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1. Introduction

In 1998, Jungck and Rhoades [1] introduced the notion of weakly compatible mappings
as follows:

Let X be a nonempty set. Two mappings f,g: X — X are said to be weakly compatible
if fo = gx implies fgx = gfx for any = € X.

In 2011, Sintunavarat and Kumam [4] introduced a new relax condition is called the
(CLRg)-property as follows:
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Suppose that (X,d) is a metric space and f,g : X — X be two mappings. The
mappings f and g are said to satisfy the common limit in the range of g (shortly, (CLR)-
property) if there exists a sequence {z,} in X such that

lim fx, = lim gx, = gx

n— o0 n—oo
for some € X. The importance of (CLR,)-property ensures that one does not require
the closeness of range subspaces

On the other hand, in 2010, Chistyakov [2] introduced the notion of a modular metric
space which is a new generalization of a metric space. In the same way, Mongkolkeha et
al. [3] proved the existence of fixed point theorems for contraction mappings as following:

Let w be a metric modular on X and X, be a modular metric space induced by w. If
X, is a complete modular metric space and T : X, — X, be a mapping such there exists
k € [0,1) with

WX (T:l:a Ty) < kwy (:L‘a y)

for all z,y € X, and A > 0, then T has a unique fixed point in X,,.

Currently Aydi et al. [5] established some coincidence and common fixed point results
for three self-mappings on a partially ordered cone metric space satisfying a contractive
condition and proved an existence theorem of a common solution of integral equations.
In the same way, Shatanawi et al.[6] studied some new real generalizations on coincidence
points for weakly decreasing mappings satisfying a weakly contractive condition in an
ordered metric space. Many author studies in modular metric spaces [11, 12, 13, 14, 15,
16, 17].

In this paper, we study and prove the existence of some coincidence point theorems
for generalized contraction mappings in modular metric spaces and give some applications
on integral equations for our main results.

2. Preliminaries

In this section, we give some definitions and their properties for our main results.

Definition 1. [7] Let (X,d) be a metric space. Two mappings f: X — X andg: X — X
are said to satisfy the (E.A)-property if there exist a sequences {xyn} in X such that

lim fx, = lim gx, =t
n—oo n—oo

for some t € X.
Next, we introduce the notion of a modular metric space as follows:

Definition 2. Let X be a linear space over R with 0 € X as its zero element. A functional
p: X — [0,400] is called a modular on X if, for all z,y,z € X, the following conditions
hold:

(M1) p(xz) =0 if and only if x = 0;
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(M2) p(x) = p(—z);
(M3) plax + By) < p(z) + p(y) whenever a, 5 >0 and a+ 5 = 1.
The linear subspace X, := {iL‘ eX: /\lim p(A\xr) = O} 15 called a modular space.
—00

Definition 3. [2] Let X be a nonempty set.
(1) A function w : (0,00) x X x X — [0,00] is called a metric modular on X if, for
all x,y,z € X, the following conditions hold:

(MM1) wy(x,y) =0 for all X\ > 0 if and only if v = y;
(MM2) wy(x,y) = wx(y,x) for all X > 0;
(MMS3) wxip(x,y) < wr(,2) +wu(z,y) for all X\, > 0.

(2) If, instead of the condition (MM1), we have the following condition:
(MM1") wy(z,z) =0 for all X > 0,
then w is called a (metric) pseudo-modular on X.
Remark 1. A modular w on a set X, the function 0 < X\ — wy(x,y) € [0,00] for all

x,y € X, is a non-increasing on (0,00). In fact, if 0 < u < A, then the conditions (MMS3),
(MMT1') and (MM2) imply

wA(@,y) < w2, 2) +wule,y) = wu(z,y). (1)

It follows that, at each point A > 0, the right limit wyio(x,y) = EETOWA+E(SU’ y) and
the left limit wy_o(x,y) := sliIEOwA_E (x,y) exist in [0, oo] and the following two inequalities
hold:

wito(2,y) < wa(,y) < wa-o(@,y). (2)

for all x,y € X. We know that, if 29 € X, the set X, = {x € X : /\lim wr(x,x0) =0} is a
—00

metric space, which is called a modular space, whose metric is given by
d° (z,y) = inf{\ > 0: wy\(z,y) < A}

for all z,y € X,,. Also, it follows that, if X is a real linear space, p : X — [0, oo] and

wn(@y) = p(57)

for all A > 0 and z,y € X, then p is a modular on X if and only if w is a metric modular
on X (see [2]).

Example 1. [8] The following indexed objects w are simple examples of a modular on a
set X. Let A >0 and z,y € X. Then we have

(1) LL)A(IL’,y) =0 Zf>‘ < d(il?,y), and (,U)\(Z',y) =0 Zf>‘ > d(x?y)f

(2) wa(z,y) =00 if X < d(z,y), and wy(x,y) =0 if X\ > d(z,y).
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Definition 4. [3] Let X, be a modular metric space.

(1) The sequence {x,} in X, is said to be w-convergent to a point x € X, if wy(xn, ) —
0 as n — oo for all A > 0;

(2) The sequence {x,} in X, is called an w-Cauchy sequence if wy(Tm,x,) — 0 as
m,n — oo for all A > 0;

(3) A subset C of X, is said to be w-closed if the limit of a convergent sequence {x,}
of C' always belongs to C;

(4) A subset C of X, is said to be w-complete if any w-Cauchy sequence {x,} in C is
w-convergent to a point is in C;

(5) A subset C of X, is said to be w-bounded if, for all A > 0, 0,,(C) = sup{wy(z,y) :
z,y € C} < o0,

Definition 5. Let X, be a modular metric space and f,g : X — X be two mappings.
The mappings f and g are said to satisfy the common limit in the range of g (shortly,
(CLRy)-property) if

lim fz, = lim gz, = gz
n—oo n—oo

for some x € X,,,.

Definition 6. [9] Let X, be a modular metric space. We say that w satisfies the Ag-

condition if, for any sequence {x,} C X, and x € Xy, there exists a number A > 0,

possibly depending on {x,} and x, such that li_>m wx(zn, ) = 0 for some A > 0 implies
n oo

lim wy(xn,z) =0 for all A > 0.

n—oo

Note that, in this paper, we suppose that w is a modular on X and satisfies the
As-condition on X.

3. Fixed point results for the contractive condition

Lemma 1. Let f and g be weakly compatible self-mappings of a set X,,. If f and g have
a unique coincidence point, that is, t = fx = gx, then t is the common fized point of f
and g.

Theorem 1. Let X, be a modular metric space and f, g : X, — X, be weakly compatible
mappings such that f(X,) C g(Xw) and g(X,) is a w-complete subspace of X,,. Suppose

there exists number a € [0, Z) for all x,y € X, and X\ > 0 such that

(a) there exists xg,x1 € X, such that wy(fzg,gr1) < oo;

(b) wx(fz, fy) < alwr(fz, gy) + war(fy, gz) + wr(fz, gz) + wr(fy, gy)]-

Then f and g have a coincidence point.
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Proof. Let xy be an arbitrary point in X,,. Since f(X,) C ¢g(X.), there exists a
sequence {z,} in X, such that

9Tn = frp_1
for all n > 1. Now, setting = x,, and y = x4 in (b), we have
WA(fTn, frni1) < alwxa(fon, fon) + war(fong1, fon—1) + wa(gTni1, gTn) + wr(fong1, fon)]
= a[w2)\(f$n+1a fmnfl) + w)x(ganrla gxn) + W/\(fl‘nJrla f$n)]
for all A > 0. On the other hand, we have
W2/\(fxn+17 fxn—l) S w)\(fxn—}—la fl'n) + W)\(f.an, fxn—l)
- w)\(fxn—l-l’ fl'n) + w)\(gxn—‘rlv gxn)

and so

W)\(fl'n, fanrl) < a[w)\(fl‘nJrl) fl‘n) +w,\(gxn+1, gl’n) +w,\(gazn+1, gﬂ?n) +w>\(fxn+1a f:l:n)]

This implies that

2a
A(fan, fen1) < T75-0A(9%n, gTn+1)

1
2a

for all n € N, where @ = 1 < 1. By induction, we have

wWx(fTn, fTni1) < a"wxr(gwo, g71) (3)
for all n € N. By (a), it follows that {fx,} is a w-Cauchy sequence. Since g(X,,) is
w-complete, there exists u,v € X, such that u = g(v) and fx,, — u as n — oo. Since w
satisfy the Ag-condition on X, we have ILm wr(fn,uw) =0 for all A > 0 and hence

nh_}n;ow,\(f:zn,u) = nh_}rrgowA(ga:n,u) =0 (4)
for all A > 0. Letting z = x,, and y = v in (b), we have
wA(fan, fv) < alwr(fzn, gv) + war(fv, gzn) + WA ([, gzn) + wr(fv, gv)]
< (I[W)\(fxn, gv) =+ (Ug)\(fv, fxn) + w/\(fxna gxn) + w,\(fv, g’U)]
and, by Remark 1, since the function A — wy(x,y) is non-increasing, we have
W)\(f$n7 fU) < a[UJ)\(ffL‘n, gv) + w,\(fv, fl'n) + W,\(filfn, gxn) + w)x(f“? gv)]'
By (b), letting n — oo in the above inequality, we have
wx(fv, gv) < [wa(fv, gv) + wa(fo, fo) + wr(fv, gv) + wa(fo, gv)].
Thus (1 — 4k)wy(fv, gv) <0 for all A > 0 and so
gv = fv=u,
which proves that g and f have a coincidence point.

Now, we generalize Theorem 1 by using (C'LRg)-property for weakly compatible map-
pings as follows:
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Theorem 2. Let X, be a modular metric space and f,g : X, — X, be weakly compatible
mappings such that f(X.,) C g(X.). Suppose there exists a number a € [0,1) for all
z,y € Xy, and A > 0 such that

(a) there exists xg,x1 € X, such that wy(fzo, gr1) < oo;

(b) wa(fz, fy) < alwa(fz, gy) +war(fy, gz) +wr(fz, gz) +wA(fy, 9y)].
If f and g satisfy the (CLR,)-property, then f and g have a unique common fized point.

Proof. Since f and g satisfy the (CLR,)-property, there exists a sequence {x,} in X,

such that lim fz, = lim gz, = gz for some x € X,,. From (b), we have
n—oo n—aoo

w/\(fxnv fx) < a[w)\(fxnagx) + Wg)\(fl', gmn) + w)\(fxna gxn) + (d)\(fx, gZC)]

for all n > 1. Letting n — oo, we have gr = fz. Let t = fax = gx. Since f and g are
weakly compatible mappings, fgr = gfx implies that ft = fgx = gfz = gt.
Now, we claim that ft = t¢. From (b), we have

A(ft, fx)

[wA(ft, g2) + war(fz, gt) + wA(f1, gt) + war(fz, g)]
wr(ft, gz) + war(fz, gt)]

w)\(ft, t) + wa (t, ft)]

W)x(ftv t) =
<

e &

— (l[

= a[

and, by Remark 1, since the function A\ — wy(x,y) is non-increasing, we have
wr(ft,t) < alwa(ft,t) +walt, ft)].

This implies that (1 — 2a)wy(ft,t) < 0 for all A > 0, that is, wx(ft,t) = 0 and so
ft=1t=gt. Thus t is a common fixed point of f and g.

For the uniqueness of the common fixed point, we suppose that u is another common
fixed point in X, such that fu = gu. From (b), we have

[wA(fu, gt) + war(ft, gu) + wa(fu, gu) + wa(f1, gt)]
[wA(fu, gt) +war(ft, gu)]
[wa(gu, gt) + war(gt, gu)]

and, by Remark 1, since the function A\ — wy(x,y) is non-increasing, we have
wx(gu, gt) < alwa(gu, gt) + wa(gt, gu)].

This implies gu = gt. Thus, by Lemma 1, we have f and g have a unique common fixed
point.
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Theorem 3. Let X, be a modular metric space and f,g : X, — X, be weakly compatible
mappings such that f(X,) C g(Xw). Suppose that there exist ay,az,as,aq,as € [0, i) and

5
> a; < 1 such that, for all z,y € X, and A > 0,
i=1

(a) there exists xg,x1 € X, such that wy(fzg,gr1) < oo;

(b) wa(fz, fy) < arwr(fz, gz)+aswr(fy, gy)+aswr(fy, 9z)+aswx(fz, gy)+aswa(gy, g2).
If f and g satisfy (CLRy)-property, then f and g have a unique common fized point.

Proof. Since f and g satisfy the (CLR)-property, there exists a sequence {x,} in X,
such that lim fz, = lim gz, = gz for some x € X,,. From (b), we have
n—oo n—a~oo

WA(f2n, fr) < arwn(fon, gTn) + acwr(fr, gz) + aswr(fz, gzn)
+ CL4(,U)\(f$n, gw) + GBW)\(gwa gxn)

for all n > 1. By taking the limit n — oo, we have

W)\(g.%', fﬂl’) < a1w,\(ga:,g:v) + agw,\(fx,gx) + CL3W)\(fLU, gx)
+ aswx (92, 9) + aswi (g9, gz)
= (a2 + az)wx(fz, g).
This implies that (1 —ag — a3)wx(fz, gx) < 0 for all A > 0, which is a contradiction. Thus
fx = gx. Now, let t = fo = gz. Since f and g are weakly compatible mappings, we have
fgx = gfx, which implies that ft = fgx = gfz = gt.
Now, we show that gt = t. Suppose wy(gt,t) > 0. Then, from (b), we have

wr(gt,t) = wr(ft, fx)
< arwx(ft, gt) + aswi(fz, gx) + aswy(fx, gt)
+ aswx(ft, gz) + aswa(gz, gt)
< agwy(t, gt) + aswr(gt, t) + aswa(t, gt)
= (ag + a4 + as)wx(gt, ).
This implies that (1 — az — ag — as)wx(gt,t) < 0 for all A > 0, which is a contradiction.
Thus ¢ is a common fixed point of f and g.

For the uniqueness of the common fixed point, we suppose that u is another common
fixed point in X, such that fu = gu. From (b), we have

wx(u,t) = wr(gu, gt)
= wa(fu, 1)
< arwr(fu, gu) + awy(ft, gt) + aswy(ft, gu)
+ aswr(fu, gt) + aswa(gt, gu)
< azwy([t, gu) + aswy(gu, ft) + aswi(ft, gu)
= (ag + a4 + az)wx(u, t).
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This implies that (1 — ag — a4 — as)wy(u,t) < 0 for all A > 0, which is a contradiction.
Thus wy(u,t) = 0 and so u = ¢t. Hence f and g have a unique common fixed point.

By setting g = Ix,,, we deduce the following result of fixed point for one self-mapping
from Theorem 3.

Corollary 1. Let X, be an w-complete modular metric space and f : X, — X, such that,
for all A >0 and z,y € X, wi(xo, fro) < 00 and
wr(fz, fy) < awr(fz, ) + agwr(fy, y) + aswa(fy, 2) + aswr(fz,y) + aswr(z, y)
5
where a1, az, as,as,as € [0, %) with Y a; < 1. Then f has a unique fized point z. Further,
i=1
for any xy € X, the Picard sequence {fx,} with an initial point xy is w-convergent to
the fixed point z.

Corollary 2. Let X, be an w-complete modular metric space and f : X, — X, such that,
for all A >0 and z,y € X, wi(xo, fro) < 00 and

wr(fz, fy) < awwr(fz,z) + acwr(fy, y) + aswa(z,y)
where a,az,as € [0, %) with 0 < a1 + as + a3z < 1. Then f has a unique fized point.

Corollary 3. Let X, be an w-complete modular metric space and f : X, — X, such that,
for all A >0 and z,y € Xy, wx(xo, fro) < 00 and

OJ)\(f$, fy) < (ZW)\(.’,E, y)
where 0 < a < 1. Then f has a unique fixed point.
Now, we give some examples of the (C'LRg)-property as follows:

Example 2. Let X, = [0,00) be a modular metric space. Define two mappings f,g :
Xow = X, by fr =2+ 4 and gr = 5z for oll x € X, respectively. Now, we consider the
sequence {x,} defined by x, = {1+ L} for each n > 1. Since

lim fx, = nli_}nologmn =5=g94(1) € X,

n—oo
f and g satisfy the (CLR,)-property.

Example 3. The conclusion of Example 2 remains true if the self-mappings f and g is
x

defined on X, by f(x) = § and g(x) = § for all x € X,,, respectively. Let a sequence {x,}
be defined by x,, = {1} in X,,. Since

lim fx, = ILm gz, =0=g(0) € X,

n—oo

f and g satisfy the (CLRy)-property.
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4. Fixed point results for the strict contractive condition

Definition 7. Let (X,w) be a modular metric space and (f,g) be a pair of self-mappings
on X,. For any x,y € X, consider the following sets:

M9 (2, y) = {wr(gz, gy), wa(gz, F2),wx(gy, fy), wa(gz, Fy),walgy, f)},

M (z,) = {onloz, gu),r(a, fo),wrlay, fu), 2T T,

M (2, y) = {M(% gy), 2297 ) —2% wrlgy, fy) walgz, fy) 42r w(gy, fx) }

and define the following conditions:
(C1) for any x,y € X,,, there exists ap(x,y) € Mg’g(:v, y) such that

wr(fz, fy) < ao(w,y),

(C2) for any z,y € X, there exists ay(z,y) € M{’g(z, y) such that
wx(fz, fy) < ar(z,y),

(C3) for any z,y € X,,, there exists as(z,y) € Mg’g(:c, y) such that

W)\(fZC, fy) < 042(56, y)
These conditions are called the strict contractive conditions.

Definition 8. Let (X,w) be a modular metric space. Let f,g be self-mappings on X,.
Then f is called a g-quasi-contraction if, for some constant a € (0,1), there exists a(x,y) €
M9 (z,y) such that

wx(fz, fy) < aa(z,y)

for all x,y € X,,.

Theorem 4. Let X,, be a modular metric space and f, g : X, — X, are weakly compatible
mappings such that f(X,) C g(Xw) satisfies the condition (C3) for all x,y € X, and
A > 0. If f and g satisfy the (CLRgy)-property, then f and g have a unique common fized
point.

Proof. Since f and g satisfy the (CLR)-property, there exists a sequence {x,} in X,

such that lim fz, = lim gz, = gz for some x € X,,. From (C3), we have
n—oo n—m-a:o0

w)\(f'mﬂn fCL') < O[2(‘IETL7 ':E)a

where ag(xy,, ) € Mg’g(azn, x). Therefore, we have

ML (20, 7) = {M(gwm gz), g% fxn);r wilgz, fz) wr(g2n, fz) ; wA(g, fan) }
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Now, we show that fz = gx. Suppose that fz # gz. From (C3), we have the following
three cases:

Case 1. w)(fxn, fx) < as(zy,x). Taking limit as n — oo, we have wy(gz, fz) <
wx(gz, gxr) = 0, which is a contradiction.

Case 2. w>\(f$n, fLU) < WA(ngH fxn)2+ CUA(g;U, fx)

. Taking limit as n — oo, we have

(g, fo) < DIDIDTAGETD) _ L, (4 1),

which is a contradiction.
Case 3. wy(fzn, fz) < WA(9Tn, fx) + wr(gz, fr,)

5 . Taking limit as n — oo, we have

wxlgz, fx) 4+ wyr(gzx, gx 1
(9, fx) (9, gz) _ L gz, o),
2 2
which is a contradiction. Hence gx = fx in all the cases. Let t = fo = gx. Since f and ¢
are weakly compatible mappings, fgx = ¢gfz, which implies that ft = fgx = gfx = gt.
Now, we show that ft = ¢. Suppose that ft # t. From (C3), we have

wx(gz, fr) <

W)\(ft, t) = W)\(ft, f.%') < Oéz(t, ZL’),
where ao(t,x) € ./\/l%c’g(t, x). Therefore, we have

walgt, f1) +walgz, fr) wilgt, fr) +wr(gz, ft) }
2 ’ 2

ME(t,2) = {wn(gt, ge).
— {wA(ft,1),0,wr(ft,1)}.

So, we have only two possible cases:

Case 4. wy(ft,t) < wy(ft,t), which is a contradiction.

Case 5. wy(ft,t) < 0, which is a contradiction.

Hence ft =t = gt. Therefor, t is a common fixed point of f and g.

For the uniqueness of the common fixed point, we suppose that u is another common
fixed point in X, such that fu = gu. From (C3), we have

w(t, u) = walgt, gu) = war(ft, fu) < az(t, u),
where aa(t,u) € /\/lg’g(t, u). Therefore, we have

MPI(tu) = {w,\(gugu), walgt, /1) ;M(gu’ fu)? wagt, fu) ;M(gu’ ft)}

= {wx(gt, gu), 0, wx(gt, gu) }.

So, we have only two possible cases.
Case 6. wy(gu, gt) < wx(gu, gt), which is a contradiction.
Case 7. wy(gu, gt) < 0, which is a contradiction.
Hence gu = gt. implies u = ¢ and so f and g have a unique common fixed point.
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Theorem 5. Let X, be a modular metric space and f,g : X, — X, be weakly compatible
mappings such that [ is the g-quasi-contraction for all z,y € X, and X > 0. If f and g
satisfy (CLRy)-property, then f and g have a unique common fized point.

Proof. Since f and g satisfy the (CLR)-property, there exists a sequence {x,} in X,
such that lim fz, = lim gz, = gz for some x € X,. Since f is the g-quasi-contraction,
n—oo n—-:oo
we have
W)\(fwm fl') < aao(fL’n, x)v

where ag(zy,, ) € ./\/lg’g(:cn, x). Therefore, we have

MY (20, x) = {wr (920, g7), WA (92, [2), W (9T, fTn),wr(92Tn, FT), W (g2, f2n)}.

Now, we have the following five cases:
Case 1. wy(fzy, fz) < awx(gn, gz). Taking the limit as n — oo, we have gr = fz.
Case 2. w)(fxn, fr) < awx(gzy, fz,). Taking the limit as n — oo, we have gz = fx.
Case 3. wy)(fzp, fr) < awy(gz, fx). Taking the limit as n — oo, we have gx = fx.
Case 4. wy(fxy, fr) < awy(gz, fr,). Taking the limit as n — oo, we have gz = fx.
Case 5. wy(fzp, fr) < awy(gz, fx,). Taking the limit as n — oo, we have gz = fx.
Hence, in all the possible cases, gr = fz. Now, let t = fx = gx. Since f and g are

weakly compatible mappings, it follows that fgx = gfx, which implies that ft = fgx =

gfx = gt.
Now, we claim that ft =t. Since f is the g-quasi-contraction, we have

U.))\(ft, t) = U.))\(ft, fl') < aaO(t7 LL’),
where ag(t,x) € /\/lg’g(t, x). Therefore, we have
MLt ) = {wa(gt, g2), wr(gt, 1), wal(ge, f2),wa(gt, fx),wx(ge, f1)}
= {W)\(ft, t)a 0,0, w)\(ft7 t)v W)\(t, ft)}

Now, we have two cases.

Case 6. wy(ft,t) < awx(ft,t). This implies ft = t.
Case 7. wy(ft,t) < 0. This implies ft =t.

Hence ft =t = gt and so t is a common fixed point of f and g.

For the uniqueness of the common fixed point ¢, we suppose that u is another common
fixed point in X,, such that fu = gu. Since f is the g-quasi-contraction, we have

wx(gt, gu) = wA(ft, fu) < aco(t, w),

where ag(t,u) € ./\/lg’g(t, u). Therefore, we have

Mg’g(tv u) = {w/\(gta gu), W)\(gt> ft)v W)\(gua fu>7 w/\(gta fu)a w)\(guv ft)}
= {Ld/\(ft, fu)a 07 Oawk(ftv fU), OJ)\(f’LL, ft)}
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So, we have only two possible cases.
Case 8. wy(ft, fu) < awx(ft, fu). This implies ft = fu.
Case 9. wy(ft, fu) <0. This implies ft = fu.
Therefore, f and g have a unique common fixed point.

1
Example 4. Let X, = (0, 1] with wy(z,y) = X|x—y\ for all A > 0. Consider the functions
f and g defined by

4 4
57 Zf YIRS (07 g]v
fo=
1 4
4
1_27 lf xE(O,g],
gxr =

9 4
— ] =, 1.
i ae(s)

4 1
Choosing a sequences {x,} = {5 ——}, we can see that f and g enjoy the (C LRg)-property
n

1' n:l. n:7: — ).
im fr, = lim gr, = ¢ =9(7)

Also, A A A A
f(g) = g(g) implies fg(g) = gf(g),

which shows that f and g are weakly compatible.
Case 1. For each x,y € (0, 5]’ we have

1
wi(fz, fy) = lef': - fyl
144
A5 5
and
M (@, y) = {wr(gz, 9y), wa(g, Fr),wx(9y, fy),wr(g, Fy),wr(gy, fr)}
1 1 1 1 1
={X\gaf—gyl,x\gw—fﬂfl,x\gy—fyl,xlgw—fylaxlgy—fx\}
1 T y,, 1 z 4 1 y 4
r 4 1 y 4

S-2-2n

1
==
)\’ 4 5”/\ 4

Thus, we obtain wx(fz, fy) < aap(z,y), where a € (0,1).
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4 4
Case 2. For x € (0, 5] and y € (5’ 1] we have

1
wr(fz, fy) = X\fﬂﬁ — fy
141
A5 5
and
M9 (@, y) = {wr(gz, 9y), wa(g, F2),wa(9y, 1), wr(g, Fy),wr(gy, fz)}
1 1 1 1 1
—{me—gyhxwx—fwhxmy—fyhxmw—fyLXMy—fo

1 T 9 1 r 4 19 1
— (- -=
{)\| 4

_T0|’X’ _1_5|3X|E_5|7
1 z 1,19 4
S P
)\’ 4 5” )\|10 5|}
Thus, we obtain wy(fx, fy) < acp(x,y), where a € (0,1).
4
Case 3. Forx € (g, 1] and y € (0, 3]’ we have

1
wx(fz, fy) = X\fﬂf — fyl
B
A5 05
and
Mgg(x)y) = {wk(nggy)vw)\(ngfx)vw)\(gyvfy)vw)\(gl‘a fy)vw)\(gya f$)}
1 1 1 1 1
= {519z — 9yl, Slg9o — fzl, Tlgy — fyl, Sl9a — fyl, Sl9y — fal}
1.9 l 9 y é‘
5 )

Y 1 1
={-|l=—-010-= — ——|,=1-=
{)\ 10 ( 4)")\ 10 5")\‘ 4

1,9 41 y 1
B S
A10 5|’ /\| 4 5|}
Thus, we obtain wy(fx, fy) < aao(x,y), where a € (0,1).
Case 4. For each z,y € (g, 1], we have

aA(f. fy) = 11z = fol

—1H H
A5 5
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and
Mghq(x?y) = {W,\(gx,gy),u»\(gx, fx)vw)\(gyv fy)vw)\(gxa fy)vw)\(gya fl‘)}

1 1 1 1 1

= {519z — 9yl, {192 — fzl, Tlgy — fyl, Sl9a — fyl, Y9y — fal}
_{19 1|1|9 1|1|9 1|
S 'A10 57A100 57 A0 57

1,9 1 1 9 1

S P e S

A10 5|’)\| 10 5|}

Thus, we obtain wx(fz, fy) < aap(z,y), where a € (0,1).

4
Therefore, f and g satisfy all conditions of Theorem 5 are satisfied and x = 5 is the

unique common fixzed point of f and g.

5. Some applications to Fredholm integral equations

The purpose of this section is to show the existence and uniqueness of a solution of
Fredholm integral equations in modular metric spaces with a function space (C(I,R),w))
and a contraction by using our main results.

Consider the integral equation:

fo(t) - /0 CK(t, 5)ha(s)ds = g(t), (5)

where x : I — R is an unknown function, g : I — R and h, f : R — R are two functions,
w is a parameter. The kernel K of the integral equation is defined by I x R — R, where
I=][0,r].

Theorem 6. Let K, f, g, h be continuous. Suppose that C' € R is such that, for allt,s € I,
[K(t,s)| <C

and, for each x € (C(I,R),w)), there exists y € (C(I,R),wy) such that

(f9)(t) = g(t) + /0 K(t, 5)ha(s)ds
for allr € C(I,R). If f is injective, there exists L € R such that, for all z,y € R,
|hz — hy| < L|fz — fy|

and {fx : x € (C(I,R),w\)} is complete, then, for any u € (— ﬁ, ﬁ), there exists
w € (C(I,R),wy) such that, for any xo € (C(I,R),w)),

Fw(t) = lim fra(t) = lim [g(t)+u /0 TK(t,s)h:pn,l(s)ds] (6)

T—00 T—00

and w is the unique solution of the equation (5).
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Proof. Let X, =Y, = (C(I,R),wy) and define d(z,y) = maxes |x(t) — y(t)| for all
z,y € X,. Let T, S € X,, = X, be the mappings defined as follows:

(Tz)(t) = g(t) + ,u/ K(t,s)(hx)(s)ds, Sz = fz.
0
Then, by the assumptions, S(X,) = {Sz : = € X, } is complete. Let z* € T(X,) for

any ¢ € X, and z*(t) = Tx(t). By the assumptions, there exists y € X, such that
Tx(t) = fy(t) and hence T(X,) C S(X,). Since

on(Ta ) = | [ 1K) ha)(e)ds] = [ 1K 6, 3) ) )
<lul [ el)s) - t(o)lds
< Lle [ 1)) - (Fo)lds
< Lle [ 1(52)(s) = (Sy)(e)lds

< (sup (S2)(0) ~ (Su)(0)) e [ s

tel
< L|p|Crd(Sz, Sy).

Therefore, for any p € < — Ci I Ci L), there exists a unique w € X, such that

fw(t) = lim Sx,(t) = lim Tz,_1(t) = T(w)(t), =x0€ X,

T—r00 T—r00

for all ¢ € I, which is the unique solution of the equation (5). So, S and T have a
coincidence point in X,. Moreover, if either T or S is injective, then S and T have a
unique coincidence point in X,,.
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