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Abstract. In an L-topological space we present good definitions for local compactness, weak local
compactness and relative local compactness. We obtain the equivalence of these properties in a Haus-

dorff space and we also obtain a one point compactification theorem.
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1. Introduction

In general topology there are three usual ways to define local compactness, which ones

we call here local compactness, weak local compactness and relative local compactness.
Definition 1.1. Let (X, ) be a topological space. We say that (X, &) is:

(i) locally compact if and only if for each x € X and V € § with x € V there exist U € § and a

compact subset K of X with x e Uand U CK C V.

(ii) weakly locally compact if and only if for each x € X there exist U € 6 and a compact subset

K of X with x € U and U C K.
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(iii) relatively locally compact if and only if for each x € X there exist U € & with x € U and U

compact.

In this paper we present a generalization for an L topological spaces of these three proper-
ties. We show the goodness of the proposed definitions, the equivalence in Hausdorff spaces

and present a one point compactification theorem.

2. Preliminaries

Throughout this paper X and Y are assumed nonempty ordinary sets, and L = L (<, V, A, )
always will denote a fuzzy lattice with its Scott topology, i.e., a complete completely distribu-
tive lattice with a smallest element 0 and a greatest element 1 (0 # 1), with an order reversing
involution a — a@’, and the topology is generated by the sets {x € L ; x £ p} where p € pr(L)
is a prime element of L, details in [1]. If A € X we denote by y, the characteristic function of
Ain X.

We denote by LX the set of functions f : X — L called L-sets. An L-point in X is an L-set
X, : X — L, where x € X and p € pr(L), defined by: x,(y) =p if y = x, and x,(y) =1
otherwise. We say that x,, € f if and only if f(x) £ p, see [6].

Let (X,5) be a topological space. In [7], Warner proved that the set w(6) formed by the
continuous functions f : X — L is an L-topology. The base for the space w(6) is formed by

the functions

b ifxeVesd
flx)=
0 ifxe¢V

This provides a "goodness of extension” criterion for L-topological spaces.

Definition 2.1. [4, Pu and Liu] Let (X, T) be an L topological space and let f € L*. The closure
of f, cl(f) or f, is the L-set defined by:

cd(f)=n{gel”;f<g g eT}
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Definition 2.2. [2, Kudri] Let (X, T) be an L-topological space and let g € LX. We say that

g is compact if and only if for each p € pr(L) and each family { fj} of open L-sets such

jes
that (vjejfj) (x) £ p for all x € X with g(x) > p’, there exist a finite set J; of J such that

(Vjejlfj) (x) £ p for all x € X with g(x)>p'.

Theorem 2.1. [5, Warner and McLean] Let (X,®) be a topological space. Then: (X,5) is

compact if and only if (X, w(5)) is compact.

Proposition 2.1. [2, Kudri] Let (X, T) be an Hausdorff L-topological space and F C X. If yp is

compact in (X, T) then yp is closed.

Proposition 2.2. [2, Kudri] Let (X, T) be an L-topological space. If g € L* is a compact L-set,

then for each closed L-set h € LX, h A g is a compact L-set.

Proposition 2.3. [2, Kudri] Let (X, Tx) and (Y, Ty ) be L-topological spaces and let f : X —Y

be a continuous mapping. If g € LX is a compact L-set, then f(g) € LY is a compact L-set.

Proposition 2.4. [2, Kudri] Let {<X i T > }je , be a family of L-topological spaces and g; € RS
be a compact L-set for each j € J. Then the product set § = Aje Jn]._l(gj) is a compact L-set in

the product space.

Proposition 2.5. [2, Kudri] Let S be a subbase for the L-topology T in X and let g € LX. If for
each p € pr(L) and each family {fj }jej of sub basis open L-sets with (Vjejfj) (x) £ p for all

x € X with g(x) > p’ there exists a finite subset F of J with (VjeFfj) (x) £ p for all x € X with
g(x)>p’, then, g is compact in (X, T).

Definition 2.3. [5, Warner and McLean | An L-topological space (X, T) is Hausdorff if and only

if for every p,q € pr(L) and every x # y in X there exist f,g € T such that f(x) £ p, g(y) £ q
and, f(z)=0o0r g(z) =0 forall z € X.

Theorem 2.2. [5, Warner and McLean] Let (X,®) be a topological space. Then: (X,6) is
Hausdorff if and only if (X, w(6)) is Hausdorff:

Theorem 2.3. [5, Warner and McLean] If (X, T) is a compact Hausdorff fully stratified L-

topological space then it’s topological, thats it, there is a topology 6 € X such that T = w(5).
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Definition 2.4. [5, Warner and McLean] An L-topological space (X, T) is regular if and only
if for every p € pr(L), for each x € X and each closed L-set f such that there is y € X with
f(y) = p’ and f(x) = 0O, there are u,v € T with u(x) £ p, v(z) £ p for each z € X with
f(z) > p’, and, u(z) = 0 or v(z) = O for each z € X.

Theorem 2.4. [2, Kudri] If (X,8) is a compact Hausdorff L-topological space then (X,T) is

regular.

3. Proposed definitions and their goodness theorems

Definition 3.1. An L-topological space (X, T) is locally compact if and only if for each x € X,
p €pr(L) and f € T with f(x) £ p there exist g € T and k € L*, with Xsupp(k) compact, such
that f(x) £ pand g <k < f.

Theorem 3.1. (The goodness of local compactness) Let (X,8) be an topological space. Then:

(X, 6) is locally compact if and only if (X, w(6)) is locally compact.

Proof. Necessity: Let x € X, let p € pr(L) and let f € w(6) such that f(x) £ p. Let
h € w(6) be an basic open L-set with h(x) £ p and h < f defined by

e ifyevesd
h(y)=
0 ifyé¢vVv
Since (X, 6) is locally compact, there exist U € 6 and a compact subset J of X such that

x€UandUcCJCV.
Let g € w(8) and K € L* defined by:

e ifyeUed e ifyeJed
s(y)= k(y) =
0 ify¢U 0 ifyé¢J

Then g(x) £ p, g <k <h < f and Xsupp(k) = X is compact since J is compact. Hence,

(X, w(6)) is locally compact.



T. Breuckmann, S. Kudri, and H. Aygiin / Eur. J. Pure Appl. Math, 2 (2009), (147-161) 151

Suficiency: Let x € X and V € & such that x € V. Fix p € pr(L). Since (X, w(5)) is
locally compact, for f = yy, there exist g € w(5) and k € L, with Xsupp(k) compact, such
that g(x)£pand g <k <f.

Let U=g '{teL;t£p} and let K = supp(k), then, U € §, x € U, K is a compact

subset of X since y,pp(k) is compact and U C K C V. Hence, (X, 6) is locally compact.

Definition 3.2. An L-topological space (X, T) is weakly locally compact if and only if for each
x € X and p € pr(L) there exist f € T and k € L%, with Xsupp(k) compact, such that f(x) £ p
and f <k.

Theorem 3.2. (The goodness of weak local compactness) Let (X,5) be an topological space.

Then: (X, 6) is weakly locally compact if and only if (X, w(6)) is weakly locally compact.

Proof. Necessity: Let x € X and let p € pr(L). Since (X, ) is weakly locally compact, there
exist U € 6 and a compact subset J of X such that x € U and U C J.

Let g = yy and let K = y;, then g € w(5), g(x) £ p, g < k and Xsupp(k) = XJ is compact
since J is compact. Hence, (X, w(6)) is weakly locally compact.

Suficiency: Let x € X and fix p € pr(L). Since (X, w(d)) is locally compact there exist
g € w(8) and k € LX, with Xsupp(k) compact, such that g(x) £ p and g <k.

Let V=g '{teL;t£p} and let K = supp(k), then, V € 5, x € V, K is a compact

subset of X since y,pp(k) is compact and V C K. Hence, (X, 6) is weakly locally compact.

Definition 3.3. An L-topological space (X, T) is relatively locally compact if and only if for each
x € X and p € pr(L) there exists f € T, with Xsupp(F) COmpact, such that f(x) £ p.

Theorem 3.3. (The goodness of relative local compactness) Let (X,5) be an topological space.

Then: (X, 6) is relatively locally compact if and only if (X, w(8)) is relatively locally compact.

Proof. Necessity: Let x € X an let p € pr(L). Since (X, &) is relatively locally compact

there is V € § with x € V and V compact. Let f = yy, then f(x) =1 £ p. We also have that

f = xv> hence supp(f) =V is compact, therefore y is compact.

supp(f)
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Suficiency: Let x € X and let p € pr(L) be fixed. Since (X, w(5)) is relatively locally

compact there is f € w(6), with y compact, such that f(x) £ p, hence supp(f) is

supp(f)
compact. Let g € LX a basic open L-set, g(x) £ p and g < f, defined by

e ifyeved
gy =
0 ify¢Vv
Since g < f and
e seyeVeod
gy =

0 sey¢V

we have g < f and V = supp(g) < supp(f), thus, V is compact since it is closed and supp(f)

is compact.

4. Some properties and Comparison

Theorem 4.1. Let (X,Tx) be a locally compact L-topological space and let (Y, Ty) be an L-

topological space. If h: X — Y is a continuous open surjection then (Y, Ty) is locally compact.

Proof Let y € Y with y = h(x), let p € pr(L) and f € Ty with f(y) £ p. Let j = h™1(f),
then j € Ty since h is continuous and j(x) = f(y) £ p. Since (X, Ty ) is locally compact there
exist i € Ty and ¢ € L*, withyy,,,() compact, such that i(x) £p and i £ ¢ £ j.

Let g = h(j) and let k = h(c). Then g € Ty since his open and g < k < f sincei £ ¢ £ j.

Since h is continuous and y,,,(c) is compact we have h( y,pp(c)), but:

W(Xsupp(e) = Xntsupp(e)) = Xsupp(h(e)) = supp(k)
Hence, (Y, Ty) is locally compact.
Theorem 4.2. Let (X, Ty ) be a weakly locally compact L-topological space and let (Y, Ty ) be an

L-topological space. If h : X — Y is a continuous open surjection then (Y, Ty ) is weakly locally

compact.
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Proof. Let y € Y with y = h(x) and let p € pr(L). Since (X, Ty ) is weakly locally compact
there exist i € Ty and ¢ € L*, with Xsupp(c) compact, such that i(x) £pandi¥£ec.
Let g = h(j) and let k = h(c). Then g € Ty since h is open and g < k since i £ c. Since h

is continuous and () is compact we have h(ys,pp(c)), but:
h(Xsupp(e)) = Xntsupp(e)) = Xsupp(h(e)) = Xsupp(k)
Hence, (Y, Ty ) is weakly locally compact.
Theorem 4.3. Let (X, Tx) be a relatively locally compact L-topological space and let (Y, Ty ) be

an L-topological space. If h : X — Y is a continuous open surjection with h(g) < h(g) for every

g € L, then, (Y, Ty ) is relatively locally compact.

Proof. Let y € Y with y = h(x) and let p € pr(L). Since (X, Ty ) is relatively locally com-
pact there is g € Ty, with y,,p(z) compact, such that g(x) < p. Let f = h(g), then: f(x) £p,

f € Ty since h is open, and h(y,pp(z)) is @ compact L-set in LY since h ifi continuous. But:
h(Xsupp(@) = Xh(supp@) = Xsupp(h@) = Xsupp(ia)) = Lsupp(F))
where the last equality is due to the continuity of h and the condition mention in theorem.

Hence, (Y, Ty) is relatively locally compact.

Theorem 4.4. Let (X, T) be a locally compact L-topological space, then (X, T) is weakly locally

compact.

Proof. Let x € X and let p € pr(L). Since (X, T) is locally compact, for f = X, there exist
g € T and k € LX, with Xsupp(k) compact, such that g(x) £ p and g < k < f. So (X, T) is

weakly locally compact.

Theorem 4.5. If (X, T) is a compact Hausdorff fully stratified L-topological space then (X, T) is

locally compact.

Proof. Since (X, T) a compact Hausdorff fully stratified L-topological space there is a

topology 6 in X such that T = «w(&6). By theorems 2.1 and 2.2 we have that (X,§) is a
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compact Hausdorff topological space, hence it’s locally compact. by theorem 3.1, (X, T) is

locally compact.

Theorem 4.6. Let (X, T) be a weakly locally compact Hausdorff fully stratified L-topological

space, then (X, T) is locally compact.

Proof. Let x € X, let p € pr(L) and let f € T such that f(x) £ p. We must show that there
exist g € T and k € L, with Xsupp(k) compact, such that g(x) £ p and g <k < f.

Since (X, T) is weakly locally compact there exist i € T and j € L*X, with Xsupp(j) compact,
such that i(x) £ p and i < j. Let D = supp(j). Since Xsupp(j) 18 compact and (X, T) is Haus-
dorff fully stratified, the subspace (D, Tp) is a compact Hausdorff fully stratified L-topological
space, then, by theorem 4.5 it’s locally compact, hence for f;, = f|p there exist h, € Tp and
c € LP, with Xsupp(c) compact, such that hy, < cp < fp and hp(x) £ p.

Let h € T such that h|p = hp and define k € L* by

cply) ifyebD
0 ifyéD

k(y)=

then, h(x) £ p and ypp(k) is compact since supp(k) = supp(cp).

Let g =hAj, then g € T and g(x) £ p. We proof now that g < k < f, in fact, if y € D then
g(y) <h(y) <k(y) < f(y) since hp <cp < fp, and if y ¢ D then j(y) =0 and k(y) =0, so
g)=0=k(y) = f(¥).

Theorem 4.7. Let (X, T) be a relatively locally compact L-topological space, then (X,T) is

weakly locally compact.

Proof. Let x € X and let p € pr(L). Since (X, T) is relatively locally compact there exists
g € T, with y,pz compact, such that g(x) £ p. Since g < g, (X, T) is weakly locally

compact.

Theorem 4.8. Let (X,T) be a weakly locally compact Hausdorff fully stratified L-topological

space such that Xsupp(F) = Xsupp(F) then it’s relatively locally compact.
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Proof. Let x € X and let p € pr(L). Since (X, T) is weakly locally compact there exist
f €T and k € L*, with Xsupp(k) compact, such that f(x) £ p and f < k. Since yypp(k) is
a compact L-set in a Hausdorff space, it’s closed, by proposition 2.1, 0, Xsuppk) = Xsupp(k)-
Since f <k, Xsupp(f) < Xsupp(i) €N Xsupp(r) < Xsupp(k)» NENCE Xgupp(s) IS @ compact L-set since
it’s closed and y,pp(k) is compact, by proposition 2.2. But ygpp(r) = Xsupp(Fy then Xsupp(F) is

a compact L-set. Therefore (X, T} is relatively locally compact.

Theorem 4.9. Let {X;},; be a family of nonempty fully stratified L-topological spaces. Then:
The product L-topological space ]_[le ;X is locally compact if and only if each X, is locally

compact and all but finitely many X, are compact.

Proof. Necessity: Since the Ath projection, 7, : l_[/le ; X, — X,, is a continuous open
surjection and [ | sey X is locally compact, by theorem 4.1, X is locally compact for each
A € J. Now, let p € pr(L), x € [[,., X, and let F be an open L-set in [ [,_, X, with
f(x) £ p. Then by the local compactness of ]_[AGJXA, there are an open L-set g in l_[AGJ X,
with g(x) £ p and an L-setk in [ [, _, X; with Xsupp(k) compact such that g <k < f.

Let AT" 17rli1(g,1i) be a basic open L-set such that A" 17rli1(g;ti) <g<k<f.Then

= =

— —_ m
Xsupp() = Xsupp(AlL, w3y (83,)) = X supp(ny g2,) = Ni=1 Xsupp(; (85,)

m -1
Niz1 75, Usupp(e;,))

Thus 7, (supp(k)) > (AT

1=

1n;i1()fsupp(gzi))) =X, forall A ¢ {A,---,A,,}. Since m, is
CONtiNUOUS, Xgupp(k) IS COMpact in I1 res X2 and 1, (¥suppk)) = X2, we have by proposition
2.3 that X is compact for each A except possibly A € {A1,---, A,,}.

Sufficiency: Let p € pr(L), x € [ [,.,X; and f AT, Tf;il(fxi) be a basic open L-set in the
product L-topological space [ | ey X such that f(x) £ p where f5, is an open L-set in X .
We assume that {24,---,2,,} is expanded to include all A for which X is not compact.

We have that f(x) £ p implies f,(x2.) £ p foralli € {1,---,m}. From the local com-
pactness of each X , there are an open L-set g, in X, and an L-set k;_in X;_, with Xsupp(ky,)

compact, such that g, (x;.) £ p and &, <k, < fi.
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Let g = A n_l(gki) and k = AJL |

=175, 1(]%-)’ then, g is an open L-setin [ [, X;, g <
k <f and

A

g(x)= /\?llﬂiil(gxi)(x) = AiL182,(x2,) £p

We also have

— — -1 —
Xsupp(k) = XSupp(A?lzln;il(kli)) - Almzlnli (Xsupp(kli)) = MNesW

where w) = n;_l(xsupp(kl_)) forie{1,---,m} and wy =X, for A & {1,---,m}. Then yspp)
is a compact L-set in l_[m ;X by proposition 2.4 since yg,,,k, ) i compact for each i €

{1,---,m} and X, is compact for each A ¢ {1,--- ,m}.

Theorem 4.10. Let {X, },, be a family of nonempty fully stratified L-topological spaces. Then:
The product L-topological space | [,c;X; is weakly locally compact if and only if each X is

weakly locally compact and all but finitely many X, are compact.

Proof. The proof is analogous to the theorem 4.9, so we just give the outline for the proof.
Necessity: The weak local compactness of X; is by theorem 4.2. For the rest, use the

weak local compactness to obtain an open L-set g in [ [._, X jand an L-set k in I1 ier Xj> with

jeJ
Xsupp(k) compact, such that g(x) £ pand g <k.
Sufficiency: For p € pr(L) and x € [] ey Xj use the weak local compactness of X, j ¢

{1, jm} where the set is the index where X j is not compact, to obtain g; in | | j and

jes
an L-set k;, in l_[jeJXj> with Xsupp(k;,) COmpact, such that g; (x) £ p and gj, < kj,. For the rest

just take g = AL, n;,l(gli) and k = /\lm:ln;l(k;ti).

Theorem 4.11. If (X, T) is a Hausdorff weakly locally compact L-topological space then (X, T)

is regular.

Proof. let x € X, let p € pr(L) and let h be a closed L-set such that h(x) = 0 and there
exists y, € X with h(y,) > p’.

Let’s show that there are u,v € T such that u(x) £ p, v(y) £ p for each y € X with
h(y) > p’, and, u(z) = 0 or v(z) =0 for each z € X.
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Since (X, T) is weakly locally compact there are f € T and h € L¥, with y
such that f(x) £ p and f <k.letD = supp(k), then:

supp(c) COmpact,

(1) xeDsince f(x)£pand f <k.
(2) f(z)=0 for each z € D° since f < k and k(z) = O for each z € D°.

(3) Since yp is a compact L-set and (X, T) is Hausdorff we have that yj is a closed L-set,

then )(]’J = ypc € T is an open L-set.

since yp is compact and (X, T) is Hausdorff, the L-topological space (D, Tp) is compact
and Hausdorff, hence (D, T ) is regular by theorem 2.4.
Case 1: There exist y € D such that h(y) >p’.

In this case, by (1) and by regularity of (D, Tp ), there are up, v, € Ty, such that up(x) £
p, vp(2) £ p for each z € D with h(z) < p, and, up(z) = 0 or vp(z) = 0 for each z € D.
Let u*,v* € T such that u*|, = uj and v*|, = vp, and define u = u*Vv f and v = v* A ypc.

Then we have:

(@) ueTsinceu®,f € T,and v € T since v* € T an by (3).
(b) Since x € D, u*(x)=up(x) £ p, then u(x) £ p since f(x) £ p and p € pr(L).

(¢) Letz € X such that h(z) > p’.

z€D = v()=v(E)=wE)Lp

z2€D’ = yp(@)=1L£p=>vE)=yxp(E)Lp

(d) Let z € X such that u(z) # 0, then, u*(2) # 0 and f(z) # 0. By (2), z € D, then

up(z) =u*(z) # 0, hence v*(2) = vp(2) =0, so
v(z)=v (2)A xp(z)=0A0=0
Case 2: There is not y € D such that h(y) > p’.

Letu=f and v = ypc, thenu,v € T and:
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@ u(x)=f)%p
(b) let z € X such that h(z) > p’, then z € D¢ since in this case there is not z € D with
h(z) > p’, hence yp(z) =1,s0v(z) =1 £ p.
(¢) Letz € X such that u(z) = f(z) # 0, then by (2), z € D, hence v(z) = yp:(2) =0.
Therefore (X, T) is regular.

It's immediate that locally compact and relatively locally compact Hausdorff spaces are

regular since these spaces are weakly locally compact by theorems 4.4 and 4.7.

5. The one point compactification

The following is based on [3].

Let (X, Tx ) be a Hausdorff L topologiacal space which is not compact, but weakly locally
compact. Let Y = XU{oo} with L topology Ty generated by the subbase S = { fielY; feTy }U
{XBDO eLY; g€ (C}, where:

(i) f; € L* is defined by:

fly) ifyeX
0 ify=00

A=

(i) C= {XB eLX;BCX, yz compacto}

(iii) For yp € C, define B, = {o0} U (X — B) and:

1 ifyeB,
XBOO(}’)=
0 ifyeB.

The L topological space (Y, Ty ) is called the one point compactification of (X, Tx ).

Theorem 5.1. Let (X, Ty ) be a weakly locally compact Hausdorff L-topological space which is
not compact, and let (Y, Ty) be their one point compactification. Then, (Y,Ty) is a compact

Hausdorff L-topological space, cl(X) =Y and (X, Ty ) is a subspace of (Y, Ty ).
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Proof.
(i) (X,Tx) is a subspace of (Y, Ty ). In fact, given g € Ty, g|x € Tx.

(ii) cl(X) =Y. In fact, if cl(X) # Y, then cl(X) is an L-set of the form

ifyeX
cdX)(y) =
[#1 ify=00
The complement of cI(X) is the open L-set
ifyeX

cdX)(y)=
I'#0 ify=o00
Let f =y, A" A xg,, be abasic open L-set such that f < cl(X) where By,---,B,
are subsets of X with the L-sets yp , -, x5, compacts. We have for y = oo that f(y) =

1<U,thenl’=1,s0l=0.

We also have:

f<dX) = xp, A Axp,, <X

= cl(X)S)(I/31 VeeViyg

Since X < cl(X) and yj |x = yp, wehave X < yp V---V yp , thus, X = y5 V---V 5 .

Hence, X is compact which leads to a contradiction .

(iii) (Y, Ty) is compact. In fact, let p € pr(L) and B = { fi }je , be a family of subbasis open
L-sets with (vjejfj) (¥) £ p for each y € Y. Then there is j € J such that f; = 1B,
with B € X and yp compact, since in the other side, (Vjlej) (00)=0<p.

LetB; = {fj|X}j€J1 where J; = {j €J; fi # XBOO}’ then B is such that (Vj€J1fj|X) (x) £
p for each x € X with yz(x)>p’.
Since yjp is compact there is a finite subset J, of J; such that (Vjejzfj |X) (x) £ p for

each x € X with yg(x) > p’. Then, (XBDO v Vjerfj) (y) £ p for each y € Y. Hence by

proposition 2.5 (Y, Ty ) is compact.
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(iv) (Y, Ty) ifi Hausdorff. In fact, let x £ y in Y and p,q € pr(L). If x,y € X, since X is

Hausdorff, there exist f, g € Ty with f(x) £ p, g(¥) £ ¢, and, f(z) =0 or g(z) = 0 for
eachz €X. Then f; € Ty, g1 € Ty, f1(x) = f(x) £ p, §1(y) = g(¥) £ ¢, and, f,(z) =0

or g;(z)=0foreachz €Y.

If x € X and y = oo, since X is weakly locally compact there are f € Ty and k € L%,

with ygpp(k) compact, such that f(x) £ p and f <k. Let B = supp(k) and

f(y) ifyex
0 ify=00

A=

then f; € Ty and yp_ € Ty.

It follow that f;(x) = f(x) £ p and yp_(y) =1 £ q. Also:
(@) z€B= x5 _(2)=0

(b) z€X —B=X —supp(f) = f(z) = 0= fi(z) = f(z) =0

() z=00= fi(2) =0

hence for eachz €Y, f1(z) =0 or y5_(2) =0.

These conditions proof the theorem.

By an analogous way we can obtain one point compactification theorems for locally com-

pact an relatively locally compact spaces since by theorems 4.4 and 4.7 these space are weakly

locally compact.
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