2TY 1+Z1+22)

where z; > 0 and 2z, > 0.

Appendix: Some Known Definitions and Results

Here, we give some definitions and additional results which are used throughout this
work. We use the Pochhammer symbol (a),, defined by

(a),=a(a+1)---(a+n—-1)=(a),_1(a+n—-1)forn=1,2,..., (a)g=1.
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The generalized hypergeometric function of scalar argument is defined by

. (al)k (ap)kz
qu(aly L) p, bl, () q,Z) Z (bl)k (b )k k' (A.].)

where a;, 1 =1,...,p; b;, j=1,...,q are complex numbers with suitable restrictions and z is
a complex variable. Conditions for the convergence of the series in (A.1) are available in the
literature, see Luke [5]. From (A.1) it is easy to see that

bl & () 2
oFo(2) = 2 F =exp(z), 1F(a;c;2) :;@E’
and N )
(a)i(b)y =
2F1(a, b;c;2) Z;WE’ |lz| < 1.

Also, under suitable conditions, we have from Luke [5, Eq. 3.6(10)],

1
fza_l(]-_z)ﬂ_lqu(alﬁ ey p’bl, [} q’z.y)dz
0

_ r(@r(p)
T T(a+pB)P

and Luke [5, Eq. 3.6(13)],

Fq+1(a1)"')ap)a; bl) LX) q:a+ﬁ .y) (AZ)

o0
f exp(—6z)za_1qu(a1, [} p3b1’ ey qazy)dz
0

= r(a)5_ap+1Fq(a1) e a; bl) LX) q: 5 .y) (AB)

)ap)

The integral representations of the confluent hypergeometric function and the Gauss hyper-
geometric function are given as

F .. — F(C) (‘1 a—1 1 c—a—1 d A4
1 1(a,C,Z)—mJO t(1—1t) exp(zt)dt, A4)
and )
P — L a—1 _ #\c—a—-1 _ -b
5Fi(a,b;c;2) = M@ —a) j‘ t7N(1-1t) (1—2zt)""dt, (A.5)

0
respectively, where Re(a) > 0 and Re(c — a) > 0. It is easy to check by using (A.5) that

—Z

-z
oF1(a,b;c;2) = (1—-2)"%F (a,c — b;c; 1 )

= (1 —z)_bZFl (c —a,b;c; 1_2 ) (A.6)

—Z
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and for Re(a) > 0, Re(b+ 1 —c¢) > 0 and |arg(z)| < m, it has been shown that [see Luke 5,
Eq. 3.6.3],

Tla+b+1—c) (st I(145)P1ds

F b; b+1-c¢;1—-2)= . A.
2hilabiat bl =Gl =a) = a0 ), (s (A7)
Further, for Re(1) < Re(v), we have [Prudnikov 12, Eq. 1.2.4.4],
0 y)L_l xl—v

a
—d —— LF v=2A;1 —A;— . A.8
. (y+a)Vy T2 1("" +v x) (A.8)

The Appell’s first hypergeometric function F; is defined by

00
(a)r s(bl)r(bz)s 2rzs

i ben = 3, Qe
r+s 2S!

r,s=0

%%ﬁlm +1,b3¢+7525)
(c)s s! 2

2 4D

Fi(a+s,by;c+s527), (A.9)

Il
o

S

where |z;| < 1 and |z,| < 1. The Humbert’s confluent hypergeometric function ®; is defined
by

o0 TS
(a)r-i-s(bl)r zlzz
®,[a,by;c;21,2] = ;
lebsennl = 3, =0
2 (a),(by), 2]
Z %—1' 1Fi(a+r;c+r;2,)
~ (o) !
o0 a ZS
= ZQ—?zFl(a+s,b1;c+s;zl), (A.10)
s=0 (C)S s
where |2;| < 1, |29| < 00. The integral representations of F; and &, are given by
Fy(a: by, b ) I'(c) ! va (1 —y)aldy A11)
a; by, 025€521,29) = 5 .
B TE TR r@(c—a) J, (1—vep)bi(1 - vzp)b
and .
I'(c Va1 (1 —v) % Lexp(vz,)dv
<I>1|:a, b]_;C;Z]_,ZZJ = ( ) ( ) p( 2) , (A.12)
I'(a)r(c—a) J, (1—vz)h

where Re(a) > 0 and Re(c — a) > 0. Note that for b; = 0, F; and ®; reduce to ,F; and
1F; functions, respectively. For properties and further results on these functions the reader is
referred to Luke [5] and Srivastava and Karlsson [15].

Next, we define the beta type I, beta type II, beta type III, hypergeometric function type I
and Kummer-beta distributions. These definitions can be found in Gordy [1], Johnson, Kotz
and Balakrishnan [4], Nagar and Zarrazola [11], and Sédnchez and Nagar [13].
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Definition A.1. The random variable X is said to have a beta type I distribution with parameters
(a,b), a>0, b >0, denoted as X ~ B(a, b), if its p.d.f is given by

{B(a,)} 'x¢ 11 -x)P"1, o0<x<1,
where B(a, b) is the beta function given by
B(a,b) =T(a)T(b){T'(a+ b)} .

Definition A.2. The random variable X is said to have a beta type II distribution with parameters
(a,b), denoted as X ~ B'(a,b), a >0, b >0, if its p.d.f is given by

{B(a, D)} ' x* (1 +x)"D, x>0

Definition A.3. The random variable X is said to have a beta type III distribution with parame-
ters (a, b), denoted as X ~ B"(a,b), a >0, b > 0, if its p.d.f is given by

29B(a, D)} X1 - ) (14 x)"@) o< x < 1.

Definition A.4. The random variable X is said to have a Kummer-beta distribution, denoted by
X ~KB(a, 3, A), if its p.d.f. is given by

x% 11 = x)PTexp [A(1 - x)]
B(a, 1 Fi(Bsa+p;1)

where o >0, > 0 and —oo < A < 0.

O0<x<l,

Note that for A = 0 the above density simplifies to a beta type I density with parameters a
and .

The bivariate generalizations of beta type I and beta type II distributions are defined next.

Definition A.5. The random variables X and Y are said to have a Dirichlet type I distribution of
order 3 with parameters (a,b,c), a >0, b > 0, ¢ > 0, denoted as X ~ D!(a, b;c¢), if their joint
p.d.f. is given by

{B(a,b,c)} 'x Ty M1 —x—y)7, x>0, y>0, x+y<1,
where B(a, b, ¢) is defined by
B(a,b,c) =T(Q)T(b)T(c){T(a+b+c)} L.

Definition A.6. The random variables X and Y are said tohave a Dirichlet type II distribution of
order 3 with parameters (a,b,c), a >0, b > 0, ¢ > 0, denoted as X ~ D'!(a, b;¢), if their joint
p.d.f. is given by

{B(a, b,c)}_lxa_lyb_l(l +x+ y)_(a+b+c), x>0, y>0.
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Definition A.7. The random variable X is said to have a hypergeometric function type I distri-
bution, denoted by X ~ H'(v, a, B,y), ifits p.d.f is given by

Fly+v—-—a)l(y+v—p)
r(y)r(vr(y +v —a—f)

wherey+v —a—f>0,y>0andv > 0.

X1 =X)L (e Byl —x), 0<x<1,

The following result (Gupta and Nagar [3], Nagar and Alvarez [8]) states that the hyper-
geometric function type I distribution can be obtained as the distribution of the product of
two independent beta type I variables.

Theorem A.8. Let X, and X, be independent, X; ~ B! (a;, b;), i = 1,2. Then,
X1X, ~ H'(ay, by, ag + by — a, by + by).

The matrix variate generalizations of beta type I, beta type II, beta type III, hypergeometric
function type I and Kummer-beta distributions have been defined and studied extensively. For
example, see Gupta and Nagar [2], Gupta and Nagar [3], and Nagar and Gupta [10].
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