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Abstract. We consider in this paper the controllability of mild solutions defined on the semi-infinite
positive real interval for two classes of first order partial functional and neutral functional evolution
equations with infinite state-dependent delay using a nonlinear alternative due to Avramescu for sum
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1. Introduction

Controllability of mild solutions is given in this paper over the semi-infinite real interval
J :=[0,+00) for two classes of first order partial and neutral functional evolution equations
with infinite state-dependent delay in a real separable Banach space (E, | - |).

In Section 3, we study the following evolution equation

Y () =AMy (t) + Cu(t) + f(t, Y p(e.y,)), a-e. t €J,

9]
Yo=¢ € B
and in Section 4, we study the following neutral evolution equation
d
a[y(t) —8(t, Yp(e,y )] =A@y () + Cult) + (£, Yp(e,y,))s ae. t EJ, @)

y0=¢€<%:

where 2 is an abstract phase space to be specified later, f,g:J x B - E, p :J x 8 — R and
¢ € 2B are given functions, the control function u(-) is given in L2(R,; E), the Banach space
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of admissible control function with E is a real separable Banach space with the norm |- |, C is
a bounded linear operator from E into E and {A(t)}o<;<4 oo is a family of linear closed (not
necessarily bounded) operators from E into E that generates an evolution system of operators
{U(t,8)}(t5)esxs fors <t.

For any continuous function y and any ¢t < 0, we denote by y, the element of % defined
by y,(8) = y(t + 0) for 6 < 0: Here y,(-) represents the history of the state from time ¢t < 0
up to the present time t.

Finally in Section 5, we illustrate by examples the previous abstract theory obtained.

Controllability problem of linear and nonlinear systems represented by ODEs in finite di-
mensional space has been extensively studied. Several authors have extended the controlla-
bility concept to infinite dimensional systems in Banach space with unbounded operators (see
[13, 28]) and developed more results in [26, 30, 34]. Carmichael and Quinn [12] have shown
that the controllability problem can be converted into a fixed point problem. Then, interesting
controllability results are given for neutral problems with impulses by Balachandran et al. in
[4] and for integrodifferential equations by Machado et al. in [27] and for inclusions by Gu-
nasekar et al. in [18, 19, 31]. Recently Baghli et al. have studied many classes of functional
evolution equations and inclusions in [6, 7] and proposed some controllability results in [1]
and [8] when the delay is finite and infinite.

However, complicated situations in which the delay depends on the unknown functions
have been proposed in modelling in recent years. These equations are frequently called equa-
tions with state-dependent delay. Often, it has been assumed that the delay is either a fixed
constant or is given as an integral in which case is called distributed delay; see for instance
the books [21, 24, 32], and the papers [14, 20]. Existence results and among other things
were derived recently for functional differential equations when the solution is depending on
the delay on a bounded interval for impulsive problems. We refer the reader to the papers
by Hernandez et al. [22] and Li et al. [25]. Very recently, Baghli et al. considered when the
solution is depending in the delay for evolution equations in [9], for multivalued problems in
[10] and for perturbed evolution equations in [3].

Our main purpose in this paper is to extend the controllability results obtained by Baghli
etal. in [1] and [8] when p(t,y,) =t to the control problems (1) and (2) with infinite state-
dependent delay as in [9]. We provide sufficient conditions for the existence of mild solutions
using the nonlinear alternative of Avramescu [5] due to Burton and Kirk [11] for contractions
maps in Fréchet spaces, combined with semigroup theory [2, 29].

2. Preliminaries

We introduce notations, definitions and theorems which are used in this paper.

Let C(R,; E) be the space of continuous functions from R, into E and B(E) be the space
of all bounded linearoperators from E into E, with the usual supremum norm
INllgz) =sup { IN(Y)| : |y|=1}forall N € B(E).

A measurable function y : R, — E is Bochner integrable if and only if |y| is Lebesgue
integrable (See the Bochner integral properties in Yosida [33]).
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Let L}(R,, E) be the Banach space of measurable functions y : R, — E which are Bochner
. +00
integrable normed by ||y||;1 = fo ly(t)| dt.

In this paper, we will employ an axiomatic definition of the phase space 98 introduced by
Hale and Kato in [20] and follow the terminology used by Hino et al. in [23] (More details and
some examples of phase spaces could be found in [23]). Thus, (4, ||| z) will be a seminormed
linear space of functions mapping (—o0,0] into E, and satisfying the following axioms :

(A1) If y : (—o0,b) = E, b > 0, is continuous on [0, b] and y, € 4, then for every t € [0, b)
the following conditions hold :

@ y t € B;
(ii) There exists a positive constant H such that |y(t)| < H||y;|| s;

(iii) There exist two functions K(-), M(:) : R, — R, independent of y with K continuous
and M locally bounded such that :

lyellg < K(t) sup |y(s)+M(O)llyoll -

se[0,¢]
(A2) For the function y in (A;), y, is a 8—valued continuous function on [0, b].
(A3) The space & is complete.
Denote K}, = sup,c[o 51 K(t) and My, = sup,pq p1 M(¢).
Definition 1. A function f : J x 8 — E is said to be an L'-Carathéodory function if it satisfies:
() foreach t € J the function f(t,-) : 8 — E is continuous;
(i) for each y € A the function f(-,y) : J — E is measurable;
(iii) for every positive integer k there exists hy € L'(J;R") such that

|f (t, ¥)| < hi(t) for all ||yl < k and almost every t € J

In what follows, for the family {A(t),t = 0} of closed densely defined linear unbounded
operators on the Banach space E we assume that it satisfies the following assumptions (see

[2D.
(P1) The domain D(A(t)) is independent of t and is dense in E.

(P2) For t > 0, the resolvent R(A,A(t)) = (AI —A(t)) ™! exists for all A with ReA < 0 and there
is a constant M independent of A and t such that

IR(t,A(E)|| < M(1+|A|)7Y, for ReA < 0.

(P3) There exist constants L > 0 and 0 < a < 1 such that

IA(t) —A(B)A™Y(7)|| < L|t —7|%, for t,0,T €J.
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Lemma 1 ([2]). Under assumptions (P1)-(P3), the Cauchy problem

Y'(t)—A(t)y(t)=0,t €J and y(0) = y,,

has a unique evolution system U(t,s), (t,s) € A:={(t,s)€J xJ :0<s <t < +00} satisfying
the following properties :

(1) U(t,t) =1 where I is the identity operator in E,
(i) U(t,s)U(s,7)=U(t,7)for0< 1 <s<t < +00,

(iii) U(t,s) € B(E) the space of bounded linear operators on E where for every (t,s) € A and
for each y € E, the mapping (t,s) — U(t,s) y is continuous.

For more details on evolution systems and their properties, see [2, 15, 16, 29].

Let X be a Fréchet space with a family of semi-norms {|| - ||,,},ey. We assume that the
family of semi-norms {|| - ||,,} verifies: ||x||; < [|x|l, < ||x|l3 <...forevery x € X. Let Y C X,
we say that Y is bounded if for every n € N, there exists M,, > 0 such that ||y||, < M, for
all y € Y. To X we associate a sequence of Banach spaces {(X", || - ||,)} as follows: For every
n € N, we consider the equivalence relation ~,, defined by: x ~, y if and only if ||x —y||, =0
for x,y € X. We denote X" = (X|. ,| - |l,) the quotient space, the completion of X" with
respect to || - ||, To every Y C X, we associate a sequence {Y"} of subsets Y™ C X" as follows:
For every x € X, we denote [x], the equivalence class of x of subset X" and we defined
Y"={[x],: x € Y}. We denote Y7, int,(Y") and 3,Y", respectively, the closure, the interior
and the boundary of Y™ with respect to || - ||,, in X™.

We give now the definition of the appropriate concept of contraction in X then we state
the corresponding nonlinear alternative result.

Definition 2. [17] A function f : X — X is said to be a contraction if for each n € N there exists
ky € (0,1) such that: ||f (x) —f(Wlln < kn [Ix =yl for all x,y €X.

Theorem 1 (Avramescu’s Nonlinear Alternative [5]). Let X be a Fréchet space and let
A,B : X — X be two operators satisfying:

(i) Ais a compact operator;

(i) B is a contraction.
Then either one of the following statements holds:
(C1) The operator A+ B has a fixed point;

(C2) The set {x €X,x =AA(x)+ AB (%)} is unbounded for some A € (0, 1).
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3. Semilinear Evolution Equations

Before stating and proving our first main result, we define firstly the corresponding mild
solution then we define the concept of controllability for that problem and finally we expose
the properties of state-dependent delay.

Definition 3. We say that the function y : R — E is a mild solution of (1) if y(t) = ¢(t) for all
t <0 and y satisfies for each t > 0 the following integral equation

t t

U(t,s)Cu(s)ds + J U(t,s) f(5,¥p(s,y,))ds- 3
0

y(t) = U(t,0)¢>(0)+J

0

Definition 4. The evolution problem (1) is said to be controllable if for every initial function
¢ € B, y* € E and for some n € N, there is some control u € L2([0,n]; E) such that the mild
solution y(-) of (1) satisfies the terminal condition y(n) = y*.

Set Z(p7) ={p(s,¢):(s,p) €I xRB,p(s,¢) < 0}. We always assume that p : Jx B — R
is continuous. Additionally, we introduce the following hypothesis:

(H,) The function t — is continuous from Z(p~) into 9 and there exists a continuous
¢ t Y
and bounded function L? : 2(p~) — (0, +00) such that

pelle < L2 (Oli$ll5 for every t € 2(p7).

Remark 1. Continuous and bounded functions verified frequently the condition (Hg ), for more
details, see for instance [23].

Lemma 2 ([22]). If y : (—o0, b] — E is a function such that y, = ¢, then
175l < (My + L) $ | + Ky sup{|y(6)]; 6 € [0,max{0,s}1}, s € Z(pT)UJ
where L® = SUPteg(p-) L%(t).

Proposition 1. From (Hy ), (A1) and Lemma 2, for all t €[0,n] and n € N we have

1Yoteyoll# < Kaly (Ol + (M + L2 ] 5.
We will need to introduce the following hypothesis which are assumed thereafter :
(HO) U(t,s) is compact for t —s > 0.
(H1) There exists a constant M > 1 such that NU(t,9)llpE) < M for every (t,s) € A.

(H2) There exists a function p € L lloc(J ;R,) and a continuous nondecreasing function
Y : R, — (0,+00) and such that:

If (t,w)| < p(t) Y(||lull4) for a.e. t €J and each u € A.
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(H3) For all R > 0, there exists Iy € L}OC(J ; R,) such that:
1f (6, w) = £ (&) < Tr(t) lu—vllz
for all u,v € B with ||u||z <R and ||v||4 <R.

(H4) For each n € N, the linear operator W : L2([0,n]; E) — E is defined by
n
Wu = f U(n,s)Cu(s)ds,
0
has a pseudo invertible operator W ! which takes values n L2([0, n]; E)/ ker W and there

exists positive constants M and M; such that: ||C|| < M and ||W || < M;.

For the construction of W~! see the paper of Carmichael et al. [12].
Consider the following space

Biw={y:R—>E: ¥lfo,r7 continuous for T > 0 and y, € B}

where y|[o 7] is the restriction of y to the real compact interval [0, T].
Let us fix T > 1. For every n € N, we define in B, ., the semi-norms by:

Iyl = sup e B [y (o))
te[0,n]
where L (t) = fot Zn(s) ds, Zn(t) =K, MI,(t) and [, is the function from (H3).
Then B, o, is a Fréchet space with those family of semi-norms || - || ,ey-

Theorem 2. Assume that (Hg) and (H0)-(H4) hold and moreover for each n € N, there exists a
constant M' > 0 such that

Mn
S >1, @
a, +K,M(MMM;n+ 1)y (M") ||p|lp

with a, = K,MMM;n|y*| + [Mn +L¢ +K,MH (M\M]\N/Iln+ 1)] |[¢|lg. Then the evolution
problem (1) is controllable on R.

Proof. We transform the problem (1) into a fixed-point problem. Consider the operator
N : B, oo — B, defined by:

¢(t) if t <0;

N(y)(t) = {U(t,O)(b(O) + [y U(t,s) C uy(s)ds + [ U(t,s) F(5,¥p(sp))ds  ift €.

Clearly, fixed points of the operator N are mild solutions of the problem (1).
Using assumption (H4), for arbitrary function y(-), we define the control

uy () =w=! [}’* —U(n,0) t:b(O)—fO U(n,7) f(7,¥p(ey.)) dT] (t).
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Applying (H2), we get

n

Juy (£)] < M, [Iy*l +MH||$ | 5 +1\71J p(7) w(llyp(f,yf)llga)df]- (5)

0

We shall show that using this control the operator N has a fixed point y(-). Then y(-) is a
mild solution of the evolution system (1).

For ¢ € B, we will define the function x(:) : R — E by x(t) = ¢(t) for t < 0 and
x(t) = U(t,0)¢(0) for t € J. Then xy = ¢. For each function z € B, o, with 2(0) = 0, we
denote by z the function defined by z(t) =0 for t < 0 and z(t) = z(t) for t €J.

If y(-) satisfies (3), we can decompose it as y(t) = z(t) + x(t), t = 0, which implies
¥; =2, + x,, for every t € J and the function z(-) satisfies for t € J

t

t
z(t) = J U(t,s) C uyqr(s)ds +J U(t,s) f(s,zp(s,Zerxs) + X p (s z,4x,))dS-
0 0

Let B?roo = {z €B,:1290=0¢€ 99} For any z € B?roo we have [|z]|; 00 = sups>q [2(s)].
Thus (B __, || - |l+00) is @ Banach space. We define the operators F, G : B?Loo — B?roo by

+00?
F(2)(6) = [ U(t,5) €ty (s)ds and G(@)(6) = [§ U(E,5) £ (5,Zp(szx) + Xp(s.z,x,))dS-
Obviously the operator N has a fixed point is equivalent to F + G has one, so it turns to
prove that F 4+ G has a fixed point. The proof will be given in several steps. First we show that
F is continuous and compact.
Step 1: F is continuous. Let (2,),ey be a sequence in B?roo such that z, — z in B?roo. By
(H1), (H4) and (5), we get for every t € [0, n]

t

|F(2,)(t) — F(2)(¢)| SMJ\N/IJ |z, +x(8) — Uz (s)Ids
0

t n
SMZMMlj f |f(T)an(T,ZnT+XT) + xp(’r,zm-k—xf))
0 Jo

_f(T’Zp(T,ZT-i-XT) + xp(T,zT+xT))|de5
n

SMZMM]“J |f(5aznp(s,zns+x5) + Xp(s,zn5+x5)) _f(s: 20 (s,25+x5) + Xp(s,zs+xs))|d5-
0

Since f is continuous, we obtain by the Lebesgue Dominated Convergence theorem
|F(z,)(t)—F(2)(t)] > 0asn— +o0.

Thus F is continuous.

Step 2: F maps bounded sets of B?Loo into bounded sets. For any d > 0, there exists a
positive constant £ such that for eachz € By = {z € B_‘ioo :||z]l,, < d} one has ||[F(2)||,, < £. Let
% € B;. By (H1), (H2) and (5), we have for each t € [0, n]

t

|F(2)(0)l SJVIMJ M [17]+MH| ¢l 5
0
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n
+Mf P(T) YUlZp(c 2 4x,) + Xp(rz, 40l ) dT] ds
0
n
SMMMln[|37|+I\7IHII¢II93 +Mf

p(s) w(“zp(s,zsﬂcs) + Xp(s,z5+x5)”93)d5:| .
0

Using Proposition 1, we get

12 s 2. 4) F Xp(s.z, ) 18 SKnl2(8)] + (M, + ZP)Izoll 55 + Kl x(8)] + (M, + L )Ix0 ]| 5
<K, |2(s)| + Ko lIUGs, 0)llpcey @ (O] + (M, + 2| $l
<K, lz(s)| + (M, + £¢ + K,MH)||¢ |l .

Set ¢, := (M, + £° +KHIWH)||¢||%, then we obtain
120(s 24x,) T X (5,242 | 8 < Knl2(s)] + ¢y (6)
Since z € By, then we have for 6,, := K, d + ¢,
12065,2,4x) T Xp(s,z,4x0) 18 < Knlz(s)] + ¢, < 0, (7)
Using the nondecreasing character of 1)), we get for each t € [0, n]
IF(z)(t)] < MMM;n[|y|+MH| ¢l 5 + My (5,)lpll1 ] := o-

Thus there exists a positive number g such that [|F(z)||, < o. Hence F(By) C B,,.
Step 3: F maps bounded sets into equicontinuous sets of B?roo. We consider B, as in Step
2 and we show that F(By) is equicontinuous. Let 7, T4 € J with 7, > 7, and z € B;. Then

T1

|F(2)(T2) — F(2)(71)| SJ 1U(72,5) = U(71,9)llpE) ICHuz4x(s)] ds
0

T2
+f 1U(T2,9)lp(e) [ICuz1x(s)] ds.
T1

By the inequalities (5) and (6) and using the nondecreasing character of 1), we get

|tz (O] < M, [|y*| + MH|I$ll 5 + M 9(5,) Ipll ] := . ®
Then
|F(2)(t2) — F(z)(t1)| <IICllpee) wf IU(T2,5) —U(t1,9)lpcey ds
0

T2
+1ICllacz) wJ 1U(72,9)llp(z) ds-
1

Noting that |F(z)(7,) — F(z)(7)| tends to zero as 7, — 7; — 0 independently of z € By.
The right-hand side of the above inequality tends to zero as T, — 7, — 0. Since U(t,s) is a
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strongly continuous operator and the compactness of U(t,s) for t > s implies the continuity in
the uniform operator topology (see [2, 29]). As a consequence of Steps 1 to 3 together with

the Arzeld-Ascoli theorem it suffices to show that the operator F maps B, into a precompact
setin E.

Let t € J be fixed and let € be such that 0 < e < t. For 2 € B; we define

F.(z)(t)=U(t,t —e)J ) U(t—e,s) C u,,(s)ds.
0

Since U(t,s) is a compact operator, the set Z.(t) = {F.(2)(t) : 2z € By} is pre-compact in
E for every e sufficiently small, 0 < € < t. Moreover using (8), we have

t

|F(2)(t) = Fe(2)(2)| SJ 1UCE,9)leey IICI] uzix(s)] ds

t—e
t

<|ICllgE) w f NU(t,s)|lpe) ds-
t—e

Therefore there are precompact sets arbitrary close to the set {F(z)(t) : z € B;}. Hence the
set {F(z)(t) : z € B;} is precompact in E. So we deduce from Steps 1, 2 and 3 that F is a
continuous compact operator.

Step 4: We shall show now that the operator G is a contraction. Indeed, consider
2,2 € B?roo. By (H1), (H3) and (7), we get foreach t €[0,n] and n € N

t

|G(Z)(t)_G(§)(t)| Sf M ln(s) ”Zp(s,zs+xs) _Ep(s,zs+xs)”%ds
0

< ( M K, 1,(s) |2(s) —2(s)|ds
Jo

( [Tn(s) eTL:(S)] I:e_TLfl(s) |z(s)—§(s)|:|ds
Jo

ey
[ ] ds ||z —zll,

0 T

IA

IA

<

e” 1 ||z —Z]|,.

A=~

Therefore,
_ 1 _
1G(z) = G@ln < — llz =l
So, the operator G is a contraction for all n € N.
Step 5: To apply Theorem 1, we must check (C2): i.e. it remains to show that the following

setisbounded<§’={26B20o :2=AF()+A G(%) for some 0 < A < 1}.
Let z € &. By (5), we have for each t € [0, n]

|2(0)]
A

<ML (|7 +MH( ¢l 5]
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n

+M2MM1HJ p(S) 1/) (“Zp(s,zs+x3) +xp(s,zs+x5)”%)ds

0
(" Zp(s, % +x,)
+M | p(s)y o X ds.
0 B

Using the first inequality in (6), we get
Kilz($)l M, + %9
s A A
+ Ky |x(s) + (M, + £2) 10l 5
Kp|z(s)|
<= + Ko llUGs, 0)llpey |9 (0] + (M, + £2) 1§l

llzoll

Zp(s,5+x;)

A

Xp(s,5+x,)

A
K, |z(s)| —
S”T + (K, MH + M, + 2?) ¢l 5.
Then, we get
Zp(s, 5 +x,) Ky |2(s)|
T Xp(s,%s+xs) ” =~ 7(’ +Cn. (9)

By the previous inequality and the nondecreasing character of v, we obtain
n

p(s) Y(Ky|2(s)| + ¢, )ds

) ~me~ e B
lz?' SMMMln[lyl+MH||qb||gg:|+M2MM1nf

J ()w(K |z(s>|+cn)ds_ 0

Consider the function é(t) := supgeg 1 |2(0)|. Then by the nondecreasing character of 1)

we get for A <1 and for t € [0,n]

u(t) <MMMln[lyl+MH||¢||%]+M(MMM1n+1)f (s )w(K“i(s) +cn)ds.

We consider the function u defined by u(t) = supse(o ] ( )+ c,forted. Let t* €[0,t]
be such that u(t) = K”T(t) If t* € [0, n], by the previous 1nequahty and the nondecreasing

character of 1, we have for a,, := ¢, +Knﬂﬂﬁln|:|y| +MH||¢||%]

u(t) < a, +K,M (ﬁ]ﬁ]\]ln + 1)[ p(s) Y (u(s)) ds.
0

Consequently,
Il
a, + K, M (MMM;n+1)y(llzll)lpll —

Then by the condition (4), there exists a constant M such that u(t) < M"
llz]l, < u(t), we have ||z||, < M. This shows that the set & is bounded, i.e. the statement

1. Since
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(C2) in Theorem 1 does not hold. Then the Avramescu’s nonlinear alternative [5] implies
that (CI) holds: i.e. the operator F + G has a fixed-point z*. Then, there exists at least
y*(t) = z*(t) + x(t), t € R which is a fixed point of the operator N, which is a mild solution
of the problem (1). Thus the evolution system (1) is controllable on R. Then, the proof is
complete. O

4. Semilinear Neutral Evolution Equations

Before stating and proving our second main result, we define firstly the corresponding mild
solution then we define the concept of controllability for that problem.

Definition 5. We say that the function y(-) : R — E is a mild solution of (2) if y(t) = ¢ (t) for
all t <0 and y satisfies the following integral equation

t

y(6) =U(t,0)[¢(0) —g(0, )]+ g(t, ¥p(e,y)) + f U(t,5)A($)E(S, Y p(s,y,))ds

0 (10)

t t
+ f U(t,s)Cu(s)ds + J- U(t,8)f (S, Y p(s,y,))dss
0 0
for each t = 0.

Definition 6. The neutral evolution problem (2) is said to be controllable if for every initial
function ¢ € B, y* € E and n € N, there is some control u € L?([0,n]; E) such that the mild
solution y(-) of (2) satisfies y(n) = y*.

We consider the function p : J x 98 — R satisfies the hypothesis (H, ) and the Lemma 1.
We assume here that the hypotheses (HO0)-(H4) hold and we will need the following assump-
tions:

(H5) There exists a constant M, > 0 such that ||JA~1(t)]| BE) < M, forall t €J.

(H6) There exists a constant 0 < L < ﬁ, such that

0Hn

|A(t) g(t, @) <L (||¢llg+1) forallt €J and ¢ € AB.

(H7) There exists a constant L, > 0 such that
AGs) 85, ) —AG) g6, ) < L, (Is—51+ lp — Pl )
foralls,seJ and ¢, ¢ € B.

(H8) The function g is completely continuous and for each bounded sub-set Q C 43, the
mapping {t — g(t, x,(s,))} is equicontinous in C(J, E).
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Theorem 3. Suppose that hypotheses (HO)-(H8) are satisfied and moreover

M**

KM (s~ >1, (1D
Yot T e (MMM n+ 1) [M~ + ()] ¢zl

where {(t) = max(L; p(t)) and v, = (M, + 2% + K,MH)||$ |l 5 + —2Lo— with
—o n

Bn=[(M+1)MoL + MLn][MMM;n+1]+MMM;n(1+K,MoL)|y|
+[(MMMn+1)MoL[M + M, + 2% |+ MH(MMM;n+ M,LK,)] ¢l 5.
Then the neutral evolution problem (2) is controllable on R.

Proof Consider the operator N : B, o = B defined by:

¢ (t) if t < 0;
RO = { (6,00 [$(0) = g(0, )]+ &(E, Yp(ey) + [ UL, AS)EES, (s y)ds
+ fot U(t,s)Cu(s)ds + fot U(t,$)f (s, Y p(s,y,))ds ifted.

Then, fixed points of the operator N are mild solutions of the problem (2).
Using assumption (H4), for arbitrary function y(-), we define the control

uy(t) :W_l [y* - U(Tl, 0) (¢(O) - g(03 ¢)) - g(n’ yp(n,yn))

_J U(n: T)A(T)g(T: yp(T,yT))dT - f U(Tl, T)f(T: yp(T,yT))dT:| (t)
0 0

Noting that by (H1), (H2), (H4), (H5) and (H7) we get
lu, ()] <M [1y*|+ M (H+MoL) l|$pll + (M + 1) MoL + MLn ]

n
+Z\N/[1M0L||yp(n,yn)||%+]\N41MLJ 1Y eyl zdT (12)
0

n
+ Mﬁf PO lypeyollz)dr.
0

Using this control the operator N has a fixed point y(-). Then y(-) is a mild solution of the
neutral evolution system (2).

For ¢ € %, we will define the function x(:) : R — E by x(t) = ¢(t) for t < 0 and
x(t) = U(t,0) ¢(0) for t € J. Then x, = ¢. For each function z € B, o, with 2z(0) = 0, we
denote by z the function defined by z(t) = 0 for t < 0 and z(t) = z(t) for t €J.

If y(-) satisfies (10), we decompose it as y(t) = z(t) + x(t), t = 0, which implies
¥Y: =2, + x,, for every t € J and the function z(-) satisfies z, = 0 and for t € J, we get

z(t) :g(t:zp(t,zt+xf) + Xp(t,zt+xt)) - U(t’ O)g(O, ¢
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t t
+ f u(e, s)A(s)g(s, Z0(s,2,+x;) + xp(s,zs+xs))d'S + f u(e, S)Cuz+x(s)d5
0 0

t
+ J u(t,s)f (s:zp(s,zs+x5) + Xp(s,zs-i—xs))ds-
0

Let us define the operators F,G : B® __ — BY __ by
ﬁ(z)(t) :g(tzzp(t,ztﬂct) + xp(t,zt+xt)) - U(t; O)g(O, ¢)

t t
+ J U(t,s)A(s)g(s, 20(s,2,+X,) + xp(s,zs+xs))d5 + J u(e, S)Cuz+x(5)d5
0 0

t
and G(Z)(t) = fO U(t> S)f(S, 20 (s,2,+x5) + xp(s,zs+xs))d5-
Obviously the operator N has a fixed point is equivalent to F + G has one, so it turns to
prove that F + G has a fixed point.

We can show as in Section 3 that the operator F is continuous and compact and the operator
G is a contraction. For applying Avramescu’s nonlinear alternative, we must check (C2) in
Theorem 1: i.e. it remains to show that the following set

gz{zeB?Loo: z=Aﬁ(z)+AG(%) forsorneO<A<1}

is bounded.
Let z € &. Then, using (H1)-(H6) and (12), we have for each t € [0,n]
2] oo o i o
TS [(M +1)MoL + MLn][ MMM;n + 1]+ MMM;n|3]|

+ MMMIMOLn”Zp(n,zn+xn) + xp(n,zn+xn)||%

t
+ MOL”Zp(t,zt-rxt) + xp(t,zt+xt)||% +ML f ”Zp(s,zs-b-xs) + xp(s,zs+xs)||% ds
0
n

+ MzMManf ” (Zp(r,zfﬂcT)) + xp(T,ZT+XT)||93 dt
0
n

+ MzMMlnf p(T) Tl)(|| (Zp(r,zT+xT)) + xp(ﬂ:,zT-i—xT)”%) dr

0
+MJ p(s)z/)( )ds.
0 B

By Proposition 1, we obtain ||z, z, +x,) + Xp(n,z,+x) 8 < Knl Y|+ (M, + £%)||¢|| 5. Using the
inequalities (6) and (9), we have

|2(0)]
A

Zp(s, 5 +x;) N
2 Xp(s.5+x,)

<[ + VoL + FLn][MB#;n+ 1] + MBL#ynl5
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+ M [MoL (MMMyn +1) + MMM nH] |16 5
+ MMM, MoLn (K,|7| + (M, + 29|l )
+MoL (Kyl2(0)| + (M, + 29 + K,MH)||$ )

n

t
+IWLJ (Knlz(s)| +cn)ds +M2M]\7[1Lnf (Knlz(’r)| +cn)d'c
0

0
n

+ leﬁl\zlnj p(T) Y (Knlz('r)l + Cn)dT

0

J p(s )w(K nl(5) +cn)ds.

We consider the function u(t) := supyerg (112(6)| then by the nondecreasing character of
1), we obtain for

B :=[(M +1)MoL + MLn][MMM;n+1]
+MMM;n(1+K,M,L) |y
+[(MMM;n+1)MoL[M + M, + 2% |+ MH (MMM,nM,LK,) ] l$|l 5
and for A < 1,

u(t)
A

(1—M,LK )<[3’H+ML(MMM1n+1)f K u(s) +cn)ds

+ ¥ (Wi n +1) f s )w(K T e, )as.

Ku(s)+c forteJ. Let t* €[0,t] be

Kuby
1-MyLK,’

We consider the function u defined by u(t) = supseg (]
K,u(t* )

such that u(t) = uA

we obtain for t € [0,n]

¢,. By the previous inequality, we have for v, :=c, + then

n

KM e
ut) <yvn,+ m (MMM;n+ 1)L [Lu(s) + p(s) Y(u(s))]ds

Set {(t) :=max(L;p(t)) for t € [0,n]. Consequently, we get
Izl

Vot Tl (MBI 7+ 1) [Nl + Q0] (I

Then by the condition (11), there exists a constant M, such that u(t) < M. Since
lz]l,, < wu(t), we have ||z]|, < M. This shows that the set & is bounded, i.e. the statement
(C2) in Theorem 1 does not hold. Then the nonlinear alternative due to Avramescu [5] implies
that (C1) holds: i.e. the operator F + G has a fixed-point z**. Then, there exists at least
y**(t) =z**(t) + x(t), t € R which is a fixed point of the operator N, which is a mild solution
of the problem (2). Thus the neutral evolution system (2) is controllable on R. Then, the
proof is complete. 0

<1




D. Aoued, S. Baghli-Bendimerad / Eur. J. Pure Appl. Math, 9 (2016), 383-401 397

5. Examples

To illustrate the previous results, we give in this section two examples.

Example 1

Consider the partial functional differential equation

0 d%s(t,
08 =55+ d(Ou0) + e, D2(, )

0 b
+ f_oo a(s—t)z [5 —p1(t)p2 (L ay(6)lz(t, 9)|2d9) , 5] ds, (13)
fort >0, £€[0,n],

z(t,0) = z(t,m) =0, fort >0,
2(0,8) = 2¢(0,&), for —oc0o <0 <0, E€[0,n],

where a : RT x [0, 1] — R is a continuous function and is uniformly Hélder continuous in t;
ap:R*x[0,m] > R;a; :R™ > R;a,:[0,71] >R; p; : Rt > Rfori=1,2;
20 : R_x[0,m] » Rand d : R, — E are continuous functions. u(-) : R, — E is a given
control.

To study this system, we consider the space E = L?([0, ], R) and the operator
A:D(A) C E — E given by Aw = w” with D(A) :={w € E :w” € E, w(0) = w(n) =0}. It
is well known that A is the infinitesimal generator of an analytic semigroup {T(t)},;>o on E.
Furthermore, A has discrete spectrum with eigenvalues —n?, n € N, and corresponding nor-

malized eigenfunctions given by z,(§) = %ﬁ In addition, {2z, : n € N} is an orthonormal
+00

basis of E and T(t)x = anl e_”zt(x,zn)zn for x € E and t > 0. It follows from this repre-
sentation that T(t) is compact for every t > 0 and that | T(t)|| < e~ for every t > 0. On the
domain D(A), we define the operators A(t) : D(A) C E — E by

A(t)x(&) = Ax(&) + ao(t, £)x(&).
By assuming that a,(-) is continuous and that ay(t,&) < —6, (6o > 0) for every t € R,
& €0, ], it follows that the system u’(t) = A(t)u(t) t > s, and u(s) = x € E, has an associated
evolution family given by U(t,s)x(§) = [T(t —s)exp (fst ap(T, éj)df) x] &).
From this expression, it follows that U(t,s) is a compact linear operator and that

|U(t,s)|| < e (9= for every (¢,s) € A.

Let 8 = BUC(R_; E) the space of bounded uniformly continuous functions defined from
R_ to E endowed with the uniform norm ||¢|| = supger |¢(0)I.

Theorem 4. Let ¢ € 9B. Assume that the condition (Hy) holds and the functions d : R, — E,
pi:R, >R, i=1,2 a;:R — Randa, :[0,7] = R are continuous. Then the evolution
system (13) is controllable on (—o0, +00).
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Proof. From the assumptions, we have that f(t,4)(§) = f i)oo a,(s)Y(s, &)ds and

p(s, ) =s—p(s)p, (fon a5 ()Y (0, §)|2d9), are well defined functions and let C € L(R; E)
be defined as: Cu(t)(&§) =d(&)u(t), t =0,& =0, u € R, d(&) € E, which permit to trans-
form system (13) into the abstract system (1). Moreover, the function f is a bounded linear
operator. Now, the controllability of mild solutions can be deduced from a direct application
of Theorem 2. Thus, the conclusion of our theorem hold. O

From Remark 1, we have the following result.

Corollary 1. Let ¢ € B be continuous and bounded. Then the evolution problem (13) is con-
trollable on R.

Example 2

Consider the semilinear neutral evolution equation

0 T
%[u(t,i)—f as(s—tu (S—P1(f)P2 (J a2(9)|u(t,0)|2d9),§) ds]
oo 0

32u(t,
=% +ap(t, &u(t, &)

0 T ) (14)
+f al(s—t)u(s—m(t)pz (J a(0)lu(t, 0) dG),é)ds,
—00 0

fort >0, £ €[0, ],
v(t,0) = v(t,m) =0, fort >0,
v(93 5) = VO(G: g): fOI' —o0 < 0 < 0, g € [O) ﬂ']’

where a5 : R~ — R is a continuous function and a,a; fori =0,1,2, p; fori =1,2, z,, d and
u(-) are defined as in (13).

Theorem 5. Let B = BUC(R_;E) and ¢ € %B. Assume that the condition (Hy) holds and
the functions d : R, > E, p; : R, > R,, i =1,2, a;,a3 : R~ > Rand a, : [0,7] = R are
continuous. Then the evolution system (14) is controllable on (—oo,+00).

Proof. From the assumptions, we have that

0

f(t,d))(ﬁ):f ay(s)p(s, €)ds,

—00

0
g(tﬂl))(i) :f a3(s)1/)(s, E)ds,

p(s,¥) =s—p1(s)p, U ax(6)[y (0, €)|2d9)

0
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are well defined functions and let C € L(R; E) be defined as: Cu(t)(§) = d(&)u(t), t = O,
£ >0, u€R, d&) € E, which permit to transform system (14) into the abstract system
(2). Moreover, the function f is a bounded linear operator. Now, the controllability of mild
solutions can be deduced from a direct application of Theorem 3. Thus, the conclusion of our
theorem hold. O

From Remark 1, we have the following result.

Corollary 2. Let ¢ € B be continuous and bounded. Then there exists a unique mild solution of
(14) on R.
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