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1. Introduction
Let A denote the class of functions of the form
o
f(z):z+2anz” (1.1)
n=2
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which are analytic and univalent in the open disc U = {z : |z| < 1}. For functions
o0
f €Agiven by (1.1) and g € A given by g(z) =z + Y. b,z", we define the Hadamard

n=2
product (or Convolution ) of f and g by

(f *g)(z)=z+2anbnz", zeU. (1.2)
n=2

For complex parameters a;,...,a; and B;,..., B, (f; #0,—-1,...;7=1,2,...,m)

the generalized hypergeometric function ;F, (z) is defined by

Fu(2) = Fory s B, Bi?) 1= Z ((/‘;‘) ((gl)) ~ a3

(I<m+1;1,meN, := NU{O},ZEU)

where N denotes the set of all positive integers and (a), is the Pochhammer symbol

defined by

1, n=0
(a), = (1.4)
ala+1)(a+2)...(a+n—1), neN.

Let H(aq,...a;B4,...,B,) : A— Abe a linear operator defined by

[(H(ay, ..o 81,05 B))(FI(2) = 2 (Fplay, g, ..o 61, B, B3 2) * f(2)
= z+ZFn a,z" (1.5)

where

r - (a)p1---()nq . (1.6)

(n=DMB)n-1-- (Brndn

For notational simplicity, we can use a shorter notation

H! [ay, B1] forH(ay,...a; By, .., By) in the sequel. The linear operator H' [ay, ;] is

called Dziok-Srivastava operator (see [3]), includes (as its special cases) various other



G. Murugusundaramoorthy and N. Magesh / Eur. J. Pure Appl. Math, 2 (2009), (239-249) 241

linear operators introduced and studied by Bernardi [1], Carlson and Shaffer [2],

Libera [4], Livingston [6], Ruscheweyh [7] and Srivastava-Owa [11].
For0<A<1,0<y<1land J* <n <2, welet R! (n,7,2) be the subclass of A

consisting of functions of the form (1.1) and satisfying the analytic criterion

Re {e”’ z(H. [y, B11f (2))
(1= H] [ay, B,1f (2) + Az(HL [y, B1]f (2))
where H! [a,, 8,1f (2) is given by (1.5).

} >vycosmn, z€U, (1.7)

Several known and new subclasses can be obtained from the class Rin (n,y,A), by
suitably specializing the values of [, m, a,a,,...,a;, B, Bs .-+, Bm» A, ¥ and 1. We
present below some of these subclasses of Rin (n,y,A) consisting of functions of the

form (1.1). We observe that
Example 1.1. If[=2and m=1witha; =1, a, =1, 3; =1 then
R3¥(n,7,A) =S(n,v,7)

:={f €A:Re {e" 2/ (=) > ycos <X o<y<i,zeul.
d A @ taep@ ) Teom =g 0=r<t

Also R3(n,7,0) = S(n, ) denotes the n—spirallike functions of order y studied by Libera
[5]. Further R%(n, 0,0)=S(n), In| < % Spacek [10] proved that the members of S(n),

known as n—spirallike functions, are univalent in U.
Example 1.2. Ifl=2and m=1witha; =6 +1(6 > -1), a, =1, 3, =1, then

R%("’), Y 7(') = D5(n3 Y 7(')

' ' (1-2)D°f(2) + Az(D°f (z)) ’

T
|n|<§: OSY<1’ ZGU})
where D° f (2) is called Ruscheweyh derivative operator [7] defined by

D°f(z):= «f(2)=H; (6 +1,1;1)f (2).

V4
(1 _ Z)5+1
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Example 1.3. Ifl=2and m=1with a; =u+1(u> —-1),a, =1, f; = u+2, then

R¥(m,7,A) =B,(n,7,2)

o 5, () ™
= {f €A:Re {e "(1 —A)Juf(z)+kz(Juf(Z))’} >ycosn, |n| < bX

O§y<1,z€U},

where J,, is a Bernardi operator [1 ] defined by

ptl (7 2
Jf(z) ::z—“ t'f()dt =H{(u+1,1;u+2)f (2).
0
Note that the operator J, was studied earlier by Libera [4] and Livingston [6].
Example 1.4. Ifl =2 and m =1 with a; =a(a > 0), a, =1, f; =c(c > 0), then

Ri(n,7v,A) = Li(n,7,2)
= {f GA:Re{ein #(L(a,)f (2)) } >ycosm, |n|< E,

(1=2A)L(a,c)f (z) + Az(L(a,c)f (2)) 2

OS}’<1,Z€U},

where L(a,c) is a well-known Carlson-Shaffer linear operator [2] defined by

L(a,0)f(z) := (Z Ealzkﬂ) % f(2) = H?(a,1;0)f (2).
=

The object of the present paper is to investigate the coefficient estimates and sub-
ordination properties for the class of functions Rin(n, Y, A). Some interesting conse-

quences of the results are also pointed out.

2. Main Results

To prove our results we need the following definitions and lemmas.
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Definition 2.1. For analytic functions g and h with g(0) = h(0), g is said to be subor-
dinate to h, denoted by g < h, if there exists an analytic function w such that w(0) = 0,
lw(2z)| < 1and g(z) =h(w(g)), forall z € U.

of complex numbers is said to be a subordinating

Definition 2.2. A sequence {b,}> ,
o

sequence if, whenever f(z) = Y. a,z", a; = 1 is regular; univalent and convex in U, we

n=1
have

Z b,a,z" < f(z), z€U. (2.1)

n=1

In 1961, Wilf [12] proved the following subordinating factor sequence.

Lemma 2.1. The sequence {b,}>°  is a subordinating factor sequence if and only if

Re {1+2anz”}>o, zeU. (2.2)

n=1

Next we obtain the coefficient inequality theorem for the class Rin (n,y,A).

Theorem 2.1. A function f () of the form (1.1) is in Rin(n, Y, A)if

DA -A)(n—1seen+ (1 —y)A+nr—DIT, la,| <1-7, (2.3)

n=2

where |n| < %, 0<A<1,0<y<1andT,is given by (1.6).

Proof. Suppose the inequality (2.3) holds true. Then we get,

|Z(an[a1a/31]f(z))/ - [(1- )L)an[alzﬁl]f(z) +7Lz(Hrln[a1,/31]f(z))/]
— (1 —y)cosn |[(1 = MH, [ay, B,1f (2) + Az(H. [y, B;1f (2))']

Zz+ Z(l +nA —Aa,T,z"]

n=2

< |30 - D - 20,7~ (1 = P)cos
n=2

< (= 1) = Wla,IT,lz]" = (1 = y)cosnlz| + D (1 = y)cosn(1 +ni — Dla,|T,lz|"

n=2 n=2
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By taking z — 1 on the real axis we obtain

<>~ )+ (1~ y)cosn(L+ni — Dla,|T, — (1 - y)cosn

=2

=

IA
o

This completes the proof of the Theorem 2.1.

In the view of Examples 1.1 to 1.4, we state the following corollaries.

Corollary 2.1. A function f(z) of the form (1.1) is in S(n, v, A) if
> IA-A)(n—1secn+ Q- p)A+nr -] la,l<1-7,
n=2

where |n| < 7,0<A<land0<y<1.

Remark 2.1. We observe that Corollary 2.1, yields the result of Silverman [8] for the
special values of n, A and y.

Corollary 2.2. A function f(z) of the form (1.1) is in Ds(n,y, A) if

(6+1)...(6+n—-1)
—1)!

D 1A - 2A)(n—Dsecn + (1 — 1)1 +ni — )] la,| <1—7,

n=2 (

Where|n|<§,O§7L<1,0§y<1and5>—1.

Corollary 2.3. A function f(z) of the form (1.1) is in B,(n, v, A) if

= u+1
2 [ =) (n—1)secn + (1~ 7)1 +nA—2)] (—) a, <17,
u-+n

n=2

where |n| <7,0<A<1,0<y<landpu> -1

Corollary 2.4. A function f(z) of the form (1.1) is in L{(n,y,A) if

i (a)n—l
[(1-A)(n—1D)secn+(1—y)A1+nr—2A)]
n=2 (C)n—l

where|n|<§,O§7L<1,0§y<1anda>0,c>0.

|an| < 1_,)/5



G. Murugusundaramoorthy and N. Magesh / Eur. J. Pure Appl. Math, 2 (2009), (239-249) 245

Next we obtain the subordination result for the class Rin (n,y,A).

Theorem 2.2. Let f € Rin(n, v, A) and g(z) be any function in the usual class of convex
functions C, then

(1=A)secn+(1—-y)A+ )T,
2[1—7v+((1—A)secn+ (1 —y)(1 + A))T,]

(f *g)(z) < g(2) (2.4)

where |n|<§,0§y<1;0§k<1,with

r _al...al (25)
Z_ﬁl"'ﬁm .

and

1—-y+({(1—-A)secn+ (1 —y)(1+A)T,]

[
Re {f(2)} > — (1—=A)secn+ (1 —y)(A+ A, >

eU. (2.6)

((1-A)secn+(1—y)(A+A),
2[1-y+((1-A)sec n+(1—y)(1+A))T,

The constant factor ] in (2.4) cannot be replaced by a larger

number.
Proof. Let f € Rin(n, v, A) and suppose that g(z) =2z + i c,z" € C. Then
n=2
(1-=A)secn+(1—y)A1+ 1)), (f % 9)(@)
2[1— 7 +((1 - Dseen+ L —p)A+ANL]~ ¢

(1—=A)secn+ (1 —y)(A+ AT, Z+i
2[1—-y+((1—A)secn+ (1 —y)(1+A)),]

cnanz") . 2.7

n=2
Thus, by Definition 2.2, the subordination result holds true if

{ (1—=A)secn+ (1 —y)(A+A)I, . }Oo
2[1 -7+ (1 =A)secn+ A —y)A+ANL] ")

is a subordinating factor sequence, with a; = 1. In view of Lemma 2.1, this is equiva-

lent to the following inequality

- (1=A)secn+ (1 —y)A+ AT,
e {1 +; [1—y+((1— Aysecn+ (1 — (1 + AN,

]anz"} >0, zeU. (2.8
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(1= (n—1)secn+(1—y)A+nA—-A)T,

) is increasing function for n > 2

By noting the fact that
and in particular

(1= Mseen+(1—p)A+ANC, _ (1-A)(n—1)seen+(1—y)(1+ni— )L,
(1-7) - (1-7)

2

> ||_
n>2,|nl<-=,
2

therefore, for |z| = r < 1, we have

(1—=A)secn+ (1 —y)(A+ A, s .
e {” A7 (@ Dseen T 010 £ ] 2% }

(1=A)secn+(Q—y)A+ )T,
17+ (- A)secn+1—p)A+ N1

=Re {1+

i((l —A)secn+ (1 —y)(1+A)Ta,z"

n=2
[1-y+((1—2A)secn+ (1 —y)(1+A)I,] }
(1-A)secn+(1—-y)1+ 1)),

Ty + (- A)seen+ (1 -A+ AT
1

Ty (- Mseen + (- A+ ADG]
D (1= 2)(n—1)secn + (1 — 7)1 +nA— DT, la,|r"
n=2

o (Q-DseentQ-pA+
- [1—y+((1—=A)secn+ (1 —y)(1+A)T,]

1—vy
[1—7+((1—A)secn+ (1 -1+ AT
>0, |z|=r<1,

where we have also made use of the assertion (2.3) of Theorem 2.1. This evidently
proves the inequality (2.8) and hence also the subordination result (2.4) asserted by

Theorem 2.2. The inequality (2.6) follows from (2.4) by taking

z 0
=——=z+)» z"€C.
gx)=—=x Zz
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Next we consider the function

1—y 52
(1-=A)secn+(1—-y)A1+ 1)),

F(z):=2—

where || < 7,0<y <1,0< A <1landT, is given by (2.5). Clearly F € R! (1,7, 4).

For this function (2.4)becomes

(1 =A)secn+ (1 —y)(1+ )T, F(z) < _z
2[1—y+ (1 —=A)secn+ (1 —7)(1+ )] 1—2

It is easily verified that

e (A=Mseen+A-PA+, | _
mm{ © (2[1—r+((1—x)secn+(1—y)(1+x))r2] (Z))}‘_

1
—, z€U.
2

((1=A)secn+(1—y)(1+A)Ty
2[1—y+((1-2A)sec n+(1—7)(1+A))5 ]

This shows that the constant cannot be replaced by any

larger one.

By taking different choices of [, m, a;,a,,...,a;, B1, Py -+, Bm» A, ¥ and 7 in the
above theorem and in view of the Examples 1 to 4 in Section 1, we state the following

corollaries for the subclasses defined in those examples.

Corollary 2.5. If f € S(n, v, A), then

(I1-A)secn+(1—-7)(1+2A)
2[1—y+ (1A —-A)secn+ (1 —y)A+A)]

(f *g)(z) < g(2) (2.9)

where |n| < 7,0<y<1;0<A<1,geCand

1—-y+AQ—-A)secn+(1—-y)1+A)]

(1—2A)secn+(1—y)(1+A1) , z€U.

Re {f(z)}>—[

(1-A)secn+(1—y)(1+A)
2[1-y+(1-A)secn+(1-y)(1+A)]

The constant factor in (2.9) cannot be replaced by a larger one.

Corollary 2.6. If f € Ds(n,v,A), then

G+D[A—-A)secn+ (1 —y)Q+A)]
21—y +(6+D{(1—A)secn+ (1 —7)(A+A)}]

(f *g)(z) < g(=), (2.10)
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where |n|<§,0§y<1;0§7t<1,5>—1,g€Cand
1—-y+G+D{(1—-A)secn+ (1 —y)(1+A)}]
, 2
G+ D[(1-A)secn+(1—7)1+A)]

(6+1D)[(1-A)sec n+(1—y)(1+A)]
2[1—y+(6+1){(1-A) sec n+(1—y)(1+A)}]

eU.

Re {f(z)}>—[

The constant factor in (2.10) cannot be replaced by a

larger one.
Corollary 2.7. If f € B;(n,y,k), then

(u+D[A-=2A)secn+(1—7y)(1+A)]
2[(u+2)A1 =7y)+(u+D{(A -A)secn + (1 —y)(1+ A)}]

where 9| <Z,0<y<1;0<A<1,u>-1,g€Cand

(f *g)(z) = g(z), (2.11)

(w+2)1 =)+ (u+D{(1-A)secn+ (1 —y)(1+ A)}]
(b4 DA = A)secn + (1 —y)(1+A)]

(w+D)[(A-A)secn+(1—y)(1+A)]
2[(u+2)(1=7)+(p+1D{(1-A) sec n+(1-y)(1+2A)}]

Re {f(z)}>—[ , z€U.

The constant factor in (2.11) cannot be replaced by

a larger one.

Corollary 2.8. If f € L>*(n,, ), then

al(1—-A)secn+(1—y)(1+A)]
2[c(1—7)+af(1 —A)secn+ (1 —y)(1+ A)}]

(f xg)(z) < g(=), (2.12)

Where|n|<§,OS}/<1;O§7L<1,a>0,c>0,g€Cand

[c(1=y)+a{(1—A)secn+(1—y)(+A)}]
al(1—A)secn+(1—v)(1+A)]

Re{f(2)} > — , 2€U.

The constant factor
2[c(1—y)+af{(1 — A)secn+ (1 —y)(1+ A)}]
in (2.12) cannot be replaced by a larger one.

Remark 2.2. We observe that Corollary 2.5, yields the results obtained by Singh [9] for
the special values of A,y and 7.



REFERENCES 249

ACKNOWLEDGEMENTS The authors would like to thank the referee for his valu-

able comments and suggestions.

[1]

[2]

References

S. D. Bernardi, Convex and starlike univalent functions, Trans. Amer. Math. Soc., 135,
429-446 (1969).

B. C. Carlson and S. B. Shaffer, Starlike and prestarlike hypergeometric functions, SIAM
J. Math. Anal., 15, 737-745 (2002).

J. Dziok and H. M. Srivastava, Certain subclasses of analytic functions associated with the
generalized hypergeometric function, Intergral Transform Spec. Funct., 14, 7-18 (2003).
R. J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. Soc., 16, 755-
758 (1965).

R. J. Libera, Univalent a—spiral functions, Canad. J. Math., 19 , 449-456 (1967).

A. E. Livingston, On the radius of univalence of certain analytic functions, Proc. Amer.
Math. Soc., 17 , 352-357 (1966).

St. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc., 49, 109-
115 (1975).

H. Silverman, Sufficient conditions for spiral-likeness, Inter. J. Math. Sci. , 12, 4: 641-
644 (1989).

S. Singh, A subordination theorem for spirallike functions, Internat. J. Math. and Math.

Sci., 24, 7: 433-435 (2000).

[10] L. Spacek, Contribution a la theorie des fonctions univalents, cas. Mat. Fys., 62, 2: 12—

19 (1932).

[11] H. M. Srivastava and S. Owa, Some characterization and distortion theorems involving

fractional calculus, generalized hypergeometric functions, Hadamard products, linear oper-

ators and certain subclasses of analytic functions, Nagoya Math. J., 106, 1-28 (1987).

[12] H. S. Wilf, Subordinating factor sequence for convex maps of the unit circle, Proc. Amer.

Math. Soc., 12, 689-693 (1961).



