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Abstract. In this paper, the existence and uniqueness of mild solution for fractional integrodifferential
equations with nonlocal initial conditions are investigated by using Holder’s inequality, p—mean con-
tinuity and Schauder’s fixed point theorem in Banach spaces. The Mittag-Leffler-Ulam stability results
are also obtained by using generalized singular Gronwall’s inequality.
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1. Introduction

During the past decades, fractional differential equations have attracted many authors
(see for instance [10, 11, 14] and [15]). This is mostly because they efficiently describe many
phenomena arising in engineering, physics, economy and science. There has been a significant
development in nonlocal problems for fractional differential equations or inclusions (see for
instance [1, 7, 12] and [22]).

As we all know, the main difficulty to study the fractional evolution equations is how to
obtain the suitable fractional resolvent family generated by the infinitesimal generator A in
Banach space. In order to solve this problem, some authors introduced an a-resolvent family
under the Riemann-Liouville fractional derivative and some constraints, (see, for example, [2,
6]), and the others introduced suitable operator families with the Caputo fractional derivative
in terms of some probability density functions and operator semigroup (see, for example, [17,
22] and [23]). For the latter, a pioneering work has been reported by El-Borai [4, 5].

On the other hand, in the theory of functional equations there are some special kind of data
dependence: Ulam-Hyers, Ulam-Hyers-Rassias, Ulam-Hyers-Bourgin and Aoki-Rassias (see [ 3,
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8] and [9]). Recently, J. Wang et al. [18, 19] discussed four type Mittag- leffler-Ulam stability
of fractional differential equations and obtained some new and interesting stability results.
Motivated by the above work, we consider the nonlocal Cauchy problem of the following form

{CDO‘x(t) =Ax(t)+ f(t,x(t),IPx(t)), t €J :=[0,b]

1
x(0) + g(x) = xo, W

where ¢D® is the Caputo fractional derivative of order 0 < a < 1, I? is the Riemann-Liouville
fractional integration of order 0 < 3 < 1, b > 0, A is the infinitesimal generator of a C,
semigroup {Q(t)};>o of operators onE, f : J xEXE = E, g : C(J,E) — E are given functions
satisfying some assumptions and X, is an element of the Banach space E.

For any strongly continuous semigroup (i.e. C, semigroup) {Q(t)};>o on E, we define the
generator

A= tim AU
t—0t t

The domain D(A) of this linear operator is the set of all u € E for which the limit above exists.
Then D(A) is dense in E and A is closed, meaning that for u,, € D(A), if u, — u and Au,, — v in
E, then u € D(A) and Au = v. For more details, we refer the reader to [13].

n k.

2. Preliminaries

In this section, we introduce preliminary facts which are used throughout this paper. We
assume that E is a Banach space with the norm |-|. Let C(J,E) be the Banach space of
continuous functions from J into E with the norm ||x|| = sup,; |x(t)|, where x € C(J, E).

Let B(E) be the space of all bounded linear operators from E to E with the norm
lQllpw) = sup{lQ(u)| : |u| = 1}, where Q(u) € B(E) and u € E. Throughout this paper, let A
be the infinitesimal generator of a C, semigroup {Q(t)},>o of operators on E. Clearly

M := sup [|Qllpm) < o0. (2)
te[0,b]
We need some basic definitions and properties of the fractional calculus theory which are used
further in this paper. For more details, see I. Podlubny [15].

Definition 1. The fractional integral of order a with the lower limit zero for a function
h € AC[0, o0) is defined as

t
1 h(s)
I°h(t) = () fo (t—s)l—ads’ t>0,0<a<l,

provided the right side is point-wise defined on [0, 00), where I'(:) is the gamma function.

Definition 2. Riemann-Liouville derivative of order a with the lower limit zero for a function
h € AC[0, c0) can be written as

1 d (" hes)
Ip*h(t) = ———— ds, t>0,0<a<1l.
O=rai o , (f—sa T s
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Definition 3. The Caputo derivative of order a with the lower limit zero for a function
h € AC[0, c0) can be written as

“D*h(t) =L D*(h(t)—h(0)), t >0, 0<a<1.
Remark 1. e Ifh(t) € C'[0, 00), then

1 “OH(s)
CDYh(t) = ds=I"""h'(t), t>0,0<a<1.
(®) F(l—a)JO =5y ) *

o The Caputo derivative of a constant is equal to zero.

e If h is an abstract function with values in E, then integrals which appear in Definitions 1-3
are taken in Bochner’s sense.

For measurable functions m : J — R, define the norm
mll (fJ [m(6)Pde)?, 1<p < oo,
() =
u(J)zO{SupteJ—J Im(t)|}, p = o0,

where u(J) is the Lebesgue measure on J. Let LP(J,R) be the Banach space of all Lebesgue
measurable functions m : J — R with [[m|| () < 00.

Lemma 1 (Holder’s inequality). Assume that ¢,p > 1 and 1 + = =1 Ifl € L1YJ,R) and
m € LP(J,R), then for 1 < p < oo, Im € L'(J,R) and ||Zm||L1(J) < ||l||Lq(J) lmll Lo ()-

Lemma 2 ([21] p-mean continuity). For each v € LP(J,E) with 1 < p < 400, we have
lim,_,q fob [y (t +r)—(t)||Pdt = 0, where 1(s) = 0 for s not in J.

Lemma 3 (Bochner’s Theorem). A measurable function H : [0, b] — R is Bochner’s integrable
if |H| is Lebesgue integrable.

Lemma 4 (Schauder Fixed Point Theorem). If B is a closed bounded and convex subset of a
Banach space E and F : B — B is completely continuous, then F has a fixed point in B.

We end this section with an important singular type Gronwall inequality.

Theorem 1 ([16] Theorem 1.4). For any t € [0, b), if

u(t)<a(t)+Zb(t)J (t — )P Lu(s)ds,

where all the functions are not negative and continuous. The constants [3; > O.
b; (i=1,2,...,n) are the bounded and monotonic increasing functions on [0, b), then

~ "Ik 1b(t)1“(/5)ft Kog
u(t) <a(t)+ = (t —s)zl‘=1 Fi—1a(s)ds
kzl: 1,2/ k'=1 F(Zl 1ﬁ ) 0
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Remark 2. For n = 2, if the constants by, by > 0, 1,85 > 0, a(t) is nonnegative and locally
integrable on 0 < t < b and u(t) is nonnegative and locally integrable on 0 < t < b with

u(t) <a(t)+ b1J (t —s)PrTu(s)ds + bZJ (t —s)P2"Tu(s)ds,
0 0
then

o [ (iT(B)) [ - (baT(B2))* _
u(t) < a(t)+; [Il'(k—ﬂi)fo (t —s)Pr=la(s)ds + lz(k—ﬂ;Jo (t —s)kP 1a(s)ds].

Remark 3. Under the hypotheses of Remark 2, let a(t) is a nondecreasing function on 0 < t < b.
Then we have

u(t) < a(t)(Ep, [biT(B)EP ]+ Ep, [ boT(B)EP2]),

where E,, is the Mittag-Leffler function [15 ] defined by E,[z] = Z,fio F(#kﬂ), ze€C.

3. Existence and Uniqueness of Mild Solutions

We recall the following definition of a mild solution for the nonlocal Cauchy problem (1).
For more details, one can see [20, 24].

Definition 4. By the mild solution of the nonlocal Cauchy problem (1), we mean that the function
x € C(J,E) which satisfies

x(t)=8(t)(xO—g(X))+f (t—8)*IT(t—5)f (s, x(s), IPx(s))ds, t€[0,b],
0
where

S(t) =J £,(0)Q(t*0)d0,
0

T(t) =a f B¢ ,(6)Q(t°6)d6,
0
£,(0) =207 p (6%,
a

pa(8) =2 > (1y=1om 1 0 D o), 6 e (0, 00),
T n!

n=1
where &, is the probability density function defined on (0, 00), which has properties §,(6) > 0
for all 6 € (0,00) and

1
r'l+a)

f £4(0)d6 =1, f 0E,(0)d0 = (3
0 0
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Before stating and proving the main results, we introduce the following hypotheses.
(H1) Q(t) is a compact operator for every t > O.

(H2) The function f : J x E x E — E satisfies that f(.,x,y) : J — E is measurable for all
x,y € C(J,E) and f(t,.,.) : ExE — E is continuous for all t € J and there exists a
positive function u(-) € LP(J,R") for some p with 1 < p < oo such that

f (&, 2, )| < w()(lxll + Ny 1D, x,y € C(,E), t €J.

(H3) The function g : C(J,E) — E is completely continuous and there exist constants L > 0,
L’ > 0 such that:
g0l < Lllx[|+ L, x € C(J,E).

For each positive constant k, let B, = {x € C(J,E) : ||x|| < k}. Then B is clearly a bounded
closed and convex subset in C(J,E).

The following existence result for nonlocal Cauchy problem (1) is based on Schauder fixed
point theorem.

Theorem 2. If assumptions (H1)—(H3) are satisfied, then the nonlocal Cauchy problem (1) has
a mild solution provided that

1 p—1 ﬁ+p_1
kb™ v p—1 ’ [l +—b ’ [l <1
— 4 2 .
T1+a)\p+(a—1)p—1 Hllzr e T'(1+p) Mo r)

Proof. For any positive constant k and x € By, according to (2) and (H3), it follows that

f £4(0)Q(t*0)(xxo — g(x))d 0| < M(xo| + Lk +L). 4)
0

Therefore, the function f Ooo E.(0)Q(t*0)(xg— g(x))dO exists.
In view of (2), (3) and (H2), we get

[

SMJJ 08,(0)(t—)* 1 |£ (s, x(s), 1P x(s))| dOds
0 0

J 0(t—5)*""€,(0)Q((t —5)*0)f (s, x(5), 1P x(5))dO | ds
0

S% fo (t =) u(s)(llx + 1P x[)ds

M
<

_ a1
_F(1+a)f0(t $)* u(s)(k +

kT
F(ﬂ)fo(s TP d7)ds
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_ a1 ﬁ )
r(1+ )J (t=3) M(8)(1+ﬂF(/5)

- _ o1 - o ya-1.p
_F(1+a) UO (t=s) .u(s)ds+r(1+ﬂ)f0(t §)*s u(s)ds>

wn \T ([ b
ot ([ ([

p—1 1

1 t m{fll)p P t 8 P
+ T+ p) (J;) (t—s) ds) (J; (s p,u(s))pds)

p—1
Mk p—1 P praip1
( ) t— 7 Nullegry

<
"TA+a)\\p+(a—1)p—1
1 p—1 )P pa—1p-1 J Bp? J
+ t @ sp1ds (u(s))p ds
F(1+/3)(P+(a—1)p—1 ( 0
p—1
E 2
< Mk p—1 P tp+(ﬂ*1)P*1 Il + 1 1
P
“Ta+a)\pr(a—1)p—1 Hllro.eD T 111 p) 1422
=
ﬁp +p—1
Xt p2 ||M||LP2(JR+)
—1 —1
BT e (R Tt W L 0 5)
< +—-— ,
r(1+a) \p+(a—1)p—1 Hlr o e * 1 1 gy Il om)

for all t € J. Thus, UOOO G(t—s)a_lia(O)Q((t—s)"‘@)f(s,x(s),[ﬂx(s))de‘ is Lebesgue in-
tegrable with respect to s € [0,t] for all t € [0,b]. From Lemma 3 (Bochner’s theorem), it
follows that fooo O(t—s)*1E,(0)Q((t—5)*0)f (s, x(s), 1P x(s))d 6 is Bochner’s integrable with
respecttos € [0,t] forall t € J.

For each positive constant k, define an operator F on B, by the formula

(Fx)(t)=S(t)(xg—glx)) + af (t—s)*1T(t —s)f(s,x(s),Iﬂx(s))ds, t€[0,b], (6)
0
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where x € By. Let

M (|xol + L")

k= (7)

p—1

al p—1 B+ '
Mkb™ P p—1 p b P
1-M [L ~ T(+a) (p+(a—1)p—1) (”“”LP(LR*) RYGEY)) ||“”Lp2(J,R+)>]

In the following, we will prove that F has a fixed point on By, . Our proof will be divided into
two steps.

Step I. ||Fx|| < k whenever x € By.
For each x € B, and t € J, by using the similar method as we did in (4) and (5), we have

|(Fx)(t) = S(t)(xo—g(x))+aj (t=)*T(t =5)f (s,x(5), [P x(s))ds
0

IA

J £a(0)Q(t%6)(xo — g(x))dO
0

+a

JJ O(t —s)*1E,(0)QU(t —5)*O)f (s, x(s), IP x(5))d O ds
0 0

<M (x| + Lk +L")

 MkbT p—1 B T LA
TOl+a) \pt(a—1)p—1 Hller .m0 T p gy e 0 r)

=k. 8

Hence ||Fx|| < k for each x € B;.
Step II. F is a completely continuous operator.
Firstly, we will prove that F is continuous on By. For any x,,x € B;,n=1,2,...
with lim,,_, o, ||x,, — x|| = 0, we get

lim x,(t) = x(t), fort €J.
n—oo

Thus by condition (H2), we have
Lim £ (t,5,(0), 1P x(6)) = £ (€, 2(0), IP x(0)),

forteJ.
So, we can conclude that

sup |f (s, x,(s), IPx,(s))— f(t,x(s),IPx(s))| = 0, as n — oo.
s€[0,b]

On the other hand, for t € J

|Fxn(t) = Fx (o)l
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= |S()(g(x,) — g(x)) + aJ (t =) T(t—5) (f (5, x008), IP x,(8)) — £ (5, x(5), IP x(5))) ds
0

IA

J £4(0)Q(t*0)(g(x,) — g(x))dO
0

+a

JJ 6(t—5)*"Ea(0)IQ((t =) ) (f (s, xn(5), 1P (D) — £ (5, x(s), I x(5))) dOds
0 JO

aM
Ia+1)

a

<M|lg(x,) — gl + J (t =) F (s, 2(5), TP x (5)) — £ (5, x(5), IP x(s))Ids
0

g - p
F(a+1)52[1£] |f (s, x5, (), IP 2, (s)) = f (£, x(s), 1" x(5))],

<M|lg(x,) — g ()l +

which implies

a

1Fx, — Fxl[l < Ml|g(xn) — g (o)l + sup |f (s, x,(s), 1P x(s)) = f (£, x(5), IP x(s))].

I'(a+1) s¢0,5]

Hence, by condition (H3) we get ||Fx,—Fx|| — 0, as n — oo. This means that F is continuous.
Next, we will show that {Fx, x € B, } is equicontinuous. For any x € B; and
0<t; <t,<b,weget

I(Fx)(t3) — (Fx)(t)
= [[S(t2) = 5(£)1x0 — g())

+ aJ 2(t2 =) T (ty —5)f (s, x(s), 1Px(s))ds
0

— af l(tl —$)* T (e —$)f (s, x(s5), IP x(s))ds
0

<

J £.(0)[Q(t50) —Q(t760)](xo — g(x))do
0

+a

JZJ 6(t2—5)*1E4(0)Q((t2—5)*0)f (5, x(s), IP x(5))d O ds
0 0

—f 1f 0(t; —s)*1EL(0)Q((t1 —5)*0)f (s, x(s), IP x(5))d O ds
0 0

<

J £,(0)[Q(t56) —Q(t760)](xo — g(x))d6
0

+a

J2J 0ty —3)*1EL(0IQU(t2 —5)0)f (s, x(s), IPx(s))d O ds
t; JO
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+ta J 1f O[(t2—5)* " = (t1—5)* " 1€a(0)Q(t2 —5)*0)f (s, x(5), P x(s))d Ods
0 0

+a J J 0(t1—5)* " E4(0)[Q(12 —5)*0) = Q(t1 —$)*0)]f (s, x(5), I’ x(s))dOds
0 0

+ a([1 +12 +IB)’

= J £4(0)[Q(t560) —Q(t760)](xo — g(x))d6
0

where
I =a [ ZJ 0(ty —35)* 1 EL(0)Q((t2 —5)*0)f (5, x(s), P x(5))dOds|,
Jt; Jo
ty roo
I =a f ] O[(t2—5)* 1 — (1 —5)* 11E4(0)Q((ty —$)*0)f (s, x(5), IP x(s))d O ds |,
o Jo
Iy =a Jf ] 0(t; —)* TEL(ONQ(ty —$)*0) — Q((t; —)*0)1f (s, x(s), P x(s))d Ods| .
o Jo

By using analogous argument performed in (4) and (5), we can conclude that

aMk

$P
T+ )ds

a—1
f(z 5) u(s)(+r(ﬂ 5

o ([ )" ooms)
+ L t(t s)(o; 11)pds B (sﬁp (s))pds '
T(1+p) #

—1

sl
-}

Mk p—1 pHe—1)p—1
S1“(1+0¢)(p-ﬁ-(oz—l)p—l) (tp=ta) 7
1 2 2 ”
X (|M||LP(J,R+)+ ra+p) (J sp- 1d5) (J (u(s))P ds) )

< Mk p—1
"TA+a)\p+(a—1)p—1

}7_2 2 2
1 1 L I S o
X ||‘u,||Lp(J]R+)+ F(1+ﬂ)( ) (tZP 1 —tf 1 ) p? ||M||LP2(JR+) .
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One can deduce that lim, _,;, I; = 0. Also, note that

aMk
F( +1)

f [(t—s)* " = (67 —5)*" 1]“(5)(1+r(/5 )sﬁ)ds

k f 1_7 ty N 5
Sr&”i 1) ( JO [(fz—s)“—(tl—s)“‘llpds) UO (M(S))P—lds)
r(ﬁ+1) (J [(t2 =5)*7 = (1 =) pds) U (sP u(s))P lds) |

<m (J [(tp =)' = (t1 =)~ 1]pd5) [l AT RN
-1

v L ([Tt —syrras | ([ sias )
re+n\J, ° 1 .

t 2 1;;21
x f (uls))7 1 ds
0
(—1)?
[H(p—l)z p2
oM P ! lul
= L 2
[(a+1) P=1(J,RY) I“([j+1) 14 Bp? g LPT(,RY)

t 12

b ’
xU [(tz—s)“_l—(tl—s)“_l]pds) )
0

Using Lagrange mean value theorem, one can obtain (t, —s)* ' —(t; —s)* 1 = 0as t; — t,,
for s € J. By Lemma 2, we can deduce that fob[(tz —5)* 1 —(t; —s)* 1Pds — O as t; — t,.
Thus we deduce that lim, _,,, I, =0.

For t; =0, 0 < ty < b, it is easy to see that I3 = 0. For t; > 0 and € > 0 be enough small,
we have

I3 Saf f 6(t1—5)* €L (ONIQU(t2 —5)*0) —Q((t1 —)*Ollp(m)\f (s, x(5), P x(s))dOds
0 0

+aJ J 0(t1—95)" "€ (O)IQU(t2 —5)%0) — QU(t1 =)l |f (5, %(5), 1P x(s))|d O ds
ti—e JO

t1—8 ﬁ
J ty =s)* ()1 + o N =) sup IR((t2—5)*60) —Q((t1 —5)*0)llpcxyds

F(a +1) 1) s€l0,t—¢]
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2aMk [© w1 sP
Tat1) tl—s(tl_S) u(s)(1+ TG+

k ti—¢ a1)p 1%1 ti—¢ }l,
T
P tl_g(t _s) 7 ds v tl_g(sﬁp ($))Pds '
ra+pl), . K

x sup [|Q((ty—s)*0)—Q((t; —s)*0)llpr)

s€[0,t1—¢]

2aMk f (a=1)p o a g 1
+ m (Jtl_s(tl_S) = ds) (ﬁl_g(u(s))pds) + T+ p)

([ ) ([ omos)

-1

< ak p— 1 p t—p+(<§;11)p71 p+(oz—11)p—1 pT ” ” N 1

< —& _—
Tlat ) \p+(@a—1p—1 1 Hllr 0. e T 113 p6)

X(f sgédS)p (J (M(S))pzdS)p sup [IQ((t2 —5)*6) —Q((t1 —s)*Ollpcz)
0 0

s€[0,t;—¢]

3 o
Lk ( pd )T e (0 )

P _— sp1ds
Tlat ) \p+(a—1p—1 Hlr@En T 11 py | |,

1—¢€

)ds

x ( J 1 (u(s))Pzds)p

—1

<Gk p—1 T = 1l P
= — €& p= I e——
Tlat+ ) \p+(a—1p—1 1 Hllro.e) T T3 )

p—1
1 " BpP+p—1 "
(t1=e) 7 Ml my | sup 1QUEL—)0)— QU —)*0)lage)

1+ Ilpri s€l0,t,—¢]

p-1
2aMk p—1 P prla—lp-1

£ P
Ma+ D \p+(a—1)p—1
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p—1
=
1 1 ﬂp2+2p—1
X ”.U'HLP(J,]RJF) + F(]_ n ﬁ) 1+ /3_pi E P ||M||LP2(J’R+)
p—

Since (H1) implies the continuity of {Q(t)};>o in t in the uniform operator topology, it is
easy to see that I; tends to zero independently of x € By as t, —t; — 0, ¢ —» 0. Thus
(Fx)(ty) — (Fx)(t,) tends to zero independently of x € By, as t, — t; — 0, which means that
{Fx,x € B} is equicontinuous.

It remains to prove that for t € [0, b], the set V(t) = {(Fx)(t), x € B} is relatively compact
in E. Obviously, V(0) is relatively compact in E. Let 0 < t < b be fixed. For Ve € (0,t) and
V6 > 0, define an operator F, 5 on B by the formula

(Fg,ax)(t)=f £4(0)Q(t*0)(xo—g(x))dO
19
+af J 0(t —s)*1EL(0)QU(t —5)*0)f (s, x(s), [P x(s))dOds
0 Io)
=Q(8°‘5)(J £,(0)Q(t%0 —e%6)(xo— g(x))dO
19

+f _J Q(t—s)a_lga(G)Q((t—s)aG—8“5)f(s,x(s),Iﬁx(s))des),
0 5

where x € By. Then from the compactness of Q(¢*5)(¢*6 > 0), we obtain that the set V, 5(t) =
{(F 5x)(t), x € B} is relatively compact in E. Obviously, V(0) is relatively compact in IE for
Ve €(0,t) and Y6 > 0. Moreover, for every x € By, , we have

9]
|(Fx)(£) = (Fe 5x)(0)] < J £a(0)Q(t%6)(xo — g(x))db
0

+a

t ro
JJ 0(t —5)*E,(0)Q(t —5)*0)f (5, x(5), I’ x(5))d O ds
o Jo

+ J J O(t —s)*LEL(O)QU(t —5)*0)f (s, x(s), IPx(s))d Ods
0Js

—J ) f O(t —s)*LEL(O)Q((t —s)"‘@)f(s,x(s),Iﬁx(s))dﬂds
0 5

19
<M(xo+ Lk + L’)f £,(0)d06
0

sﬁ

r(g+1)

t r&
+aMkf J O(t —s)*1EL(O)u(s)(1 + )dOds
0o Jo
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+aMkf J O(t —s)* 1 (O)uls)(1+ )d6ds

N;
r(g+1)
SM(x0+Lk+L’)J £,(0)d0
[5 )
+aMkU (t—s)* 1,u(s)(1+r(ﬂ ))ds>J0 0£,(0)d6
+aMk(J (t—s)* 1“(5)(1+r(/3ﬁ 1)))J0009<§a(9)d9d5

< M(xy + Lk + L’)J £,(0)d6

S 5
+aMk(J (t—s)*Tu(s)(1+ O ))ds>J0 0&,(6)do

+aMk(f (t—s)*u(s)(1+

SP
)
Using again the same analogous performed in (5), we have

p—1

J (t—s)* T uls)(1+ s )ds <( p—1 )T tP+(afP1)p71
r(p+1)"  ~\p+(a—1)p-1

Bp2+p-1
2

t
X ||M||LP(J,R+)+_F(1+ﬁ)||“||Lp2(J,R+) >

and
t 1 P%l
p— pH(a=1)p—1
(=) ()L 4 = )dss( ) [
Jt_g F(ﬂ 1) p+(a—1)p—1
pp2+p—1
€ 2
x ||M||LP(J,R+)+m||u||Lp2(J,R+) ;

we obtain

)
|(Fx)(t) = (Fe ) ()] <M (xo + Lk + L')J £4(0)d0
0

p—1 Bp2+p—1

vamk(—PTL )T e e S
a p + N —
p+(a—1p—1 Pl e T gy Ml o.mn
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p—1

6 p—l
p—1 ’
xJ-O 6&,(0)dO +aMk(p+(a_1)p_1)

Bp2+p-1

p+(a—1)p—1

e P
xe P il rey + Hl—erllullez(J,R+)

Therefore, there are relatively compact sets {(F, 5x)(t),x € By} arbitrarily close to the set
{(Fx)(t),x € By} for t € (0,b]. Hence, {(Fx)(t), x € By} is relatively compact in [E. Moreover,
{(Fx)(t),x € By} is uniformly bounded by (8). Therefore, {(Fx)(t),x € B} is relatively
compact by Ascoli-Arzela Theorem.

Also, Since F is continuous on Bg. Then F is a completely continuous operator. Obviously
F maps By into itself. Hence, Schauder fixed point theorem shows that F has a fixed point
X € By, which means that the nonlocal Cauchy problem (1) has at least one mild solution on
J. The proof is complete. O

The following existence and uniqueness result for the nonlocal Cauchy problem (1) is based
on Banach contraction principle. We will need the following assumption.

(H4) There exists a positive constant L, such that for any x,x*, y, y* € C(J, Bi), we have
|f(t,%,x™) = £(t, 5, )N < Le(llx =yl + 1" = ¥y ),
for t € J, where k is defined as in (7).

Theorem 3. If assumptions (H2)—(H4) are satisfied, then the nonlocal Cauchy problem (1) has
a unique mild solution provided that

aMLy (p* T(a)b**P
P ers (e e < ”

Proof. It is easy to see that fooo E.(0)Q(t*0)(xg— g(x))dO exists and

JJ O(t —s)*1E,(0)QU(t —5)*O)f (s, x(s), IP x(5))d O ds
0 0

Bochner’s integrable with respect to s € [0, t] for all t € J. For x € B, Consider the operator
F on By which is given by (6).

Obviously, it is sufficient to proof that F has a unique fixed point on By.

According to (8), we know that F is an operator from By, into itself. For any x, y € By and
t € J, according to (H3), (H4) and (2), we have

|(Fx)(6) = (Fy)(6)] <

f £.(0)Q(t*0)(g(y) —8(x))do
0
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+a

J J 0(t—5)*"E.(0)QU(t —5)*O)[f (s, x(5), 1P x(5)) — £ (5, (5), 1P y (5))]1d Ods
0 JO

<ML|lx—yl|

F?(I:I-fg) (J (t—5)*x(s)— J’(S)Ids+J (t—s)*" 1f (s F(Tﬁ))_l Ix(r)—y(r)ldrds).

By changing the order of the second integral, we get

J J (t—5)“_1(5—T)ﬂ_IIX(T)—y(T)Ides=f f (t—5)* s — )P x(t) — y(7)ldsd T
0 0 0 T

_T(a)T(B)
" T(a+p)
_T(a)r(p)
n T(a+p)

f (t=2) P x(r) — y()ldT
0

t

f (t =) x(s) — y (s)lds.
0

Therefore, we get

[(Fx)(t) = (Fy)(t)] <M L[[x =yl

aMLf a—1 a+p—1
F(a+1) (J (t—s) ds+r( +ﬁ)f (t—s) ds)llx yll

<ML|x—y| + —Lf b“+w llx—yll
SN Ta+ 1) T(a+ ) Sl
Thus
Fx—F e ME (b0 T@BPAY,
x—Fy|l < +——=+=———=|lIx=yl
I vl Ma+1)\ a T(a+p) Y
which means that F is a contraction according to (9). By applying Banach contraction princi-
ple, we know that F has a unique fixed point on B;. The proof is complete. O

4. Mittag-Leffler-Ulam Stabilities

In this section, we consider the Mittag-Leffler-Ulam stability of the nonlocal Cauchy prob-
lem (1). Let € be a positive real number and ¢ : J — R be a continuous function. We consider
the following inequalities

D%y () —Ay()— f (£, ¥ (), 1P y(D))| <e, t e (10)
|°D*y () —Ay ()= f (£, y(6), 1P y(1))| <p(0), t€J (11
|“Dy () —Ay (1) — £ (6, y(£), IPy ()| <ew(t), t€J (12)
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Definition 5. Eq. (1) is Mittag-Leffler-Ulam-Hyers stable, with respect to E,, if there exists a real
number ¢ > 0 such that for each € > 0 and for each solution y € C(J, E) of the inequality (10),
there exists a mild solution x € C(J,E) of Eq. (1) with

()= x(0)] < ceE,[t], t € J.

Definition 6. Eq. (1) is generalized Mittag-Leffler-Ulam-Hyers stable, with respect to E,, if there
exists 0 € C(R*,R"), 6(0) = 0 such that for each solution y € C*(J, E) of the inequality (10),
there exists a mild solution x € C(J,E) of Eq. (1) with

[y(6)—x(0)] < B(e)E,[¢], t €.

Definition 7. Eq. (1) is Mittag-Leffler-Ulam-Hyers-Rassias stable with respect to @E, if there
exists Cy, > 0 such that for each € > 0 and for each solution y € C Y(J, E) of the inequality (12),
there exists a mild solution x € C(J, E) of Eq.(1) with

|y ()= x(0)| < Coep(t)E,[t], teJ.

Definition 8. Eq. (1) is generalized Mittag-Leffler-Ulam-Hyers-Rassias stable with respect to 9 E,
if there exists C,, > 0 such that for each solution y € C Y(J,E) of the inequality (11), there exists
a mild solution x € C(J, E) of Eq.(1) with

|y () —x(6)] < Cuo(DE[t], te .
Remark 4. It is clear that: (i) Definition 5 = Definition 6; (ii) Definition 7 => Definition 8.

Remark 5. A function y € C'(J, E) is a solution of the inequality (10) if and only if there exist
a function h € C(J, E) (which depend on y) such that

() |h(t)| <€, t e,
(i) “Dy(t) =Ay(t)+f (£, y(t),IPy(t)) +h(t), t €J.
One can have similar remarks for the inequalities (11) and (12).

Remark 6. If y € C1(J, E) i a solution of the inequality (10), then y is a solution of the following
integral inequality

Mb®

y(t)—S(t)(yo—g(y))—L (t=)*T(t=5)f (5, ¥(s), IP y(s))ds| < TatD

We have similar remarks for the solutions of inequalities (11) and (12).

Theorem 4. If assumptions (H3) and (H4) are satisfied, then the nonlocal Cauchy problem (1)
is Mittag-Leffler-Ulam-Hyers stable.
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Proof Let y € C'(J,E) is a solution of the inequality (10). Let us denote by x € C(J, E)
the unique mild solution of the nonlocal Cauchy problem

{me(t)=Ax(t)+f(t,x(t),1ﬁx(t)), teJ 13)
x(0) = y(0).
We have .
x(t)=S(t)yo—g¥)) + f (t—5)* I T(t—$)f (s, ¥(5), IP y(s))ds.
Then we get ’

'y(t)—S(f)(J’o —g(y)) —J (t=)* T (e =5)f (s, ¥(s), IP y(s))ds
0

<

J (t —s)* LT (t —s)h(s)ds
0

SaJ f 6(t—5)* 7 E4(0)Q(t —5)* ' 0)Ih(s)|d6ds
0 JO

t
aM
<7 t_ (l—].d
_F(a+1)6f0( 2 s

Mb*
< €.
INa+1)

From these relations, we have

ly(6) —x(t)| = y(t)—S(t)(yo—g(y))—J (t=)*T(t =5)f (s, %(5), I x(5))ds
0

s )’(t)—S(t)(yo—g(y))—f (t=)* T (t=5)f (5, ¥(s), 1Py (s))ds
0

+ J (t =) T (e =5)f (s, ¥(s), 1P y(s)) = £ (s, x(5), P x(5))]ds
0

Mb“*
< €
Ia+1)

JJ 0(t—3)""Ea(0)Q((t —)* O f (5, ¥ (), IP y (5))—
0 JO

+a

—f(S,X(s),Iﬁx(s))]des\
Mb“*
<
*Ta+1)
+ aM
I(a+1)

€+

f (6 =)*7Mf (s, (), IP y () — £ (s, x(5), 1P x(s)) s
0



M. Abbas / Eur. J. Pure Appl. Math, 8 (2015), 478-498

Mb© aMLy
< €+
I'a+1) Ia+1)

(J (t=5)*"x(s) = y(s)lds
0

L t ’ a1l B—1 _
T8 OJo(t )T =) x(7) y(T)|des).

Using a similar manner of the second integral as in Proof of Theorem 3, we get

Mb® aMLy
€+
I'a+1) I'a+1)

ly(8) =x(t)| < J (=) "Hx(s) = y(s)lds
0

+ F(f—ifm Jo (t —$)* P x(s) — y(s)|ds.

An application of Remark 2 and Remark 3 (with b; = Fogf{), by = ré\i

By = a+ B) to the last inequality yields the desired estimation

L
+fﬁ), p1=aand

Mb?
Iy(t) —X(t)| < m (Ea [MLf ta:l + Ea+ﬁ [MLf ta+ﬁ]) €.
Thus, the conclusion of our theorem hold.

The following theorem gives generalized Mittag-Leffler-Ulam-Hyers stability.

495

Theorem 5. If assumptions (H3) and (H4) are satisfied. Suppose there exist A > 0 such that

1

- _ o1
F(a)ﬁ)(t $)*p(s)ds < Ag(t),

for all t € J, where ¢ € C(J,R") is nondecreasing. Then the nonlocal Cauchy problem (1) is

generalized Mittag-Leffler-Ulam-Hyers stable with respect to @E,,.

Proof Let y € C'(J,E) is a solution of the inequality (11). By Remark 5, we have for t € J

that y is a solution of the following integral inequality

y(t)—S(t)(yo—g(y))—J (t=)*T(t=5)f (5, ¥(s), IP y(s))ds| < MA (1),
0

Let us denote by x € C(J, E) the unique mild solution of the nonlocal Cauchy problem

{CDax(t) =Ax(t) + f(t,x(t),IPx(t)), t €J
x(0) = y(0).

We have .
x(£)=S(t)(yo— &)+ J (t=s)* 1T (t—35)f (5, ¥(5), IPy(s))ds.
0

(14)
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Then we get
’y(t) =S()(yo—8(¥)) —J (6 =)' T(t—5)f (s, ¥(s), 1P y(s))ds
0

< f (t—5)*1T(t —s)p(s)ds
0

SaJ f 0(t —s)*1E,(0)Q((t —s)*10)p(s)dOds

a—1
F(a+1)j (t—=s)*"p(s)ds
<M o(t).

Again, from these relations, we have

ly(6) —x(t)| = y(t)—S(t)(yo—g(y))—f (t =) " T(t—5)f (s, x(s), IPx(s))ds
0

= y(t)—S(t)(J’o—g(y))—f (t =) " T(t=5)f (s, ¥(s), IP y(s))ds
0

+ J (=) Tt =$)f (s, ¥ (), IP y (D) — f (s, x(5), P x(s5)) ds
0

SMMD(tHaJJ 0(t—5)* &4 (0)Q(t —5)*'6)
0 Jo

X[f (5, (), 1Py (s)) = £ (s, x(s), IP x(5))1d O ds|

—g)o1 B — B
F(a—l—l)L(t $)* S (s, ¥ (), 1Py (s)) = £ (s, x(s), 17 x(s))|ds

<MA p(t)+

<M aMLy t w1 g
SMA @O+ gy | ] @ T~y (lds

L o _a—1le. _ \p-1 _
0 fo L(t ) s =) x(7) y(f)ufds).

Using a similar manner of the second integral as in Proof of Theorem 3, we get

a ML t
ly(£) — x(¢)] SF(Mi- 1) I‘?a+£) f (t —s)*x(s)— y(s)|ds
ML
F(a+f/5)f (t —$)*"P 1 x(s) — y(s)|ds.
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According to Remark 2 and Remark 3, we obtain our required assertion

() =x(t)] S MA (Eq[MLs t*]+Eqp [ML; t*P]) 0(0).

The conclusion of our theorem hold. O
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