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Abstract. In this paper, we introduce some generalizations of w-open sets and investigate some prop-

erties of the sets. Moreover, we use them to obtain decompositions of continuity.

AMS subject classifications: 54C05, 54C08, 54C10

Key words: b-open, w-open, pre-w-open, a-w-open, decomposition of continuity.

1. introduction

Throughout this paper, (X, 7) and (Y, o) stand for topological spaces with no separation
axioms assumed unless otherwise stated. For a subset A of X, the closure of A and the interior
of A will be denoted by CI(A) and Int(A), respectively. Let (X, ) be a space and A a subset
of X. A point x € X is called a condensation point of A if for each U € T with x € U, the set
U N A is uncountable. A is said to be w-closed [8] if it contains all its condensation points.
The complement of an w-closed set is said to be w-open. It is well known that a subset W
of a space (X, 7) is w-open if and only if for each x € W, there exists U € 7 such that x € U
and U — W is countable. The family of all w-open sets of a space (X, 7), denoted by 7, or
wO(X), forms a topology on X finer than 7. The w-closure and w-interior, that can be defined

*Corresponding author. Email addresses: t.noiri@nifty.com (T. Noiri), omarimutahl@yahoo.com (A. Al-

omari), msn@ukm.my (M. Noorani)

http://www.ejpam.com 73 (© 2009 EJPAM All rights reserved.



T. Noiri, A. Al-omari, and M. Noorani / Eur. J. Pure Appl. Math, 2 (2009), (73-84) 74

in the same way as CI(A) and Int(A), respectively, will be denoted by Cl,,(A) and Int(A),

respectively. Several characterizations of w-closed sets were provided in [2,3,8,9,13].
Definition 1.1. A subset A of a space X is said to be

1. a-open [12]if A C Int(Cl(Int(A)));

2. semi-open [10] if A C Cl(Int(A));

3. pre-open [11]if AC Int(Cl(A));

4. fB-open [1]if AC Cl(Int(Cl(A)));

5. b-open [5]if AC Cl(Int(A))UInt(CI(A)).

In this paper we introduce and investigate the new notions called b-w-open sets , pre-cw-
open sets and a-w-open sets which are weaker than w-open. Moreover, we use these notions

to obtain decompositions of continuity.

2. Weak forms of w-open sets

In this section we introduce the following notions.
Definition 2.1. A subset A of a space X is said to be
1. a-w-open if A C Int,(Cl(Int,(A)));
2. pre-w-open if A C Int,(CI(A));
3. B-w-open if A C Cl(Int,(CL(A)));
4. b-w-open if A C Int,(Cl(A))UCl(Int,(A)).
Lemma 2.2. Let (X, 7) be a topological space, then the following properties hold:
1. every w-open set is a-w-open.

2. every a-w-open set is pre-w-open.
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3. every pre-w-open set is b-w-open.
4. every b-w-open set is f3-w-open.

Proof. (1) If A is an w-open set, then A= Int,(A). Since A C Cl(A), then A C Cl(Int,(A))
and A C Int,(Cl(Int,(A))). Therefore A is a-w-open.
(2) If A is an a-w-open set, then A C Int,,(Cl(Int,(A))) € Int,(Cl(A)). Therefore A is pre-
w-open.
(3) If A is pre-w-open, then A C Int,(Cl(A)) € Int,(CI(A)) U Cl(Int,(A)). Therefore, A is
b-w-open.
(4) If Ais b-w-open, then A C Int,,(CI(A))UCl(Int,(A)) € Cl(Int,(CI(A)))UCI(Int,(A))
Cl(Int,(Cl(A))). Therefore A is 3-w-open.

Since every open set is w-open, then we have the following diagram for properties of
subsets.

open — - q-open — preopen —— h-open ——— f3-open

T | | |

w-0pen — a-w-0pen — pre w-open —— p-w-open —— fF-w-open

The converses need not be true as shown by the following examples.

Example 2.3. Let X = {a,b,c} and T = {X, ¢, {a}, {b}, {a, b}}. Then {c} is an w-open (since

X is a countable set) set but it is not 3-open.

Example 2.4. Let X = R with the usual topology T. Let A= QnN [0,1]. Then Ais a f3-open set

which is not b-w-open.

Example 2.5. Let X = R with the usual topology T. Let A= (0,1]. Then Ais a b-open set which

is not pre-cw-open.

Example 2.6. Let X = R with the usual topology 7. Let A= Q be the set of all rational numbers.

Then A is a preopen set which is not a-w-open.

Example 2.7. Let X be an uncountable set and let A,B,C and D be subsets of X such that each

of them is uncountable and the family {A,B,C,D} is a partition of X. We defined the topology
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T={¢,X, {A},
{B},{A,B}, {A,B,C}}. Then {A,B,D} is an a-open set which is not w-open.

Lemma 2.8. [7] If U is an open set, then Cl(U NA) = CI(U N CI(A)) and hence U N CI(A) <
Cl(U NA) for any subset A.

Theorem 2.9. If Ais a pre-w-open subset of a space (X, T) such that U € A C Cl(U) for a subset

U of X, then U is a pre-w-open set.

Proof. Since A C Int,(Cl(A)), U < Int,(CI(A)). Also CI(A) € CI(U) implies that
Int,(Cl(A)) € Int,,(CI(U)). Thus U < Int,(CL(A))

C Int,(Cl(U)) and hence U ia a pre-w-open set.

Theorem 2.10. A subset A of a space (X, ) is semi-open if and only if A is [3-w-open and
Int,(Cl(A)) € Cl(Int(A)).

Proof. Let A be semi-open. Then A € Cl(Int(A)) € Cl(Int,(CI(A))) and hence A is f-cw-
open. In addition CI1(A) € Cl(Int(A)) and hence Int,,(CI(A)) € Cl(Int(A)). Conversely let A be
p-w-open and Int,,(CIl(A))

C Cl(Int(A)). Then A <€ Cl(Int,(CI(A))) € CI(Cl(Int(A))) = Cl(Int(A)). And hence A is

semi-open.

Proposition 2.11. The intersection of a pre-w-open set and an open set is pre-w-open.

Proof. Let A be a pre-w-open set and U be an open set in X. Then A C Int,(Cl(A)) and
Int,(U) = U, by Lemma 2.8, we have U NA C Int,(U) N Int,(CI(A)) C Int,(UNCIA))
Int,(Cl(UNA)). Therefore, ANU is pre-w-open.

Proposition 2.12. The intersection of a f3-w-open set and an open set is 3-w-open.

Proof. Let U be an open set and A a 3-w-open set. Since every open set is w-open, by
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Lemma 2.8, we have

UNAC UNCI(Int,(CL(A)))
C CI(U nInt,(CI(A)))
= Cl(Int,,(U) N Int,(CI(A)))
= Cl(Int,,(UNCI(A)))

C Cl(Int,,(CI(U NA))).

This shows that U NA is 3-w-open.

We note that the intersection of two pre-w-open (resp. b-w-open, 3-w-open) sets need

not be pre-w-open (resp. b-w-open, fB-w-open) as can be seen from the following example:

Example 2.13. Let X = R with the usual topology 7. Let A= Q and B = (R\Q) U {1}, then
A and B are pre-w-open, but AN B = {1} which is not 3-w-open since Cl(Int,(Cl({1}))) =
Cl(Int,({1}) = Cl({¢}) = ¢.

Proposition 2.14. The intersection of a b-w-open set and an open set is b-w-open.

Proof. Let A be b-w-open and U be open, then A C Int,(CI(A))U Cl(Int,(A)) and U =
Int,(U). Then we have

UNAC U N [Int,(CL(A) U Cl(Int,(A))]
= [UnInt,(CL(A)] U [UNCl(Int,(A)]
= [Int,(U) N Int,(CLA)]U [U N Cl(Int,(A))]
C [Int,,(U N CLA)]U [CLU N Int,(A))]

C [Int,(Cl(UNA))]U[Cl(Int,(UNA))].

This shows that U NA is b-w-open.

Proposition 2.15. The intersection of an a-w-open set and an open set is a-cw-open.

Theorem 2.16. If {A, : a € A} is a collection of b-w-open (resp. pre-w-open, [3-w-open) sets of

a space (X, ), then UyepA, is b-w-open (resp. pre-w-open, [3-w-open).
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Proof. We prove only the first case since the other cases are similarly shown. Since A, <

Int,(Cl(A,))UCl(Int,(A,)) for every a € A, we have

UgenAa € Ugen[Int,,(CL(A,)) U ClL(Int,,(A,))]
- [UaGAlntw(Cl(Aa))] U [UaeACl(Intw(Aa))]
- [Intw(UaEACl(Aa))] U [Cl(UaeAIntw(Aa))]

- [Intw(Cl(UaeAAa))] U [Cl(Intw(UaEAAa))]-

Therefore, U,ecpA, i b-w-open.

Proposition 2.17. Let A be a b-w-open set such that Int,(A) = ¢. Then A is pre-w-open.
A space (X, 7) is called a door space if every subset of X is open or closed.
Proposition 2.18. If (X, 7) is a door space, then every pre-w-open set is w-open.

Proof. Let A be a pre-w-open set. If A is open, then A is w-open. Otherwise, A is closed and

hence A € Int,,(CI(A)) = Int,(A) € A. Therefore, A= Int,(A) and thus A is an w-open set.

A topological space X is said to be anti-locally countable [4] if every non-empty open set

is uncountable.

Lemma 2.19. [4] If (X, 7) is an anti-locally countable space, then Int(A) = Int(A) for every
w-closed set A of X and Cl,,(A) = Cl(A) for every w-open set A of X.

Theorem 2.20. Let (X, 7) be an anti-locally countable space and A a subset of X. Then, the

following properties hold:
1. if Ais pre-w-open, then it is pre-open.
2. if Ais b-w-open and w-closed, then it is b-open.
3. if Ais 3-w-open, then it is 3-open.

Proof. (1) Let A be a pre-w-open set. Then by Lemma 2.19 A C Int,,(Cl(A)) = Int(CIl(A))

since every closed set is w-closed.
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(2) Let Abe a b-w-open and w-closed set. By Lemma 2.19, we have Int,,(Cl(A)) = Int(CIl(A)),
Cl(Int,(A)) = Cl(Int(A)) and hence A C Int ,(Cl(A))uCl(Int,(A)) = Int(CL(A))UCL(Int(A)).
This shows that A is b-open.

(3) Let A be a B-w-open set. Then, by Lemma 2.19, we have A C Cl(Int,(CIl(A))) =
Cl(Int(CI(A))) and hence A is 3-open.

3. Decompositions of continuity

Definition 3.1. A subset A of a space X is called
1. an w-t-set if Int(A) = Int,(Cl(A));
2. an w-B-setif A=UNV, where U € T and V is an w-t-set.

Proposition 3.2. Let A and B be subsets of a space (X, 7). If Aand B are w-t-sets, then ANB is

an w-t-set.

Proof. Let A and B be w-t-sets. Then we have

Int(AnB) S Int,,(CI(ANB))
C (Int,(Cl(A)N(CL(B)))
= Int,(CL(A) N Int,(CL(B))
=Int(A)NInt(B)

=Int(ANB).

Then Int(ANB) =Int,(CI(ANB)) and hence AN B is an w-t-set.

From the following examples one can deduce that a pre-w-open set and an w-B-set are

independent.

Example 3.3. Let X = R with the usual topology ©. Then R\Q is pre-w-open but it is not an

w-B-set and (0, 1] is an w-B-set which is not pre-cw-open.

Proposition 3.4. For a subset A of a space (X, T), the following properties are equivalent:
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1. Ais open;
2. Ais pre-w-open and an w-B-set.

Proof. (1) = (2): Let A be open. Then A = Int(A) C Int,(Cl(A)) and A is pre-w-open.
Also A=ANX and hence A is an w-B-set.
(2) = (1): Since A is an w-B-set, we have A= U NV, where U is an open set and Int(V) =

Int,(CI(V)). By the hypothesis, A is also pre-w-open and we have

AC Int,(Cl(A))

=Int,(CI(UNV))

CInt, (CLLUYNCUV))

=Int,(Cl(U))NInt,(CL(V))

=Int,(CL(U))NInt(V).

Hence
A=UnNV=UnV)NnU

C (Int, ,(ClLU))NInt(V))NU
=(Int,(CI(U))NU)NInt(V)

=UNInt(V).

Therefore, A= (UNV)=(UnNInt(V)) and A is open.

Definition 3.5. A subset A of a space X is called
1. an w-t,-set if Int(A) = Int,(Cl(Int,(A)));
2. an w-B,-setif A=UNV, where U € T and V is an w-t,-set.

Proposition 3.6. Let A and B be subsets of a space (X, 7). If Aand B are w-t,-sets, then AN B

is an w-t,-set.
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Proof. Let A and B be w-t,-sets. Then we have

Int(AnB) € Int,(Cl(Int,(ANB)))
C (Int,,(Cl(Int,,(A))) N (Cl(Int,(B))))
= Int,,(Cl(Int,(A)) N Int,(Cl(Int,(B)))
=Int(A)NInt(B)

=Int(ANB).

Then Int(ANB) = Int,(Cl(Int,(ANB))) and hence AN B is an w-t,-set.

From the following examples one can deduce that an a-w-open set and an w-B,-set are

independent.

Example 3.7. Let X = R with the usual topology v. Then R\Q is a-w-open but it is not an

w-B,-set and (0, 1] is an w-B,-set which is not a-w-open.

Proposition 3.8. For a subset A of a space (X, 7), the following properties are equivalent:
1. Ais open;
2. Ais a-w-open and an w-B,-set.

Proof. (1) = (2): Let A be open. Then A = Int,(A) € Cl(Int,(A)) and A = Int(A) C
Int,(Cl(Int,(A)). Therefore A is a-w-open. Also A=ANX and hence A is an w-B,-set.
(2) = (1): Since A is an w-B,-set, we have A= U NV, where U is an open set and Int(V) =

Int,(Cl(Int,(V)). By the hypothesis, A is also a-w-open, and we have

AC Int,(Cl(Int,(A)))
=Int,(Cl(Int ,(UNV))
C Int,(Cl(Int,(U)NCl(Int,(V))))
= Int,(CL(U)) NInt,(Cl(Int,(V)))

= Int,,(CL{U)) N Int(V).
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Hence,

A=UnNnV=UnV)NU
C (Int,(Cl(U)NInt(V))NU
= (Int,(CLLU)NU)NInt(V)

= UnInt(V).

Therefore, A= (UNV)=(UnNInt(V)) and A is open.

Definition 3.9. A subset A of a space X is called an w-set if A= U NV, where U € 7 and

Int(V)=1Int,(V).

From the following examples one can deduce that an w-open set and an w-set are inde-

pendent.

Example 3.10. Let X = R with the usual topology T. Then R\Q is w-open but it is not an w-set

and A= (0,1)NQ is an w-set which is not w-open.

Proposition 3.11. For a subset A of a space (X, T), the following properties are equivalent:
1. Ais open;
2. Ais w-open and an w-set.

Proof. (1) = (2): This is obvious.
(2) = (1): Since A is an w-set, we have A= U NV, where U is an open set and Int(V) =
Int, (V). By the hypothesis, A is also w-open and we have A = Int(A) = Int, (UNV) =
Int,(U)NnInt,(V)=UnInt(V). Therefore, A is open.

Definition 3.12. A function f : X — Y is said to be w-continuous [9] (resp. pre-cw-
continuous, w-B-continuous, a-w-continuous, w-B,-continuous, w*-continuous) if f _1(V)
is w-open (resp. pre-w-open, an w-B-set, a-w-open, an w-B,-set, an w-set) for each open set

VinY.
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By Propositions 3.4, 3.8 and 3.11 we have an immediate result.
Theorem 3.13. For a function f : X — Y, the following properties are equivalent:
1. f is continuous;
2. f is pre-w-continuous and w-B-continuous;
3. f is a-w-continuous and w-B,-continuous;
4. f is w-continuous and w*-continuous.

Proposition 3.14. For a subset A of an anti-locally countable space (X, T), the following prop-

erties are equivalent:
1. Ais regular open;
2. A=1Int,(CI(A));
3. Ais pre-w-open and an w-t-set.

Proof. (1) = (2): Let A be regular open. Then by Lemma 2.19, we have Int,(CI(A)) =
Int(CI(A)) = A.
(2) = (3): The proof is obvious.
(3)= (1): Let A be pre-w-open and an w-t-set. Then A C Int,(Cl(A)) = Int(A) € A and
hence A = Int(Cl(A)) = Int(CIl(A)).

Definition 3.15. A function f : X — Y is said to be completely continuous [6] (resp. w-t-
continuous ) if f (V) is regular open (resp. an w-t-set) in X for each open set V of Y.

Theorem 3.16. Let (X, 7) be an anti-locally countable space. A function f : X — Y is completely

continuous if and only if f is pre-w-continuous and w-t-continuous.

Proof. This is an immediate consequence of Proposition 3.14.
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