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Abstract. Let ¢ : S(M) — S(M)U {0} be a function where S(M) is the set of all submodules of
M. In this paper, we extend the concept of ¢-2-absorbing primary submodules to the context of
¢-2-absorbing semi-primary submodules. A proper submodule N of M is called a ¢-2-absorbing
semi-primary submodule, if for each m € M and aj,a2 € R with ajasm € N — ¢(N), then
ajaz € /(N : M) or aym € N or afm € N for some positive integer n. Those are extended from
2-absorbing primary, weakly 2-absorbing primary, almost 2-absorbing primary, ¢,-2-absorbing
primary, w-2-absorbing primary and ¢-2-absorbing primary submodules, respectively. Some char-
acterizations of 2-absorbing semi-primary, ¢,-2-absorbing semi-primary and ¢-2-absorbing semi-
primary submodules are obtained. Moreover, we investigate relationships between 2-absorbing
semi-primary, ¢,-2-absorbing semi-primary and ¢-primary submodules of modules over commuta-
tive rings. Finally, we obtain necessary and sufficient conditions of a ¢-2-absorbing semi-primary
in order to be a 2-absorbing semi-primary submodule.
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1. Introduction

Throughout this paper, we assume that all rings are commutative with a nonzero
identity Suppose that R is a ring and M is an R-module The concept of y-prime ideals,
a generalization of prime ideals was introduced and investigated in [2]. Let ¢ : J(R) —
J(R) U {0} be a function where J(R) is a set of ideals of R. A proper ideal I of R is
said to be ¢-prime if whenever a1,a2 € R and ajas € I — ¢(I), then a1 € I or ag € 1.
Since I — ¢(I) = I — (I Np(I)), so without loss of generality, throughout this paper we
will consider ¢(I) C I. Later, Darani [7] gave a generalization of primary ideals which
covers all the above mentioned definitions. He defined the a proper ideal I of R is said
to be @-primary if for a;,as € R with ajas € I — ¢(I), either a; € I or ay € I for some
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positive integer n. Thus a p-prime ideal is just a @-primary ideal. In [9], Ebrahimpour and
Nekooei called a proper ideal I of a commutative ring R to be ¢-2-absorbing if whenever
ai,az,a3 € R and ajasas € I — ¢(I), either ajas € I or azsas € I or ajaz € I. Badawi,
et al. [1] generalized the concept of 2-absorbing primary ideals to p-2-absorbing primary
ideals. According to their definition, a proper ideal I of R is called a ¢-2-absorbing primary
ideal if whenever ajasas € I — ¢(I) for ai,az,a3 € R, then ajay € I or agzas € VT or
arag € V1. Clearly a ¢-2-absorbing ideal of R is also a ¢-2-absorbing primary ideal of R.
Other generalizations of prime ideals have recently been studied in [4, 3, 5, 6].

The notion of ¢-prime submodule, which is a generalization of prime submodule, was
introduced by Zamani in [11]. Let ¢ : S(M) — S(M) U {0} be a function where S(M) is
a set of all submodules of M. A proper submodule N of M is called ¢-prime submodule
of M if whenever a € R and am € N — ¢(N), then m € N or a € (N : M). Since
N —¢(N) =N — (NN¢(I)), without loss of generality we may assume that ¢(N) C N.
Recall that a proper submodule N of M is called a ¢-primary submodule submodule
of M as in [11] if whenever am € N — ¢(N) for some a € R,m € M, then m € N
or a" € (N : M) for some positive integer n. In 2017, Ebrahimpour and Mirzaee [8]
generalized the concept of semiprime submodules to ¢-semiprime submodules. According
to their definition, a proper submodule N of M is called a ¢-semiprime submodule if
whenever a?m € N — ¢(N) for a € R,m € M, then am € N. In [10], the concept of
¢-prime and ¢-primary submodules generalized to ¢-2-absorbing primary submodule of
a module over a commutative ring. Let N be a proper submodule of M. N is said to
be a ¢-2-absorbing primary submodule of M if whenever ai,a2 € R and m € M with
ajagm € N — ¢(N), then ajas € /(N : M) or aym € N or agm € N. Moreover, recall
from [10] that a proper submodule N of M is said to be a ¢-2-absorbing submodule of M
if whenever aj,as € R and m € M with ajagm € N — ¢(N) implies ajas € (N : M) or
aim € N or apm € N. Thus a ¢-2-absorbing submodule is just a ¢-2-absorbing primary
submodule.

In this paper, we extend the concept of ¢-2-absorbing primary submodule to the con-
text of ¢-2-absorbing semi-primary submodule. Let ¢ : S(M) — S(M) U {0} be a func-
tion where S(M) is the set of all submodules of M. A proper submodule N of M is
called a ¢-2-absorbing semi-primary submodule if for each m € M and aq,as € R with
ajagm € N — ¢(N), then ajaz € \/(N : M) or aym € N or aym € N for some positive
integer n. Let N be a ¢-2-absorbing semi-primary submodule of M.

o If ¢(IN) = 0 for every N € S(M), then we say that ¢ = ¢y and N is called a ¢p-2-
absorbing semi-primary submodule of M, and hence N is a 2-absorbing semi-primary
submodule of M.

o If ¢(N) = {0} for every N € S(M), then we say that ¢ = ¢y and N is called a
¢o-2-absorbing semi-primary submodule of M, and hence N is a weakly 2-absorbing
semi-primary submodule of M.

o If (N) = N for every N € S(M), then we say that ¢ = ¢; and N is called a
¢1-2-absorbing semi-primary submodule of M. It is easy to see that every proper
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submodule is ¢1-2-absorbing semi-primary.

o If p(N) = (N : M)N for every N € S(M), then we say that ¢ = ¢ and N is
called a ¢o-2-absorbing semi-primary submodule of M, and hence N is an almost
2-absorbing semi-primary submodule of M.

o If (N) = (N : M)""IN for every N € S(M), then we say that ¢ = ¢,>2 and
N is called a ¢,-2-absorbing semi-primary submodule of M, and hence N is a n-2-
absorbing semi-primary submodule of M.

o0

o If p(N) = ﬂ(N : M)'N for every N € S(M), then we say that ¢ = ¢, and N
i=1
is called a ¢,-2-absorbing semi-primary submodule of M, and hence N is a w-2-

absorbing semi-primary submodule of M.

In section 2, we give some basic properties of ¢-2-absorbing semi-primary submodules.
Among many results in this paper, it is shown that N is a ¢-2-absorbing semi-primary
submodule of M if and only if for every a1,a2 € R— (N : M) and ajas € R— /(N : M),
(N :araz) C (¢(N) s araz) U (N :ay) U (N :af) for some positive integer n.

In Section 3, we study the stability of ¢,-2-absorbing semi-primary submodules. More-
over, we investigate relationships between 2-absorbing semi-primary, ¢g-2-absorbing semi-
primary, ¢,-2-absorbing semi-primary and ¢-primary submodules of modules over com-
mutative rings. Finally, we obtain necessary and sufficient conditions of a ¢-2-absorbing
semi-primary in order to be a 2-absorbing semi-primary.

2. Properties of ¢-2-Absorbing Semi-primary Submodules

The results of the following theorems seem to play an important role to study ¢-
classical semi-primary submodules of modules over commutative rings; these facts will be
used frequently and normally we shall make no reference to this definition.

Definition 1. Let M be an R-module and let ¢ : S(M) — S(M) U {0} be a function
where S(M) be a set of all submodules of M. A proper submodule N of M is called a
¢-2-absorbing semi-primary submodule, if for each m € M and ay,as € R with ajaom €
N — ¢(N), then araz € /(N : M) or aym € N or aym € N for some positive integer n.

Remark 1. It is easy to see that every ¢-2-absorbing primary submodule is ¢-2-absorbing
semi-primary.

The following example shows that the converse of Remark 1 is not true.

Example 1. Let R = Z and M = Z. Consider the submodule N = 12Z of M. Define
¢: S(M)— S(M)U{d} by p(N) = {0} for every N € S(M). It is easy to see that N is a
¢-2-absorbing semi-primary submodule of M. Notice that2-2-3 € N —¢(N), but2-3 ¢ N
and (2-2)" & (N : M) for all positive integer n. Therefore N is not a ¢-2-absorbing
primary submodule of M .
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Theorem 1. Let ¢ : S(M) — S(M)U{0D} and ¢ : T(R) — J(R) U {0} be two functions.

(i) If N is a ¢-2-absorbing semi-primary submodule of M, then (N : m) is a @-2-
absorbing primary ideal of R with m € M — N and (¢(N) : m)) C o(N :m).

(ii) For everym € M —N if (N : m) is a p-primary ideal of R, then N is a ¢-2-absorbing
semi-primary submodule of M with o(N :m) C (¢(N) : m)).

Proof. 1. Let a1, a2, a3 € R such that ajazas € (N : m) —p((IN : m)). By assumption,
araz(agm) € N —¢(N). Then by Definition 1, ajag € \/(N : M) C /(N : m) or ajaem €
N or ajaym € N for some positive integer n. Therefore ajas € (N : m) or asas €

(N :m) or ajas € \/(N : m). This completes the proof.

2. Let ay,a2 € R such that ajagm € N — ¢(N). Then ajay € (N : m) and ajay ¢
(¢(N) : m). By assumption, ajaz € (N : m) — @((N : m)). Again, by assumption,
a; € (N :m) or aj € (N : m) for some positive integer n. This completes the proof.

The following example shows that the converse of Theorem 1 is not true.

Example 2. 1. Let M = Z x Z x Z be an Z-module. Define ¢ : J(R) — J(R) U {0}
by o(I) = {0} for every I € J(R). Consider the submodule N = {0} x 12Z x Z of
M. Clearly, (N : (my,mz2,m3)) = {0} is a p-2-absorbing primary ideal of J(R), where
(m1,ma,m3) € M — N. Define ¢ : S(M) — S(M) U {0} by ¢(N) = {(0,0,0)} for every
N € S(M). Notice that 3-4(0,1,1) € N—¢(N), but (3-4) € /(N : M),3(0,1,1) ¢ N and
4™"(0,1,1) € N for all positive integer n. Hence N is not a ¢-2-absorbing semi-primary
submodule of M.

2. Let M = Z\3 be an Zya-module. Define ¢ : S(M) — S(M)U{D} by ¢(N) = {[0]} for
every N € S(M). Consider the submodule N = {[0]} of M. Clearly, N is a ¢-2-absorbing
semi-primary submodule of M. Define ¢ : J(R) — J(R)U {0} by p(I) = 0 for every
I € J(R). Notice that [4][3] € {[0]} = (N : [1]) — @((N : [1])), but [4] € (N : [1]) and
[3]" € (N : [1]) for all positive integer n.

Let N be a submodule of an R-module M and let ¢ : S(M) — S(M) U {0} be a
function. Define ¢y : S(M/N) — S(M/N)U{0} by

¢N(K/N):{ é)qﬁ(K)JrN)/N ﬁ%)jg)

for every submodule K of M with N C KJ[11]. In, 2010 Zamani in [11] gives relations
between ¢-prime submodules of M and ¢y-prime submodules of M/N. This leads us to
give relations between ¢-2-absorbing semi-primary submodules of M and ¢n-2-absorbing
semi-primary submodules of M/N.

Theorem 2. Let ¢ : S(M) — S(M) U {0} be a function and let N, K be two submodules
of M with N C K. If K is a ¢-2-absorbing semi-primary submodule of M, then K/N is
a ¢n-2-absorbing semi-primary submodule of M /N.
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Proof. Let a1,as € R and m € M such that ajaa(m + N) € (K/N) — ¢n(K/N).
Then ajagm € K — ¢(K). By Definition 1, ajas € /(K : M) or aym € K or aym € K
for some positive integer n. Clearly, ajas € /(K/N : M/N) or aj(m + N) € K/N or
aj(m+ N) € K/N for some positive integer n. This completes the proof.

Theorem 3. Let ¢ : S(M) — S(M) U {0} be a function and let N, K be two submodules
of M. If N C ¢(K) and K/N is a ¢n-2-absorbing semi-primary submodule of M /N, then
K is a ¢-2-absorbing semi-primary submodule of M.

Proof. Let a1, a2 € R and m € M such that ajagm € K — ¢(K). Then ajas(m+ N) €
(K — ¢(K))/N. By Definition 1, ajas € /(K/N : M/N) or aj(m + N) € K/N or
aj(m+ N) € K/N for some positive integer n. Clearly, ajag € /(K : M) or aym € K or
aym € K for some positive integer n.

Now, by Theorem 2 and Theorem 3, we have the following corollary.

Corollary 1. Let ¢ : S(M) — S(M)U{D} be a function and let N, K be two submodules
of M with N C ¢(K). Then K is a ¢-2-absorbing semi-primary submodule of M if and
only if K/N is a ¢n-2-absorbing semi-primary submodule of M/N .

Proof. The proof follows from Theorem 2, 3.

Zamani in [11] gives relations between ¢-prime submodules of M and ¢g-prime sub-
modules of S™'M. This leads us to give relations between ¢-2-absorbing semi-primary
submodules of M and ¢g-2-absorbing semi-primary submodules of S~1 M.

Theorem 4. Let S be a multiplicative closed subset of R and let ¢ : S(M) — S(M)U{0}
be a function. If N is a ¢-2-absorbing semi-primary submodule of M, then S™'N is a
bg-2-absorbing semi-primary submodule of S~ M.

Proof. Let a1,as € R, s1, 52,53 € Sandm € M such that 292 ™ ¢ §=1N _¢o(STIN).

S1 S2 83

Then there exists s € S such that sajaom € N. If sajaom € ¢(N), then ‘;i ‘;; Z; = % €
“1p(N) = ¢5(S7IN), a contradiction. Now if sajasm & ¢(N), then ajaz(sm) € N —
¢(N). By Definition 1, ajas € /(N : M) or ajsm € N or ajsm € N for some positive

. n arm _ aism 1 agypm _ @3sm
integer n. If a;sm € N or a28m € N, then {138 = {152 € ST N or (2)"{ = shass €

S~IN. Now if ajag € V(N ), then there exists positive integer n; such that (aja2)™ €
(N : M). Clearly, (3-22)" € S (N : M). This completes the proof.

Theorem 5. Let S be a multiplicative closed subset of R and let ¢ : S(M) — S(M)U{0}
be a function. If STIN is a ¢g-2-absorbing semi-primary submodule of S™*M such that
SNZAN/$p(N)) =0 and SN Zd(M/N) = (), then N is a ¢-2-absorbing semi-primary
submodule of M.

Proof Let a1,a2 € R and m € M such that ajagm € N —¢(N). Then 4L 2% = “bTm €
STIN. If 422l ¢ ¢g(S™IN) = S71¢(N), then there exists s € S such that sajaam €
¢(N) Wthh 1s a contradlctlon If 220  ¢g(STIN), then L9222 € SIN — ¢g(SIN).
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By Definition 1, 2% € /(S~IN : S~IM) or &% € S7IN or (2)"2 € S7IN for some

positive integer n. If 4% € /(S—IN : S=1M), then (% %) € (S7'N : S71M) for some
positive integer n. Thus there exists s € S such that s(aja2)"M C N for some positive

integer n. By assumption, (aja2)"M C N so ajaz € /(N : M).

In view of Theorem 4 and Theorem 5, we have the following result.

Corollary 2. Let S be a multiplicative closed subset of R and let ¢ : S(M) — S(M)U{0}
be a function with SNZd(N/$(N)) =0 and SNZA(M/N) = 0. Then N is a ¢-2-absorbing
semi-primary submodule of M if and only if ST'N is a ¢g-2-absorbing semi-primary
submodule of ST M.

Proof. The proof follows from Theorem 4, 5.

In the following result, we give an equivalent definition of ¢-2-absorbing semi-primary
submodules.

Theorem 6. Let ¢ : S(M) — S(M) U {0} be a function. The following conditions are
equivalent:

(i) N is a ¢-2-absorbing semi-primary submodule of M.

(ii) For every aj,aa € R— (N : M) if ajaa € R— /(N : M), then (N : araz) C (¢(N) :
araz) U (N :a1) U (N :a) for some positive integer n.
Proof. (i = ii) Let m € (N : ajaz). Then ajagm € N. If ajaam € ¢(N), then
m € (¢(N) : araz) U (N :a1) U (N : af) for some positive integer n. If ajaom & ¢(N),
then ajaam € N — ¢(N). By Definition 1, ajas € /(N : M) or aym € N or agm € N for
some positive integer n. By assumption, m € (N : a;) or m € (N : af) for some positive
integer n. Therefore (N : ajaz) = (¢(N) : ajaz) U (N :a1) U (N : af) for some positive
integer n.
(7@ = i) It is obvious.

Corollary 3. Let ¢ : S(M) — S(M) U {0} be a function. The following conditions are
equivalent:

(i) N is a ¢-2-absorbing semi-primary submodule of M.

(i) For every a € R— (N : M) and every ideal I of R such that I € (N : M) if
al £ \/(N : M), then (N :al) C (¢(N):al)U(N :a)U (N :I") for some positive
integer n.

(i1i) For every ideals I,J of R such that I,J ¢ (N : M) if IJ € /(N : M), then
(N:IJ)C(¢p(N): IJ)U(N : I)U (N : J") for some positive integer n.

Proof. The proof is similar to Theorem 6.

The following theorem offers a characterization of ¢-2-absorbing semi-primary sub-
modules.
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Theorem 7. Let ¢ : S(M) — S(M) U {0} be a function. The following conditions are
equivalent:

(i) N is a ¢-2-absorbing semi-primary submodule of M.

(i1) For every a € R ( and m € M if am ¢ N, then (N : am) C (¢(N) :
am) U (v/((N: M U\/

Proof. (i = ii) Let a € R— (N : M) and m € M such that am ¢ N. Assume that

€ (N :am). If ram &€ ¢(N), then ram € N — ¢(N). By Definition 1, ar € /(N : M)

or am € N or r™m € N for some positive integer n. By assumption, r € (y/(N : M) :

a)U+/(N:m) C (¢(N):am)U (/((N:M):a)U\/(N:m). Now if ram € ¢(N), then
r€ (¢(N):am) C (A(N):am)U (/((N:M):a)U/(N:m).

(79 = i) It is obvious.

Corollary 4. Let ¢ : S(M) — S(M) U {0} be a function. The following conditions are
equivalent:

(i) N is a ¢-2-absorbing semi-primary submodule of M.

(ii) For every ideal I of R such that I C R— (N : M) and m € M if Im € N, then

(N:Im) C(p(N):Im)U(/(N:M):I)U\/(N:m).

Proof. The proof is similar to Theorem 7.

3. Properties of ¢,-2-Absorbing Semi-primary Submodules

We start with the following theorem that gives a relation between ¢,-2-absorbing semi-
primary and ¢-2-absorbing semi-primary submodule. Our starting points are the following
definitions:

Definition 2. Let M be an R-module and let S(M) be the set of all submodules of M.
Define the following functions ¢, : S(M) — S(M) U {0} and the corresponding ¢q-2-
absorbing semi-primary submodules:

o If ¢(N) =0 for every N € S(M), then we say that ¢ = ¢y and N is called a py-2-
absorbing semi-primary submodule of M, and hence N is a 2-absorbing semi-primary
submodule of M.

o If p(N) = {0} for every N € S(M), then we say that ¢ = ¢o and N is called a
do-2-absorbing semi-primary submodule of M, and hence N is a weakly 2-absorbing
semi-primary submodule of M.

e If o(N) = N for every N € S(M), then we say that ¢ = ¢1 and N is called a
¢1-2-absorbing semi-primary submodule of M.
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o If (N) = (N : M)N for every N € S(M), then we say that ¢ = ¢2 and N is
called a ¢o-2-absorbing semi-primary submodule of M, and hence N is an almost
2-absorbing semi-primary submodule of M.

o If p(N) = (N : M)""IN for every N € S(M), then we say that ¢ = ¢p>2 and
N is called a ¢p,-2-absorbing semi-primary submodule of M, and hence N is a n-2-
absorbing semi-primary submodule of M.

o
o If p(N) = ﬂ(N : M)'N for every N € S(M), then we say that ¢ = ¢, and N
i=1
is called a ¢,-2-absorbing semi-primary submodule of M, and hence N is a w-2-
absorbing semi-primary submodule of M.

Remark 2. Let M be an R-module and let S(M) be a set of all submodules of M. For
two functions ¢o,Ppg : S(M) — S(M)U{0}. We define ¢o < ¢3, if pa(N) C ¢(N) for
all N € S(M)[11]. Observe that ¢y < ¢ < ¢y < ... < Opg1 < P < ... < P < 1.

Notice that for an R-module M, the zero submodule {0} is always a ¢g-2-absorbing
semi-primary submodule. In the following example, we give a module in which a ¢g-2-
absorbing semi-primary submodule is not ¢-2-absorbing semi-primary .

Example 3. Let R = Z and M = Z3y X Zsg. Consider the submodule N = {[0]} x Z3
of M. Define ¢ : S(M) — S(M) U {0} by ¢(N) = {[0]} x {[0]} for every N € S(M).
It is easy to see that N is a ¢g-2-absorbing semi-primary submodule of M. Notice that
(2-3)([5], [1]) € N — 6(N), but 2-3 ¢ /(N : M), 2([5], [1]) & {[0]} x Zso and 3"([5], [1]) ¢
{[0]} x Zsy for all positive integer n. Therefore N is not a ¢-2-absorbing semi-primary
submodule of M.

We are finding additional condition to show that a 2-absorbing semi-primary submod-
ule is a ¢-2-absorbing semi-primary submodule of an R-module.

Theorem 8. Let ¢ : S(M) — S(M) U {0} be a function and let ¢(N) is a 2-absorbing
semi-primary submodule of M. Then N is a ¢p-2-absorbing semi-primary submodule of M
if and only if N is a 2-absorbing semi-primary submodule of M .

Proof. Suppose that N is a 2-absorbing semi-primary submodule of M. Clearly,
N is a ¢-2-absorbing semi-primary submodule of M. Conversely, assume that N is a
¢-2-absorbing semi-primary submodule of M. Let a;,aa € R and m € M such that
aragm € N. If ajaom & ¢(N), then ajasm € N—¢(N). By Definition 1, ajas € /(N : M)
or aym € N or aym € N for some positive integer n. Now if ajagm € ¢(N), then
ajaz € /(N : M) or aym € N or afm € N for some positive integer n.

Further, we give another characterization of ¢,-2-absorbing semi-primary submodule
of M.

Theorem 9. Let ¢y : S(M) — S(M) U {0} be a function and let (0 : r¥) C r*M # M,
where 7 € R. Then M is a ¢2-2-absorbing semi-primary submodule of M if and only if
it is a 2-absorbing semi-primary submodule of M .
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Proof. Suppose that r*M is a 2-absorbing semi-primary submodule of M. Clearly,
r*M is a ¢y-2-absorbing semi-primary submodule of M. Conversely, assume that r*M
is a ¢9-2-absorbing semi-primary submodule of M. Let aj,a2 € R and m € M such
that ajaam € r* M. If ajaom & ¢o(rF M), then ajaom € r* M — ¢o(r*M). By Definition
1, ajaz € /(N : M) or aym € N or aym € N for some positive integer n. Assume
that ajaom € ¢o(rFM). Since ajaom,rFaom € r*M, we have (a; + r*)agm € r*M. If
(a1 + r8)asm & ¢o(r* M), then (ay + r¥)agm € r*M — ¢o(r*M). Then by Definition 1,
aras € \/(r*M : M) or aym € r*M or aym € r*M for some positive integer n. Now if
(a1 + 7%)agm € ¢o(r* M), then r¥agm € ¢o(r¥M). Then there exists mg € (r*M : M)M
such that r*asm = r*my. By assumption, aem — mg € r* M. Hence agm € r*M.

Theorem 10. Let ¢ : S(M) — S(M)U{D} be a function and let N, K be two submodules
of M with N C K. If 9(K) C N and K is a ¢-2-absorbing semi-primary submodule of
M, then K/N is a ¢o-2-absorbing semi-primary submodule of M/N .

Proof. Let aj,aa € R and m € M such that ajaam + N € K/N — (¢n)o(K/N).
Since ¢(K) C N, we have ajaom ¢ ¢(K). Clearly, ajagm € K — ¢(K). By Definition
1, ajas € /(K : M) or aym € K or afm € K for some positive integer n. Thus ajas €
V(K/N : M/N) or ai(m+ N) € K/N or ay(m+ N) € K/N for some positive integer n.

Theorem 11. Let ¢ : S(M) — S(M) U {0} be a function, N be a ¢-2-absorbing semi-
primary submodule of M and let K be a submodule of M with N C K. If $(N) C ¢(K)
and K/N is a ¢po-2-absorbing semi-primary submodule of M /N, then K is a ¢-2-absorbing
semi-primary submodule of M.

Proof. Let a1,as € R and m € M such that ajaam € K — ¢(K). By assumption,
araom & ¢(N). If ajagm € N, then ajagm € N — ¢(N). By Definition 1, ajay €
\/(N : M) C \/(K : M) oraym € N C K or agm € N C K for some positive integer n.
If ajasm € N, then ajaz(m+ N) & ¢po(K/N). Therefore ajas(m+ N) € K/N — ¢o(K/N).
By Definition 1, ajag € \/(K/N : M/N) or a;(m+ N) € K/N or ay(m+ N) € K/N for
some positive integer n. This completes the proof.

As an immediate consequence of Theorem 10 and Theorem 11 we have the next corol-
lary.

Corollary 5. Let ¢ : S(M) — S(M)U{D} be a function and let N, K be two submodules
of M with N C K. Then N is a ¢-2-absorbing semi-primary submodule of M if and only
if N/O(N) is a ¢o-2-absorbing semi-primary submodule of M/¢p(N).

Proof. 1t is straightforward by Theorem 10 and Theorem 11.

Theorem 12. Let ¢, : S(M) — S(M) U {0} be a function. Then the following hold.

(i) If N is a ¢g-2-absorbing semi-primary submodule of M such that ¢g < ¢, then N
is a ¢-2-absorbing semi-primary submodule of M.
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(i1) If N is a ¢g-2-absorbing semi-primary submodule of M, then N is a ¢o-2-absorbing
semi-primary submodule of M.

(iii) If N is a ¢o-2-absorbing semi-primary submodule of M, then N is an w-2-absorbing
semi-primary submodule of M.

(i) If N is a ¢,-2-absorbing semi-primary submodule of M, then N is a ¢p-2-absorbing
semi-primary submodule of M.

Proof. i. Let a1,a2 € R and m € M such that ajaam € N — ¢ (V). By assumption,
¢g(N) € ¢4(N). Then ajagm € N — ¢(N) € N — ¢g(N). Then by Definition 1,
ajaz € /(N : M) or aym € N or a§m € N for some positive integer n.

ii, iii, iv. It is obvious.

From the above definitions we obtain immediately the following implication chart for
the considered types of submodules:

2-absorbing semi-primary = weakly 2-absorbing semi-primary = w-2-absorbing
semi-primary = ¢,>2-2-absorbing semi-primary = almost 2-absorbing semi-primary

Theorem 13. Let ¢, ¢35 : S(M) — S(M) U {0} be two functions and let N be a ¢-2-
absorbing semi-primary submodule. If ¢35 £ ¢, then N is a 2-absorbing semi-primary
submodule of M.

Proof. Let aj,as € R and m € M such that ajaom € N. If ajaom & ¢(N), then
ajagm € N — ¢(N). By Definition 1, ajag € /(N : M) or aym € N or aym € N
for some positive integer n. Next, let ajaom € ¢(IN). In this case, we may assume
that ajaaN C ¢(N), because if ajaaN Z ¢(IN) then there exists myg € N such that
ajaamg € ¢(N). Clearly, aym € N or ajas € \/(N : M) or aym € N for some positive
integer n. Second we may assume that (N : M)?m C ¢(N). If this is not the case, there
exist 7‘1,7”2 € (N M) such that (a1 +r1)(a2 +r2)m & ¢(N). By assumption, aym € N or
ajay € /(N or aj € /(N :m) for some positive integer n. Again, by assumption,
(N :M)2N Z qﬁ( ). There exist r1,79 € (N : M) and mg € N such that riramg € ¢(N).
Thus by Definition 1, aym € N or ajaz € /(N : M) or aim € N for some positive integer
n.

Corollary 6. Let ¢, : S(M) — S(M)U {0} be a function and let N be a ¢po-2-absorbing
semi-primary submodule of M. If ¢3 # ¢qg, then N is a 2-absorbing semi-primary sub-
module of M.

Proof. Similar to the proof of Theorem 13.
Theorem 14. Let ¢, ¢4 : S(M) — S(M) U {0} be two functions. If N is a ¢-2-absorbing

semi-primary submodule such that ¢ < ¢4, then N is a w-2-absorbing semi-primary sub-
module of M .
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Proof. If N is a 2-absorbing semi-primary submodule of M, then there is nothing
to prove. Assume that IV is not a 2-absorbing semi-primary submodule of M. Then by
Theorem 13, (N : M)2N = ¢3(N) C ¢(N) C (N : M)3N. This implies that ¢(N) = (N :
M)?N = (N : M)3N. Thus ¢(N) = (N : M) N for all i > 3.

Theorem 15. Let M be a multiplication R-module and ¢ : S(M) — S(M) U {0} be a
function. Then the following properties hold.

(i) If N is a ¢-2-absorbing semi-primary submodule of M with N3 € ¢(N), then N is
a 2-absorbing semi-primary submodule of M.

(ii) If N is a ¢,-2-absorbing semi-primary submodule of M with N® # N™ for alln > 3,
then N is a 2-absorbing semi-primary submodule of M.

Proof. 1. Suppose that N is a ¢-2-absorbing semi-primary submodule of M that is
not 2-absorbing semi-primary. Clearly, N = (N : M)M. Then by Theorem 13, N® = (N :
M) M = (N : M)X(N : M)M) = (N : M)?N = ¢5(N) C 6(N).

2. Suppose that N is a ¢,-2-absorbing semi-primary submodule of M that is not 2-
absorbing semi-primary. Clearly, N* C N3, for all n > 3. Then by parts 1, N3 C ¢,,(N) =
(N:M)" N = (N:M)"M = N". Hence N3 = N™. This completes the proof.

Theorem 16. Let ¢; : S(M;) — S(M;) U {0} be a function with ¢ = 11 X 1p2. Then the
following statements are equivalent:

(i) N1 x My is a ¢-2-absorbing semi-primary submodule of My x Ms.

(ii) (a) Ni is a 1-2-absorbing semi-primary submodule of Mj .

(b) For each aj,aa € R and m € M such that ajagm € 1(N1) if ajay &
(N1 : My) and aym & Nyi,aym & Ny for all positive integer n, then ajag €
(Y2(Mz) : Ma).

Proof. (i = 1ii). (a). It is obvious.

(b). Let ajagm € 91 (N1),aym ¢ Ny and afm ¢ Ny, where aj,a2 € R and m € M;.
Suppose that ajay & (12(Ms) : Ms). There exists mgo € My such that ajagms ¢ 1ho(Ma).
Thus ajaz(m,mz) € N1 x My — ¢(Ny x Ms). By part (1), i.e., ajae € /(N1 : M) or
aym € Ny or agm € Ny which is a contradiction.

(1 = i). Let aj,a2 € R and (mq,mg2) € M; x My such that ajas(my,ma) € Ny X
My — gf)(Nl X Mg). If ajasmy & l/Jl(Nl), then ajasm; € Ny — ¢1(N1). By part (a),
ajag € \/(Nl X My : My x My) or ai(mi, ma) = (aymy,aims) € Nix My or al(my, ma) =
(aymi,a3msy) € Ny X My, and thus we are done. If ajagmi € ¢1(N1), then ajaams &
o (My). Therefore ajas & (Y2(Ms) : Ms). By part (b), ajas € \/(Nl X My : My x My)
or ai(my,mg) € N1 x My or af(my, ma) € N1 X Ma.

Corollary 7. Let ¢; : S(M;) — S(M;) U {0} be a function with ¢ = 11 X po. Then the
following conditions are equivalent:
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(i) My x No is a ¢-2-absorbing semi-primary submodule of My x M.

(i) (a) Nz is a o-2-absorbing semi-primary submodule of M.
(b) For each ay,az € R and m € My such that ajaom € 1o(N3), if ajas &
V(Na : M), a1m ¢ N and aym € Na for all positive integer n, then ajay €
(Y1(My) = My).

Proof. Similar to the proof of Theorem 16.

Theorem 17. Let ; : S(M;) — S(M;) U {0} is a function with ¢ =1 X ... X 9. Then
the following conditions are equivalent:

(i) My x...x M;—1 X Ny X Miy1 x...x My is a ¢-2-absorbing semi-primary submodule
0fM1 X...XMk.

(i) (a) Nj is a 1;-2-absorbing semi-primary submodule of M.
(b) For each ai,as € R and m € M; such that ajaom € ;(N;), if ajay &
(N; : M;),axm ¢ N; and aym ¢ N; for all positive integer n, then there

exists j € {1,2,...,k} such that aras € (¢;(M;) : Mj).

Proof. Similar to the proof of Theorem 16.

Next, let R; be a commutative ring with identity and let M; be an R;-module. Then
My x My is an R1 x Ro-module and each submodule of M7 x My is of the form N7 x Ny for
some submodules N7 of M and Ny of Mj. Next we show that, if Ny is a ()1)-2-absorbing
semi-primary submodule of M7, then N; x M is a ¢-2-absorbing semi-primary submodule
if {0} x My C 1)1 X 9o (N7 x My). First, we would like to show that, Ny is a 11-2-absorbing
semi-primary submodule of Mj if N1 x Ms is a ¢-2-absorbing semi-primary submodule of
M1 X MQ.

Theorem 18. Let ¢; : S(M;) — S(M;) U{0} be a function with ¢ = 1p1 X y. If Ny x My
is a ¢-2-absorbing semi-primary submodule of My x Ms, then Ny is a ¥1-2-absorbing
semi-primary submodule of Mj.

Proof. Let aj,aa € Ry and m € M; such that ajaom € Ny — ¢1(N1). Then
(a1,0)(az,0)(m,0) € Ny x My — v1(N1) x ¥2(Mz). By Definition 1, ajaz € /(N1 : My)
or aym € Ny or agm € Ny.

Lemma 1. Let 1p; : S(M;) — S(M;) U {0} be a function. If Ny is a (11)o-2-absorbing
semi-primary submodule of My such that {0} x My C 1 X 1o(Ny x M), then N1 x My is
a Y1 X YPg-2-absorbing semi-primary submodule of My x M.

Proof. Let (a1,b1), (ag,b2) € Ry X Ry and (mq,mg) € My x Mj such that

(a1,b1)(az, b2)(mi,ma) € N1 X My — ¢(N1 X M3).
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By assumption, (ajagmi,bibams) & {0} x Ms. Clearly, ajagm; € N1 — (¢1)o(N1). By
Definition 1, ajas € /(N1 : M1) or aym; € Ny or a§my € N; for some positive integer n.
Therefore N1 x My is a ¢-2-absorbing semi-primary submodule of M; x Mo.

Corollary 8. Let ¢; : S(M;) — S(M;) U{0} be a function with ¢ = 11 X o. If Ny is a
(12)0-2-absorbing semi-primary submodule of My such that My x {0} C 11 X 1a(M; X Na),
then My x No is a ¢-2-absorbing semi-primary submodule of M1 x Ms.

Proof. Similar to the proof of Lemma 1.

Theorem 19. Let v¢; : S(M;) — S(M;) U {0} be a function with ¢ = 11 X ... X g
and M1 X ... X Mi—l X {0} X Mi+1 X ... X Mk - d)(Ml X ... X Mi—l X Nz X Mi+1 X
... X My). Then Nj is a (¢;)o-2-absorbing semi-primary submodule of M; if and only if
My X My X ...X Mi—1 X Ny X M1 X ...x Mg is a ¢-2-absorbing semi-primary submodule
of My x Mo x ... x M.

Proof. Similar to the proof of Theorem 18 and Lemma 1.

Theorem 20. Let (¢;)y : S(M;) — S(M;) U {0} be a function with ¢n, = (¥1)n X (¥2)n-
If Ny is a (Y1)0-2-absorbing semi-primary submodule of My such that (v2)3(Ma) = M,
then N1 x My is a ¢3-2-absorbing semi-primary submodule of My x Ma.

Proof. If Ny is a 2-absorbing semi-primary submodule of M;j, then Ni x Ms is a 2-
absorbing semi-primary submodule of M; x Ms. Clearly, N1 x Ms is a ¢3-2-absorbing
semi-primary submodule of M; x Mjy. Assume that Nj is not 2-absorbing semi-primary.
By Corollary 6, (¢1)3 < (¢1)o s0 (N1 : M1)>Ny = {0}. Therefore (¢1)3 X (¢2)3(N1 x My) =
(¥1)3(N1) x (¥2)3(M2) = {0} x My. Now, by Lemma 1, Ny x Ms is a (¢1)3 x (¢2)3-2-
absorbing semi-primary submodule of M; x M.

Corollary 9. Let (¢;)n : S(M;) — S(M;) U{0} be a function with ¢, = (¥1)n X (¢2)n.
If Ny is a (¥2)0-2-absorbing semi-primary submodule of Ms such that (11)s(My)
then My x No is a ¢3-2-absorbing semi-primary submodule of M1 x M.

Proof. Similar to the proof of Theorem 20.

Theorem 21. Let (1;), : S(M;) — S(M;)U{0} be a function with ¢n, = (¢1)nX. .. X (Y)n.
If Nj is a (¢;)o-2-absorbing semi-primary submodule of M; such that (v;)3(M;) = M;,
then My x My X ... X M;—1 X N; X Mi4q1 X ... X My is a ¢p3-2-absorbing semi-primary
submodule of My x ... X Mj.

Proof. Similar to the proof of Theorem 20 and Corollary 9.

Theorem 22. Let ¢; : S(M;) — S(M;) U {0} be a function with ¢ = 11 X 1p2. Then the
following conditions are equivalent:
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(i) Ny is a 2-absorbing semi-primary submodule of M.
(ii) N1 x My is a 2-absorbing semi-primary submodule of My x M.

(iii) N1 x My is a ¢p-2-absorbing semi-primary submodule of My x Msy, where 1o(Ms) #
M.

Proof. (1 = 2). Let (a1,b1), (az,b2) € Ry X Re and (m1,ms2) € M; x Ms such that
(a1,b1)(az,b2)(my,ma) € Ny x Ms. Clearly, ajagm; € Ni. By Definition 2, ajay €

(N1 : My) or aymy € Ny or aimy € N; for some positive integer n. This completes the
proof.

(2 = 3). It is easy to see that every 2-absorbing primary submodule is ¢-2-absorbing
semi-primary.

(3=1). Let a1,a2 € Ry and m € M; such that ajagm € Nj. By assumption, there
exists mo € My such that mo & 1o(Mz). Since ¢(Ny x Mz) C My X ¢o(Ms), we have
(a1,1)(az,1)(m,mz) € N1 X My — 1)1 X 1po(Ny X Ms). By Definition 1, ajas € /(N : M)
or aym € Ny or agm € Nj.

Corollary 10. Let ¢; : S(M;) — S(M;) U {0} be a function ¢ = 11 X o. Then the
following conditions are equivalent:

(i) No is a 2-absorbing semi-primary submodule of Ms.

(ii) My x Na is a 2-absorbing semi-primary submodule of My x M.

(iii) My x Ny is a ¢p-2-absorbing semi-primary submodule of My x Msy, where 1 (My) #
M.

Proof. Similar to the proof of Theorem 22.

Theorem 23. Let ¢; : S(M;) — S(M;) U{0} be a function with ¢ =1 X ... X . Then
the following conditions are equivalent:

(i) N; is a 2-absorbing semi-primary submodule of M;.

(11) MixMayx...x M1 X N;X M1 %...xX My is a 2-absorbing semi-primary submodule
0fM1 X ...XMQ.

(i1i) My X My X ... X M;—q1 X N; X M;1q X ... X My is a ¢-2-absorbing semi-primary
submodule of My x ... x My with 1;(M;) # M;.

Proof. Similar to the proof of Theorem 22 and Corollary 10.
Theorem 24. Let v; : S(M;) — S(M;) U {0} be a function with {o(Ms) = Ms and

¢ = Y1 X Po. Then Ny X My is a ¢p-2-absorbing semi-primary submodule of My x My if
and only if N1 is a 1-2-absorbing semi-primary submodule of M.
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Proof. The proof is clear.

Corollary 11. Let v¢; : S(M;) — S(M;) U {0} be a function with 1(My) = My and
¢ = Y1 X o. Then My x Ny is a ¢p-2-absorbing semi-primary submodule of My x My if
and only if No is a 1p9-2-absorbing semi-primary submodule of M.

Proof. Similar to the proof of Theorem 24.

Theorem 25. Let ¢; : S(M;) — S(M;) U {0} be a function with ;(M;) = M; and
¢ = Y1 X ... X Y. Then My X Mo x ... X Mj—1 X Ny X Mjy1 X ... X My is a ¢-2-
absorbing semi-primary submodule of My X ... x My if and only if N; is a 1;-2-absorbing
semi-primary submodule of M;.

Proof. Similar to the proof of Theorem 24 and Corollary 11.

Theorem 26. Let N; be a proper submodule of M; and let v; : S(M;) — S(M;) U {0} be
a function with ¢ = 1 X Yo. If N1 X Ng is a ¢-2-absorbing semi-primary submodule of
My x My, then

(i) Ny is a ¢1-2-absorbing semi-primary submodule of My,
(i) Na is a 9-2-absorbing semi-primary submodule of Ms.
Proof. The proof is clear.

The next theorem gives conditions for a ¢-2-absorbing semi-primary to be 2-absorbing
semi-primary.

Theorem 27. Let ¢; : S(M;) — S(M;) U {0} be a function with ;(M;) # M;, ¢ =
Y1 X g X YP3. If N is a ¢p-2-absorbing semi-primary submodule of My x My x Mg, then
N = ¢(N) or N is a 2-absorbing semi-primary submodule of My x My x Ms.

Proof. Suppose that N is a ¢-2-absorbing semi-primary submodule of M; x My X
M3 that is not 2-absorbing semi-primary. Now suppose that N; x No x N3 = N #
Y1 X g x Y3(N). Thus N; # ¢;(N;) for some ¢ = 1,2,3. We may assume that
Ny # 11(Ny). There exists my; € Ny such that my ¢ 11(N7). Assume that Ny # Mo
and N3 # Ms. Thus there exist mo € My and ms € Ms such that ms & N and
ms3 g Ng. Since (1,0,1)(1,1,0)(m1,m2,m3) ¢ 1/)1 X 1,[)2 X ¢3(N1 X N2 X Ng), we have
(1,0,1)(1,1,0)(my,ma,m3) € N —¢(N). By Definition 1, mg € Ny or mg € N3, a contra-
diction. Therefore N = Ny X My x N3 or N = Ny X Ny x M3. If N = Ny x My x N3, then
(0,1,0) € (N : My x My x M3). By Theorem 13, {0} x Ms x {0} = (0,1,0)2N C (N : Ny x
M x N3)>N = (¢1)3 % (1h2)3 X (¥3)3(N) C 1 x 32 X ¢h3(N) = 1 (N1) X 2(M2) X 3(N3),
which is a contradiction. This completes the proof.

The above theorem shows the relationship between 2-absorbing semi-primary and ¢-2-
absorbing semi-primary submodules in R; X Re X Rg-modules. From the above theorem,
we have the following corollary.
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Corollary 12. Let v¢; : S(M;) — S(M;) U {0} be a function with ;(M;) # M;, ¢ =
Y1 X Yy X 3 and N # ¢(N). Then N is a ¢-2-absorbing semi-primary submodule of

My

1]

[7]

8]

[9]

[10]

[11]

X Mo x Mg if and only if N is a 2-absorbing semi-primary submodule of My X Mo x Ms.

Proof. This follows from Theorem 27.
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