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Abstract. In this paper, we introduce and investigate an interesting subclass Bg’p (M) of analytic
and bi-univalent functions in the open unit disk U. For functions belonging to the class Bg’p (N,
obtain estimates on the first two coeflicients |as| and |as|. The results presented in this paper
generalize and improve some recent works of Frasin et al. [B.A.Frasin, M.K.Aouf, New subclasses
of bi-univalent functions, Appl. Math. Lett. 24:1569-1573, 2011] and Srivastava et al. [Qing-Hua
Xu, Ying-Chun Gui, H.M.Srivastava, coefficient estimates for a certain subclass of analytic and
bi-univalent functions, Appl. Math. Lett. 25: 990-994, 2012].
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1. Introduction and definitions

Let A denote the class of functions of the form
f(z) = z+2anz”, (1)
n=2

which are analytic in the open unit disk
U={zeC:|z| <1}.

We denote by S the subclass of the analytic function class A consisting of all functions in
A which are also univalent in U.
It is well known that every function f € S has an inverse f~!, defined by

AR =2 (z€0)
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and

).

e

@) =w  (Jw] <ro(f); ro(f) =
In fact, the inverse function f~! is given by
Y w) = w — agw? + (242 — az)w® — (5a3 — Sagasz + ag)w* + - - - .

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent
in U. Let ¥ denote the class of bi-univalent functions in U given (1).

The coefficient bounds for the class ¥ have been studied by Lewin [1], Brannan and
Clunie [2], Netanyahu [3]. The coefficient estimate problem for |a,| (n € N\ {1,2}; N :=
{1,2,3,---}) is presumably still an open problem. In [4]|(see [5, 6, 7]), certain subclasses
of the bi-univalent function class ¥ were introduced, and non-sharp estimates on the first
two coefficients |az| and |ag| were found.

Recently, Frasin et al.[8] introduced the following subclasses of the bi-univalent function
class ¥ and obtained non-sharp estimates on the first two coefficients |az| and |asg|.
Definition 1(see [8]). A function f(z) given by (1) is said to be in the class By (a, A) if the
following conditions are satisfied:

f(z) an

fex and (z€eU; 0<a<1; A>1)

are (- 0T )| <

and

arg <(1 - A)g(ww)

-l-/\g’(w))‘gag (wel; 0<a<l1; A>1),

g(w) = w — agw® + (243 — az3)w® — (5a3 — 5asaz + ag)w +--- . (2)
Theorem 1(see [8]). Let f(z) given by (1) be in the function class Bs(a, A). Then

2c

|az| <
VO 12 +a(l+2) - )2)

and
402 n 20
A+1)2 0 22 +1

Definition 2(see [8]). A function f(z) given by (1) is said to be in the class B (5, A) if the
following conditions are satisfied:

laz| <
(

f(2)

z

fe¥ and §R<(1—/\) —|—)\f/(z)>>ﬂ (zeU; 0<B< ;A >1)

and

(w)

3‘%((1—)\)gz+)\g’(w)>>ﬁ (wel; 0<F<1; A>1),
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where the function g is defined by (2).
Theorem 2(see [8]). Let f(z) given by (1) be in the function class Bx (5, A) . Then

2(1-5)

<
a2l <\ 53

and

11-8?  21-5)

< .
sl < 5T Tt

Here, in our present sequel to some of the aforecited works (especially [7, 8]), we
introduce the following subclass of analytic functions.
Definition 3. Let h, p: U — C be functions such that

min{R(h(2)), R(p(z))} >0, (z€U) and h(0)=p(0)=1,

Also let f be an analytic function in U defined by (1). We say that f € Bg’p (N) if the
following conditions are satisfied:

fex and (1—)\)f(zz)+)\f’(z)€h([U) (z€eU; A>1) (3)
and
-0 gy epv) wew: Az1), (1

where the function g is given by (2).

We note that for A = 1, the class Bg’p (M) reduces to the class ’Hg’p introduced and
studied by Xu et al.[7].
Remark 1. There are many choices of the functions A and p which would provide
interesting subclasses of analytic functions. For example, if we let

h(z) = p(z) = ij)a (€U O<a<l)

or

14+ (1-20)z
N 1-=2

h(z) = p(2) (2€U; 0SB <),
it is easy to verify that h(z) and p(z) satisfy the hypotheses of Definition 3. If f € Bg’p (N,

then
f(2)

z

fex and

arg((l—)\) —|—/\f’(z))‘§0;7T (zeU; 0<a<l; A>1)



H.G Xiao, Q.H.Xu / Eur. J. Pure Appl. Math, 10 (4) (2017), 638-644 641

and
arg<(1—)\)g(ww)+/\g'(w)>’§0;7r (welU; 0<a<l; A>1),
or
fex and §R<(1—)\)f(z)+)\f’(z)>>ﬁ (zeU; 0<pB<1)
P ’ —
and
%((1—A)‘C](1Um+)\g’(w)>>ﬁ (welU; 0<B<1;0<8<1),

where the function g is given by (2).
This means that

f € Bs(a, \) or feBs(B,N).

In this paper, stimulated by [7, 8], we introduce the following subclass of the bi-
univalent function class ¥ and obtain estimates on the first two coefficients |as| and |ag|.
Our results would generalize and improve the related works of Frasin et al.[8] and Xu et

al.[7] .

2. Main results and their proofs

In this section, we state and prove our results involving the bi-univalent function class
BLP()) given by Definition 3.
Theorem 3. Let f(z) given by (1) be in the function class f € Bg’p (A\). Then

O 0] (0)
ISy ey IS sy ®)
Proof. It follows from (3) and (4) that
<1—A>f(j) Z)=h(z) (zeD) ®
and
1= g/ (w) = plw) (€ V), @

where h and p satisfy the conditions of Definition 3, Furthermore, the functions h(z) and
p(w) have the following series expansions:

h(z) =1+ hiz+hez® + -+
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and
_ 2
p(w) =14+ prw+ pow” +-- -,

respectively. Now, equating the coefficients in (6) and (7), we get

(1 + /\)ag = hy, (8)
(1 +2X\)ag = ho, (9)
—(1 + )\)ag =n (10)
and
(1+2)\)(2a§ —az) = pa. (11)
From (8) and (10), we get
hi = —p1 2(1 4 N)2a3 = h? + ph. (12)

Also, from (9) and (11), we find that
2(1 + 2A)a3 = h + po, (13)

which gives us the desired estimate on |as| as asserted in (5).
Next, in order to find the bound on |as|, by subtracting (11) from (9), we get

2(1 4+ 2\)az — 2(1 + 2\)a3 = ha — pa. (14)
Upon substituting the value of a2 from (13)into (14), it follows that

ho

= TN

as claimed. This completes the proof of Theorem 1.

3. Corollaries and consequences

In view of Remark 1, if we set

h(z):p(z):<1+z> (zeU; 0<a<l)
and
he) =pie) = U2 ey o<

1—2z
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in Theorem 3, respectively, we can readily deduce the following two corollaries, which we
merely state here without proof.
Corollary 1. Let f(z) given by (1) be in the bi-univalent function class Bx(a, A) . Then

[ 2 202
lag| < 2)\+1a and |a3\§2>\+1. (16)

Remark 2. It is easy to prove that

2 2
\/ a< a O<a<l; A>1)
L4207 /(A + 12+ a(l+2) = A2

and

202 < 402 n 2a
142X~ (A+1)2 20 +1

O<a<l; A>1),

which, in conjunction with Corollary 1, would obviously yield an improvement of Theorem
1.
Corollary 2. Let f(z) given by (1) be in the bi-univalent function class Bx(3, A). Then

2(1-5)

. 1
220 +1 (17)

and lag| <

Remark 3. It is obvious that

A1) _ 415  201-5)

< L, A>1
20+1 = (A +1)2 20 +1 (0=f<1sAz1),

which, in conjunction with Corollary 2, would lead us to an improvement of Theorem 2.
Setting A = 1 in Theorem 3, we get the following estimate, which was obtained by Xu

et al. [7].

Corollary 3 (see [7]). Let f(z) given by (1) be in the bi-univalent function class Hg’p .

Then

(0] + [p” (0 (0
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