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Abstract. In literature there is an elegant characterization of factor congruences on a distributive
lattice. In this paper, we make an attempt such type of characterization of factor congruences on
a Core Regular Double Stone Algebra (CRDSA) and we identify that the factor congruences on a
CRDSA A with certain elements of A and proved that set of all factor congruences forms a Boolean
centre for A. Further Birkhoff centre is defined for CRDSA and finally it is shown that Birkhoff
centre of CRDSA is isomorphic to its Boolean centre
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1. Introduction

The concept of a core regular double Stone algebra was introduced by Ravi Kumar etal
and obtained a decomposition theorem for a complete atomic core regular double Stone
algebra [5]. In [6], U.M. Swamy and G.S. Murti introduced the concept of the Boolean
center of an universal Algebra. In this paper we make an attempt to characterize the
Boolean centre of a CRDSA A and the concept of Birkhoff’s ‘Centre’ of a bounded poset
is extended to CRDSA A and referred to this, as ‘Birkhoff centre’ of A. It is also proved
that Birkhoff centre BC(A) is isomorphic to Boolean centre of A.

2. Preliminaries

In this section the concept of the isomorphism of RDSA is extended to CRDSA and
a new characterization for centre of a CRDSA based on core element is done. We start
with certain basic definitions and properties of RDSA.
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Definition 1. A Regular double Stone algebra (RDSA) < A, N\, V,*,+,0,1 > is an algebra
of type < 2,2,1,1,0,0 > such that

(i) < A,A,V,0,1 > is a bounded distributive lattice.

(ii) * is a pseudo complementation satisfying the Stone identity
¥V =1

(iii) + is a dual pseudo complementation satisfying the dual Stone
rt ATt =0

(iv) For any z,y € A,x* =y* and 2" =y* thenx =y
Example 1. Consider the hasse diagrams of lattices L1 and Lo.
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Clearly L1, Lo are bounded distributive lattices, pseudo complemented and dual pseudo
complemented , and in L1,0* = 1,a* = b,b* = ¢,c* = b,d* =0,1* =0 and 0" = 1,a™ =
1,b" =c,ct =b,d" =c, 17 = 0. Clearly Ly is a reqular double Stone algebra where as in
Loa* =b"=c*=d*=1"=0,0"=1anda” =b" =c" =d" =0T =1,17 = 0. Here
a*=b* and a™=b*but a # b therefore Ly is not a reqular double Stone algebra.

Definition 2. Let A be a regular double Stone algebra. An element a of A is called a
central element of A if a* = a™. The set of all central elements of A is called the centre

of A and is denoted by C(A); that is, C(A) = {a € Ala* = a™}
Note that C(A) can be described in various ways as follows;
C(A) = {a€Ala=a"}

= {a"|la € A}
{a€Ala=a""}
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= {a"|a € A}

= {a€Alava =1}

= {a€A|ana" =0}

= {acA|anb=0andaVb=1 for somebec A}

Theorem 2.1. Let A be a regular double Stone algebra. Then C(A) is a Boolean sub algebra
of A with respect to the induced operations A,V and .

Definition 3. Let A be a reqular double Stone algebra. The set D(A) :={a € A | a* =0}
is called the dense set of A and the elements of D(A) are called dense elements of A. The
dual of D(A) :={a € A | a* = 1} is called dual dense set of A and denoted by D(A). The
elements of D(A) are called dual dense elements of A.

)
Note that D(A) ={aVa* | a € A} and D(A) ={aAat | a € A}

Theorem 2.2. Let A be a reqular double Stone algebra. Then D(A) is a filter of A and
D(A) is an ideal of A.

Definition 4. The core of a double Stone algebra A is defined to be K(A) = D(A)ND(A)

K(A) is non empty if and only if A does not have 2 ={0,1} as a factor. When it is
non empty the behavior of K(A) in certain respects governs the behaviour of A. It is easy
to prove that in any RDSA there exists at most one core element. We call a reqular double
Stone algebra with non empty core as Core Regular Double Stone Algebra(CRDSA).

Note: In any CRDSA A, |[K(A)| = 1.

Example 2. FEvery three element chain is CRDSA. We call it as a discrete CRDSA

Example 3. Consider the hasse diagrams of RDSAs Ly = (L1, A\, V,*,+,0,1) and L3 =
(L3> /\7 \/) *, +7 07 1)
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Figure 3: Ly Figure 4: Ls
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Clearly L1, L3 are RDSAs, and it is seen that core of L1 is empty where as L3 has the
core element k hence it a CRDSA

Theorem 2.3. If A is CRDSA with core element k, then every element x of A can be
written as © = ™ A (zTTVEk) and z = 27TV (2™ A k)

Proof. Let y = o™ A (2T V k). Then y*™* = (x** A (zTT VE))*™ = 2* and yt+ =
(Tt A (2T V k)Tt =2, Thus by regularity x = y. Other one follows from duality.

Definition 5. Suppose that A and B are two CRDSAs with core elements ki, ko respec-
tively. A mapping f : A — B is called a homomorphism from A to B if

(i) f is lattice homomorphism from A to B
(i) for a € A, f(a*) = f(a)* and f(a*) = f(a)*
(ili) f (k1) = k2

A necessary and sufficient condition for two CRDSAs is isomorphic is discussed in the
following theorem.

Theorem 2.4. Two CRDSAs are isomorphic if and only if their centers are isomorphic

Proof. Let A1, As be CRDSAs with Core elements ki, ks respectively. First suppose
that f : C(A1) — C(Asg) is an isomorphism. Define the map ¢ on Ay to Ay by

¢(x) = f(@™) A (f@™F) V k2).

By using distributive property and the fact that f is a homomorphism it can be easily
verify that

o(x) = f(x) V (f(z**) A ka).
And also observe that, for x € C(A;),

d(x) = f(™*)AN(f(zTT) Vo) = f(z)V (f(z) ANke) = f(x), i.e. ¢ coincides with f on
C(A)

To show that ¢ is one-one suppose that ¢(x) = ¢(y) for x,y in Ayr. Then (¢p(z))* =
(o(y)* and (¢p(x))t = (6(y)) T, by using the definition of ¢ and the fact that f is one-to-

one , it gives x* = y* and 2+ = y* and by reqularity x = y. Hence ¢ is one-one.

To show that ¢ is onto, y € As and consider the following cases
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Case (i) : y € C(Ag).
Since f is onto from C(A1) to C(Az), there exists an element x € C(A1) such that f(z) =y
and

¢(x) = f@™) A (f@T)V ko)
)N (@) V ka)
)

Case (i) : y = ko Then

¢(k1) = fF(RT) A (F(RTT) V k2)
=1Aky
— ko
Case (i) : ko #y and y ¢ C(A2)
Then y**,y*t+ € C(As) and from the fact that f is onto there exists x1,x9 € C(Ay) such
that ¢ (x1) = f (z1) =y ™ and ¢ (v2) = f (x2) =y, now

¢ (131 VAN ({L‘Q V ]{31))
= f(x) A (f (1 A f(22)) V K2)
= [(z1) A(f (z2) V k2)
=y A (yJr+ v k:g)
=Y
Hence ¢ is onto. The remaining conditions which verifies that ¢ is homomorphism is
straightforward.

Conversely suppose that ¢ : Ay — Ag is an isomorphism. Let x € C(A1) be any
element, then (p(x))*™* = ¢(x**) = ¢(x). Therefore ¢p(x) € C(Asz), and hence $(C(A1)) C
C(Az). On the other hand, if y € C(Az) then there exist x € A1 and ¢p(z) =y. Now

¢(z™) = (¢(x))™
— y**
=y
= ¢(z)

As ¢ is one-one, we get x** = x and hence x € C(A1). Therefore p(C(A1)) = C(A2) and
hence they are isomorphic.

Hence Boolean isomorphism between centre of a CRDSA can be extended to whole
algebra so that core elements are mapped each other.

LetA be a regular double Stone algebra. For a € A the *— centralizer of a is denoted
by A} and defined as A% = {z** | z < a} = {z** Na™ | z € A}.
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Definition 7. LetA be a reqular double Stone algebra. For a € A the *— centralizer of a
is denoted by A} and defined as A} = {ztt |z >a} =={zTT VvatT | x € A}.

Theorem 2.5. Let A be a Core Regular double Stone algebra. The relativized algebra
Ar =< A% A,V 0,a* > is a Boolean algebra

Proof. Let x,y € A. Then x = p**,y = ¢** for some p,q € A and p,q < a. Which

gives pVq < a,pANq<a. Hence (pVq)"™ =p*™* Vg™ <a*™* and (pNqg)*™ =p™* Ng™* < a**

Therefore x V y,z Ny € A}. Therefore A} is closed with respect to V and N. It is a
routine verification that < A%, A,V > is distributive lattice.
Clearly 0** =0 < a, so 0 € A}. Since a < a we get a** € A%. Let x € A} be any element
then x = p** for some p € A and p < a which gives p** = x < a™*. Therefore a™* is the
greatest element of A. Hence < A% N\, V,0,a*™ > is a bounded distributive lattice.
Finally for x = p** € A% we have p < a and z* N a = p* N a < a which gives (z* N a)*™* =
¥ Na™ € AL and x A\ (zF AN a**) =0 and z V (x* A a**) = a™*. Therefore z* A a** is the
compliment of x in A% i.e. x' = x* ANa**. Hence Af =< A% A,V,/0,a** > is a Boolean
algebra

Theorem 2.6. Let A be a Core Regular double Stone algebra and k is the core element
of A. Then A} = A;

Proof. Let z** € A} andy = kV ™. Theny > k and y™t = (k Vv 2*)tt =
x**. Therefore ©** € AT and hence A} C A;. Now take x171 € Ag put y =k Az then
y < k and hence y** = (k Ax™H)* = ot € Af. So Al C A} and hence A} = A} .

In fact we have the stronger result in the following theorem.

Theorem 2.7. Let A be a Core Regular double Stone algebra and k is the core element
of A then A* = AT if and only if a =k

Proof. First suppose that for some a € A, A% = AF. Since 0 € A% = AT there exists
b e A such that a < b and 0 = b, So bt =1 and bT < at. Hence at = 1. As
1 € AT = A% there exists ¢ € A such that ¢ < a and 1 = ¢**. So ¢* =0 and a* < C*.
Hence a* = 0. Therefore a € K(A) = k. Other part is clear from theorem 2.6.

Throughout this paper we denote A} = Az by k(A). The following theorem discuss the
relation between centralizer of core and centre of CRDSA .

Theorem 2.8. Let A be a Core Regular double Stone algebra and k is the core element

of A then k(A) =C(A) .

Proof. Clearly k(A) C C(A). Let a be any element of C(A), then (a A k)** = a** =
a € k(A). Hence k(A) = C(A).

Theorem 2.8 gives another characterization for centre of a CRDSA based on the core
element.
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3. Boolean centre

In [6], Swamy and Murthy introduced the concept of ‘Balanced congruence’ on any
algebraA and showed the set B(A) of all balanced (direct) factor congruences which admit
a balanced complement as a permutable Boolean sublattice of the lattice C(A) of all con-
gruences on A. They referred to B(A) as the ‘Boolean centre’ of A. The main goal of this
Section is to characterize the Boolean centre of a CRDSA A in terms of central elements.

Let A be a Core Regular double Stone algebra. Let 0, denote the equivalence relation
associated to the function x — x Ap from A to itself: 0, = {(p,q) € AxAlx Ap=xAq}.
We will write pf,q to indicate (p,q) € 0,.

Theorem 3.1. Let A be a Core Regular double Stone algebra and z,y € A Then

(i) 0, C 0, if and only if x = x N y.

(ii) Oy =0, if and only if x = y.
(iii) O, is compatible with A,V, *
(iv) 0, is compatible with + if and only if x € k(A)

0, congruence on A if and only if x € k(A).

(vi) p=Ax A
(vill) 0, N6y = vy
(ix) 0y 00y =0,00,

0y 00, = Orpy
9 OHJ? _H*Oﬁx—AXA

Opvar = Aa if and only if 0, is a congruence relation

)
) 0
)
)
)
)
(vii) 61 = Ay
)
)
)
i)
ii)
)

(xiii) for x € k(A), 0, is the smallest congruence containing (1, x)

Proof.

(i) Let z,y € A and suppose that 6, C 0,. Since y A\ (x Vy) =y =y Ay we have
(y,xVy) €0y, by our supposition (y,xVy) € 0, ; thatisx ANy =xAN(xVy) orz Ay =x.
Conversely suppose that t Ny = x.

Let (p,q) € 6. Then y Ap =y Aq. Now,

zAp = (xAy)Ap
= zA(yAp)
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T A(yAq)
= (zAy)Nq
= xANq

Therefore, (p,q) € 0, and hence 6, C 6.
(ii) Clear from (i).

(iii) If p,q,r, s € A satisfy (p,q) € 0, and (r,s) € 0. From associativity and distributivity
in A it follows that (p Ar),(qAs)) € 0y and (pV1),(qV ) € by. Also if p,g € A and
(p,q) € 04, it follows that (x* V p*) = (z* V ¢*), so that x A (z* V p*) = x A (z* V ¢*) using
distributivity we conclude that (p*, q*) € 0.

(i) Suppose that 0, is compatible with +. Put y = x V k then y™+ = 2+, As (1,x)
and (k,k) € 0, which gives (1,zV k) = (1,y) € 0. Since 05 is compatible with +, we
get(l,yt1) € 0,. Hence x = x ANy*tt =y*+. Therefor x € k(A).

Conversely suppose that x € k(A) then x = y™T for some y > k, if p,q € A satisfy
(p,q) € 0 = O+ then y™" Ap = y™+ A q and hence y* v pt =yt VvV gT , it follows
that y** A (yt VvV pT) =y A (yT V q") which gives (y™T Apt) = (yTT A q") hence
(p+,q+) € 9y++ =0,.

(v) is clear from (iii) and (iv).
(vi) and (vii) are clear from the definition of 0.

(viii) Let (p,q) € 0, N60,. Thenx Ap=xANqandyAp=1yAq.
Now,

(xVvy)Ap = (zAp)V(yAp)
= (zAngV(yNg)
= (xVy)Ag

Therefore (p,q) € Ozvy. Hence 6, N0, C Opyy.

Conversely suppose that (p,q) € Opyy then (xVy) Ap= (zVy)Aq.
Now,

cA((zVy)Ap) = zA((zVy)Aaq)
(zA(zVy)Ap (z A (zVy))Aq)
TAp = xTAN(q
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Therefore (p,q) € 0, similarly it can be shown that (p,q) € 0. So (p,q) € 6, N6, and
hence Oy C 0, N 0,. Therefore 0, N0y = Opyy.

(ix) Let (p,r) € 0, 00,. Then there exists ¢ € A such that (p,q) € 6, and (q,r) € 6,. So
xAp=xANqandyNqg=yAr. Putt=(x A7)V (yAp).
Then,

At = zA((zAT)V(yAD))

V(z ApAp)
V(zAgAy),sincex Ap=xAq
V(eAyAr),sincegANy=yANqg=yAr

Hence (t,r) € 0,. Similarly it can be shown that y Nt = y A p which gives (p,t) € 0.
Therefore (p,r) € 0,00, i.e. 6,00, C 0, 00,.

Conversely suppose that (p,r) € 6y 0 0,. Now by setting t = (y A7)V (x Ap) and
proceeding as above it can be shown that 0,00, C 0,00,. Finally it gives 6,00, = 6, 00,.

(z) Let (p,r) € 0y 086,. Then there exists ¢ € A such that (p,q) € 6, and (q,7) € 0.
SoxAp=xANqandyNq=yAr

Now,
(Ay)Ap = (zAp) Ay
= (xANg@) Ny,sincexAp=zANgq
= zAYAQ)
= xzA(yAr),sinceyANg=yAr
= (zAy) AT

Therefore (p,r) € Oypny and hence O, 0 0y C Oppy.

Conversely suppose that (p,r) € Oy then (xAy)Ap = (xAy)Ar. Put ¢ = (xAp)V (yAr).
Then,

xANqg = xAN(@ADP)V(yAr)

(x Ap)V(xAyAT)

= (zAp)V(xAyAp)since (x Ay)Ap=(xAy)Ar
(z Ap)
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hence (p,q) € 0,. By considering y A q and proceeding as above it can shown that
yNg=yAr, so (q,r) € 0, and hence (p,r) € 6, 0 6,. Therefore 0,5y C 6, 0 6y,
which completes the proof.

(xi) is clear from (x), (vi) and the fact that © A z* = 0.
(xii) follows from (v), (i1) and (vii).

(xziii) Let x € k(A). Then 0, is congruence and (1,z) € 6,. Suppose that 0 be any
congruence containing (1,x) and (a,b) € 0, i.e. a ANz =bAx. Since 0 is reflexive and
(1,z) € 0 we get (a,a) A (1,x) = (a,a Nzx) € 0 and (b,b) A (1,x) = (b,b A x) € 0 which in
turn gives (a,b A x) € 0 and (b,b A x) € 0. Hence (a,b) € 0 and 0, C 0. Therefore 0,, is
the smallest congruence containing (1,x) for x € k(A).

Recall that a congruence 8 on an algebra A is said to be factor congruence if there is
a congruence ¥ on A such that

oAy = A
oV = AxA

and 0 permutes with 1
In the following theorem the factor congruences of core reqular double stone algebras
were characterized.

Theorem 3.2. Let A be a Core Regular double Stone algebra and 6 be congruence on A.
Then 0 is factor congruence on A if and only if 0 = 0, for some x € k(A).

Proof. Suppose that 0 = 0, for some x € k(A), then from (vi) ,(vii), (viii) and (x)
of theorem 3.1 and theorem 2.8, we have 0, A Oy = A and 0,V 0, = A X A and hence
0 = 0, is factor congruence on A

Conversely suppose that 6 is factor congruence on A. Then there exists a congruence
¥ on A such that O ANy = A and OV 1) = Ax A. Since (1,0) € Ax A =0V, there exists
x € A such that (1,z) € 0 and (2,0) € ¥b. Now put y = x A k then y** € k(A) and from
the fact that (1,z), (k, k) € 6 it follows that (1,y) € 8 and hence (1,y**) € 6. Also observe
that (z,0), (k, k) € ¢ gives (y,0) € ¥ and hence (y**,0) € 1.

Now we show that 6 = Oy«. Since (1,y**) € 0, by (wiii) of theorem 3.1, we have
0y« C 0. Neat suppose that (p,q) € 0 then (y** A p,y*™* A q) € 0. Since (y**,0), (p,p)
and (q,q) € ¥, we have (y** A p,0 A p) and (y** A q,0 A q) € ¥; that is (y** A p,0) and
(0,y** Aq) € ¢ which imply that (y** \p, y**Aq) € 1p. Therefore,(y** Ap,y**Aq) € 0N = A
and hence y*™* N p = y** A q. Therefore (p,q) € Oy==, hence 6 C Gyx. Thus 6 = Oy«

Recall that a congruence 6 on any Universal algebra A of any type, is called balanced if
OVY)N(OVY') =6 for all factor congruence v and its complements ¢’ and the set B(A)
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of all balanced factor congruences which admit a balanced complement is called the Boolean
centre of A. Now we conclude this section by proving that, if A is a Core regular double
stone algebra, then the Boolean centre B(A) is precisely the set D = {0, | x € k(A)} and
that the map x — 6, is an isomorphism of k(A) onto B(A). First we prove the following.

Lemma 1. Let A be a CRDSA and x € k(A). Then 0 is balanced.

Proof. Let 1) be a factor congruence on A and v’ be its complement. Then there exist
Y,z € k(A) such that ) =6, and ¢’ = 0,.
Now,

O V)N (0 VY') = (6:V60,)N(0:V86,)
Hx/\y N eac/\z

H(xAy)V(x/\z)

Oun(yvz)

0z V Oyy2

= 0,V (0,n6.)
= 0,V (@ny')
= 0,VA4

= 0,

Therefore, 0, is balanced.

Thus we have proved the following.

Theorem 3.3. Let A be a CRDSA. Then the Boolean centre B(A) of A is precisely the
set {0y | v € k(A)}.

The following theorem is a consequence of lemma 1 and above theorem 3.3

Theorem 3.4. Let A be a CRDSA. Then the Boolean centre B(A) = {0, | x € k(A)} of
A, is a Boolean algebra and the map x — 0, is an isomorphism of k(A) onto B(A).

4. Birkhoff Centre

An element a of a bounded poset P is called a ‘central element’ of P if there exist
bounded posets Py and P> and an order isomorphism of P onto Py x P such that a is
mapped onto (1,0). The set of all central elements of P are called the 'Birkhoff centre’
of P and is denoted by BC(P). It is known that BC(P) is a Boolean algebra in which
the operations are g.1.b and l.u.b with respect to the partial order in P. In this section we
extend the concept of Birkhoff centre to core regualr double Stone algebra.
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Definition 8. An element a of an RDSA A is called a Birkhoff central element if there
exist RDSAs Ay and Ay and an isomorphism A onto A1 X As such that a is mapped onto
(1,0). The set BC(A) of all central elements of P is called the Birkhoff centre.

Recall that the ideal generated by an element x of A in a RDSA is called a relativized
algebra and is denoted by (x]a. In [9] it is proved that if A in a CRDSA with core element
k then for x € At(C(A)),the relativized algebra (z]a is a three element chain i.e. a discrete
CRDSA. In fact we have the following theorem.

Theorem 4.1. Let A be a Core Regular double Stone algebra. The relativized algebra (a]a
is a CRDSA if and only if a € k(A).

Proof. Assume that a € k(A). Then a*Va=1 and at Aa = 0. It is a routine verifi-
cation that (a]a = ((a], A\, V, *q, +a,0,a) is a double Stone algebra where a is the greatest
element and for z € (a],z* = 2* ANa and x** = 2T Aa.

To prove that (a)a is regular consider x,y € (ala such that x** = y*o and xte = yte,
that is, z* Na=vy* ANa and T Na=y" ANa. Then

(x* Na)Va* = (y*Aa)Va* and (27 Aa)VaT =yt Aa
= (z"Va")A(aVa*) = (yY*Va*)A(aVa¥)

and (x*Vat)A(aVat)=(ytVat)A(aVat)— (%)

Since x,y € (a] we have z,y < a = a* < x*,y* and a™ < xT,yT. Also since a*Va =1
Therefore (*) gives z* = y* and x* = yT and by regularity in A,x =y. Hence (a4 is a
regular double Stone algebra. Moreover a Nk € (a] and (a Ak)** =aAk* =0,(aNk)Te =
a ANkt =a. Theretofore a A\ k is the core element of (a]a. So (a]a is a CRDSA.

Conwversely suppose that for a € A, (aJa = ((a], \,V, *q,+a,0,a) is a CRDSA with the
above defined operations. Since a is the greatest element of (a]a, we have a** = a™* and
therefore at A a = 0. Hence a is complimented element. So a € C(A) = k(A)

By the principle of duality and theorem 2.6 we have the following theorem.

Theorem 4.2. Let A be a Core Regular double Stone algebra. Then relativized algebra
[@)a = ([a), \,V, %4, +a,a,1) is a CRDSA ifand only if a € k(A).

Theorem 4.3. Let A be a Core Regular double Stone algebra. a € BC(A) if and only if
ack(A) .

Proof. Let a € BC(A). Then there exist CRDSAs Ay and Ay and an isomorphism f
from A onto Ay x Ay such that a is mapped onto (1,0). By theorem 2.4, C(A) is isomor-
phic to C(A1) x C(Az2) and (1,0) € C(A1) x C(As2) which in turn gives a € C(A) and
hence by theorem 2.8 a € k(A).
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Conwversely suppose that a € k(A). By theorems 4.1 and 4.2 (a]a and [a) o4 are CRDSAs.
Now define a map f: A — (a]a x[a)a by f(x) = (aAz,aVx). Then f is a isomorphism
from A onto (a] x [a)a, such that f(a) = (a,a) = (1,0). Hence a € BC(A).

Thus we have proved the following.

Theorem 4.4. Let A be a CRDSA. Then the Birkhoff centre BC(A) of A is precisely the
set{ala€k(A)}={alaecC(A)}.

The following theorem is a consequence of theorem 3.4 and above theorem 4.4.
Theorem 4.5. Let A be a CRDSA. Then the Boolean centre B(A) of A, is isomorphic
to Birkhoff centre BC(A) of A .
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