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Abstract. The aim of this paper is to obtain local approximation results for Stancu type gen-
eralization of modified Szadsz-Mirakjan operators. First, we calculate moments of the operators.
Some direct results of the operators are investigated. The rate of convergence of the operators is
evaluated. In last section of the paper, the Voronovskaya type result is obtained.
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1. Introduction

In 1950, Otto and Mirakjan [5] introduced Szdsz-Mirakjan operators; generalization of
Bernstein operators defined by

M) =30 P (’“) 1)

n
k=0

In his paper D.D. Stancu [3] introduced a positive linear polynomial type operators defined

b
y B () (w) = ;0 (3)ata-ar s (555). ©)

where, 0 <a<pfand 0 <z <1.
Walczak [13] investigated generalization of Szdsz-Mirakjan operators defined by

> k
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where s, () = e‘“”x%, for kK = 0,1,2,...;¢ > 0 is a fixed number, (a,);° and

(bn)$° are increasing and unbounded sequences such that 1 < a,, < b,, and (ay/b,)5° is

non-decreasing and
ap, 1
omo_q il
bn e < bn >

Walczask [13] derived pointwise and uniform convergence of the operators (3) in expo-
nential weight space. There are some other linear positive operators with Stancu type
modification, e.g. [1], [10], [11], [12].

Recently, Gandhi and Mishra [4] introduced modification of Szdsz-Mirakjan operators (1)

given by
> boz)f [k
Sn(f;r) = kz_oebnx(lf!)f(l)n)’ (4)

where (b,)$° is an increasing sequence of positive real numbers, b,, — 0o as n — oo, by > 1.
For b, = n, we get the operators defined in (1).

Gandhi and Mishra discussed local and global approximation results of the operators (4)
in polynomial weighted space of polynomials. Indeed, the rapid development has led to
the discovery of new generalizations of approximation operators (one may refer to [2],[7],
[8], 9], [15]).

In second section of this paper, we introduce our Stancu variant of modified Szdsz-Mirakjan
operators and we evaluate moments of our operators. The uniform convergence of the
operators is derived. In third section, we discuss local approximation result and rate of
convergence of the operators. In the last section, we derive Voronovskaya type result for
the operators.

2. Construction of the operators

Motivated by Gandhi and Mishra [4], we introduce Stancu type generalization of mod-
ified Szdsz-Mirakjan operators for f € C[0,00) as follows:

o,B( r. — . (bnl‘)k —bnx <k+a>
Sal(f) ;) 0 e 5g) (5)

where, 1/b, — 0 as n — oo, b, > 1. For a = = 0 we get the modified Szdsz-Mirakjan
operators.
Now, we calculate moments of our operators (5).

Lemma 2.1. Let e;(t) =t for j = 0,1,2, the followings are true:

SeP(1y2) =1, (6)
bpx + «
avﬁ . — n
Sp () = 22, @)
2,2 2
Sﬁ’ﬁ(t2;x) _ b:x (1+2a)by, « (8)
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Proof. For ¢ = 0, the result is obvious.

Fori=1,
o0 k
a,B (. — (bnl') —bnpx k+a
SooP(t; x) Z € "
k=0
1 & (ba)* a
= "k n(1;
bn+5§ Py LA EY
bt
byt
For 1 = 2,
. (bpx)® k+a\?
a,f t2 — (TL —bpx
St =) <bn+ﬂ)

Hence, lemma is proved.

Lemma 2.2. The central moments ®%° (z) = S5 ((t—z)™; ) form = 1,2 are as follows:

« bn

o) = TS 0
B, b 2, (L+20)bp, 20« > o?

o7 (x) = (bn+5 1> x4 ( Ont B2 butP T+ ot B2 (10)

Proof. Using lemma:(2.1) we get the result.
Now, we obtain the uniform convergence of the operators 528 to [, f € Cel0,00),
Cel0,00) = {f € C[0,00) : | ()] < M(1+1)%}
for M > 0,¢ > 0.

Theorem 2.3. Sﬁ"@(f;a:) converges uniformly to f(x) for 0 <z < a, f € C¢l0,00),§ >
2,a > 0.

Proof. Using Korovkin theorem, it is sufficient to show that

: 7B . j —
Tim [[S37(; 2) = 27 g j0,00) = O
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for j =0,1,2.
The result is trivial for the case j = 0 using (6). For j = 1, the result can be obtained
using (7), as follows:

b + «
i [153°(t52) ~ el = i | 2
nooo ‘ ool ba+ B lggo,00)
=0.
Finally, for j = 2, using (8), we get
b2 22 (14 2a)b o?
lim || S8 (t2; x) — o? oo) = lim H & + " —
n—roo | ( ) HC§[0, )T S (bn + B)? (bn + B)? (bn + B)? Ce[0,00)
b2 2
= lim || —2"— —2?
oo H (bn + 5)2 C¢[0,00)
=0.

3. Direct result

In this section, we give some local results for the operators. Let Cg[0, c0) be the space
of all real valued continuous bounded functions defined on [0, 00). The norm on the space

Cp[0,00) is the supremum norm ||f|| = sup |f(z)|. Further, Peetre’s K-functional is
x€[0,00)

defined by

Ko(f,8) = inf {[|f —gll+dllg"ll},
geW?

here W2 = {g € Cg[0,00) : ¢',¢" € Cp[0,0)}, By [14] there exists a positive constant
C > 0 such that Ky(f,6) < Cwa(f,8/?),6 > 0, where

wa(f,62) = sup ,x € [0,00)|f(x+2h) —2f(z +h) + f(x)]
0<h<§l/2

is the second order modulus of continuity of function f € Cg[0, 00). Also. for f € Cp[0, o)
the usual modulus of continuity is given by

w(f,8"%) = sup |f (@ +h) = f(2)].

0<h<61/2 x€[0,00)

Theorem 3.1. Let f € Cp[0,00), then for all n € N, there exists an absolute constant
C > 0 such that

S0 f32) = f(2)] < Cwa(f,6n(2)) +w(f, an()), (11)

where
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On(w) = [S7((t = )5 ) + (SR7(¢ = 2)3.0))*) 2

and

an(z) =

bn + 8

Proof. For 0 < z < oo, we consider the auxiliary operators S5 B (f;x) defined by

A bpr +
Sqo.B cz) = B : _ n )
29 fi) = S22 (i) + o) — FEEED)
Using above operators and (9), we get
A bpr +
067,8 _ . — O!,B _ . _ n _
Sp(t — i) = 539t~ i) - (5~ 2)

=0.

Now, 0 < x < oo and g € W?2. Applying Taylor’s formula, we get

t

o(t) = g(@) + (t — 2)g'(@) + / (t — u)g"(u)du.

xT

Applying S # on the both sides of the above equation, we obtain
t
S22 ((g:x) — g(w)) = S P((t — 2)g'(w); ) + S° ( / (t —u)g" (u)du; x)

— @8 (e~ pn) + 53 [ (¢ gy

bpnz+a

B /x TP <b;::;< B u) o (w)du

_ Sﬁﬁ( / (- u)g”<u>du;w) - /

[ - w i

bnz+a

5 b,
bn+3 ( b:_:‘ﬁa —u)g"(u)du.

Also,

t t
< [ 1= ullg")idu < ") [ 1t~ uidu < (2~ 27]g"].
x T

and

bnzta

5 by
[T (5 v

Therefore, we can conclude that
t
S8 </ (t —u)g" (u)du; :L‘> ‘

5% ((g52) — g())] =
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bpzta
n /rbn+ﬁ <bgf_:—ﬁa —u>g"(u)du

o bz + « 2
< g 1528 (¢ — 25 ) + ( - ) 19

bn + B
= 0xllg"Il
Also, we get
527 (g )| < 1S3 (f3 )| + 2011 < 3] -
Therefore,
1Sl (f32) = (@) < [SeP((f = 9)i2) = (f — 9) (@) + 1527 (g 2) — g())]
bn,
@) - 1D

<4llf — gl + lg"182(=) +w<f :

bnl‘ + « >
—x| .

bn + 8

Hence, taking the infimum on the right hand side over all g € W2, we obtain

1Sa7 (f32) = f(@)] < 4Ks(f,02()) + w(f, an(@)).

By using property of K-functional, we have

1S P (fr2) — f(2)| < Cwa(f,0n(x)) + w(f, an(2)).

Hence the result is obtained.

Now, we consider the following class of functions:

H,2[0,00) = {f : [0,00) = R : |f(z)| < Ms(1 + 2?%) here My is constant depending on the
function f},

C,2[0,00) = {f € H,2[0,00) : f is continuous},

2[0,00) = {f € Cp2[0,00) : lim|y o0 % is finite}.
The norm on the space C7,[0,00)x is defined by || f[|z2 = sup,efo,o0) \1}:52)2 .

We denote the modulus of continuity of f on closed interval [0,a],a > 0 by:

wa(f; 5) = SUP|t—z|<6,x,t€[0,q] ’f(t) - f(l‘)‘

Theorem 3.2. For f € C,2[0,00);wq(f;0) be its modulus of continuity on the interval
[0,a+ 1] C [0,00),a > 0, we have

1S58 (f32) — f(@)]| < 6M (1 + a2)An + 2was1(F3 vV An),

here

B b2 9 b, — 2af a a?
An_<1_(bn+ﬁ)2>a +< bn + B >bn+6+(bn+ﬁ)2‘



A.R. Devdhara, V.N. Mishra / Eur. J. Pure Appl. Math, 11 (2) (2018), 400-409 406

Proof. For 0 <z <aand t >0, we have [6]

|f(t) = f(z)] < 6Mp(1+a®)(t — ) +wa+1(f;5n)<t;x| + 1)_

Applying above inequality and Cauchy-Schwarz inequality, we have

1S5 (f(£);2) = f(@)llcpo < SaP(1F(E) — f(@)]; )
< 6M;(1+a?)SP((t — z)% @)

1/2
Faa(fion) (14 S22~ 2)%a)

For 0 < z < a, using lemma (2.2),

by, 1 2 2 2
S’?’B((t_:”)2;x):< >””2+< b++oé miﬁ) e
> 2+<1+2a 200 ) N o?
bt B2 butB)" T byt B

+

by, +B
(1 )2 <b —QaB) N a?
(bn +/32 TN B )bt B (bt B2

An-

IN
S]

IN

Taking 6, = v/ An, we will get the theorem.

4. Voronovskaya type result

Theorem 4.1. For f € C¢[0,00) such that f, f" € C¢[0,00), we have

Jm bulS20(fia) — f(@)] = (0 - oS (@) + 5 (o). (12)
where 0 <z < a, a>0.
Proof. From Taylor’s formula, we have
F&) = f@) + (t = 2) f'(2) + 5(t = 2)*f"(2) + (t — 2)*r(t, @),
here, r(t,z) is reminder term and }51116 r(t,z) = 0.

Therefore,
bl (fi ) = f(2)] = buf ()55 ((t — 2); 2)
R (ORr
+ bnsgﬁ( (t,z)(t — x)% 2).

By the Cauchy-Schwarz inequality, we get
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SP (r(t,2)(t — 2)2; \/S’ B (r2(t, x); \/S Bt —2)4a).

Asr(t,x) € C¢[0,00), therefore by Theorem (2.3) and from the fact that lim,_,, r(¢,z) = 0,
we obtain

lim S (r?(t, x); z) = r’(x, x) = 0.

n—00
Therefore,
lim b,[SY?(f;2) — f(z)] = lim b, f'(z)SYP((t — z); )
n— o0 n—oo
. f”( ) a8 2,
+ nh_) LS ((t — x)% ).
Now,
lim bSE8((t — 2):2) = limmsabn [ 25— 4
. bn . «
=t (1) (555
=a— ﬁxv
and

b 2
li_>m bpSOP((t — )% 2) = lim bn(( - 1) z?

n—oo bn —+ ﬁ

+<(1—|—2a)bn_ 2a ) N a? >
(bn+B)2  botB)" " (bt B

= X.

Hence, from above equations, we have

lim b, [S37(f:2) = £(2)] = (a = B2)f' (&) + 5 " (a).

n—oo

Hence the theorem is proved.
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