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1. Introduction

The concept of soft set has been introduced in 1999 by Molodtsov [15] as a general
mathematical tool for dealing with uncertainties and imprecision. After Molodtsovs work,
some research papers have appeared on the algebraic structures of soft set theory. Then,
Maji et al. [17] introduced and analyzed several operations on soft sets. In 2007, Aktas
and Cagman [2] studied the basic concepts of soft sets theory and soft groups, providing
examples to clarify their differences. Moreover, in [1] Acar et al. and in [18] Sun et al.
defined the concepts of soft rings and soft modules, respectively. The notion of a fuzzy
subset introduced by Zadeh in 1965 [22]. In [12] Maji et al. presented the concept of fuzzy
soft sets. In particular, fuzzy soft set theory has been investigated by some researchers,
for examples, see [6], [12], [13] and [20].

The hyperstructure theory was introduced by Marty [14] at the 8th Congress of Scan-
dinavian Mathematicians in 1934. As a generalization of hypervector spaces, the fuzzy
hypervector spaces are studied by Ameri and et. (see [3, 4]). Jun et al. [8] discussed
the applications of fuzzy soft set in BCK/BCl-algebras. Fuzzy soft hypergroups were de-
fined and analysed by Leoreanu-Fotea et al. [10]. In [5] Ameri et al. extended the study
application of fuzzy sets and fuzzy soft sets in hypermodules.
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In this paper, applying the notions of soft sets and fuzzy soft sets to the theory of
hypervector spaces, we introduce soft hypervector spaces and fuzzy soft set to hypervector
spaces, and study some properties of them.

2. Preliminaries

In this section, some definitions and various results of hyperstructure, fuzzy sets and
soft sets are presented.

A hyperstructure is a non-empty set H together with a mapping o : H x H — P*(H),
where P*(H) is the set of all the non-empty subsets of H. If x € H and A, B € P*(H),
then by Ao B, Aoz and z 0 B, we mean Ao B = J,cqpepacb, Aoz = Ao{z} and
x o B = {x} o B, respectively.

Definition 1. [21] Let K be a field and (V,+) be an abelian group. A hypervector space
over K is defined to be the quadraple (V,+,0, K), where “o” is a mapping o : K x V —
P*(V) such that for all a,b € K and x,y € V the following conditions hold:

(i) ao(x+y) Caox+aoy

(17) (a+b)ox Caox+boy

(iv) ao(—z)=(—a)ox =—(aox)

)
)
(iii) ao (box) = (ab)ox
)
)

(v) x€loux.

V' is said to be anti-left distributive if it satisfies the following condition:
Va,be K, Vx €V, (a+b)ox Daox+box, and strongly left distributive, if

Va,be K, Vx €V, (a+b)jox=aox+box

In similar way, the anti right distributive and strongly right distributive hypervector
space are defined, respectively. V is called strongly distributive if it is both strongly left
and strongly right distributive.

a O

Example 1. Let V = Myyx2(R) and W = { {O .

} :a,bE]R} and

o:RxV — P*V)

a b a b 0 rb
Vr € R, V[ d]EV.TO[C d]_[rc 0]+W

Then (V,+,0,R) is a strongly distributive hypervector space.

Definition 2. [19] A non-empty subset W of V' is a sub-hypervector space if W is itself
a hypervector space with the hyperoperation on V, i.e,
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(i) W#0
(i) v,ye W=z—-—yeW

(t7i)) ae K,o e W =aox CW

In this case, we write W < V. Where FS(X) is the set of all fuzzy subset of X.

Definition 3. [19] Let f : X — Y be a mapping and let p € FS(X) and v € FS(Y).
Then, f(u) € FS(Y) and f~1(v) € FS(X) respectively, are defined as follows:

f)(y) = { Ve (@) if f7Hy) #0

0 otherwise.

For ally €Y and f~t(v)(x) = v(f(x)), for allz € X.

Let U and E be an initial universe set and a set of parameters, respectively. Let P(U)
denote the power set of U and A C FE unless otherwise specified. Molodtsov defined the
notion of a soft set in the following way.

Definition 4. [15] A pair (f, A) is called a soft set over U where f is a mapping given
by f: A— P(U).

In fact, a soft set over U is a parameterized family of subsets of the universe U. For all
a € A, f(a) may be considered as the set of a-approximate elements of the soft set (f, A).

Definition 5. [11] Let (f, A) and (g, B) be two soft sets over common universe U. We
say that (f, A) is a soft subset of (g, B) if

(i) ACB
(i) a € A= f(a) C g(a).

Definition 6. [11] Let (f,A) and (g, B) be two soft sets over common universe U. The
union of two soft sets (f,A) and (g, B) is the soft set (h,C), where C = AU B and h is
defined as follows:

f(e) ifce A—B
hic) =< g(c) ifce B—A
fle)uglce) if ce AN B.

Definition 7. [11] Let (f, A) and (g, B) be two soft sets over common universe U, such
that ANB # (). The intersection of (f, A) and (g, B) is the soft set (h,C), where C = ANB
and h(c) = f(c)Ng(c) for all c € C.

Definition 8. [11] Let (f, A) and (g, B) be two soft sets over common universe U. Then
(f,A) AND (g, B) denoted by (f, A)A(g, B) and is defined by (f, A) A(g,B) = (h, Ax B),
where h((a,b)) = f(a) N g(b), for all (a,b) € A x B.

Definition 9. [12] Let I = [0,1] and IV denoted the set of all fuzzy sets on U and A C E.
A pair (f, A) is called a fuzzy soft set over U, where f is a mapping from A into IV. That
is, for each a € A, f(a) = fo: U — I, is a fuzzy set on U.
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Definition 10. [12] Let (f, A) and (g, B) be two fuzzy soft sets over common universe U.
We say that (f, A) is a fuzzy soft subset of (g, B) and write (f, A) C (g, B) if

(i) ACB
(11) a € A= f, < ga, that is f, is a fuzzy subset of gq.

Definition 11. [12/ Union of two fuzzy soft sets (f, A) and (g, B) over common universe
U, denoted by (f,A) U (g, B) is the fuzzy soft sets (h,C), where C = AU B and for all
ceC,

fe ifce A— B
h(c) =< gec ifce B—A
feVoge ifce ANB.

Definition 12. [12] Intersection of two fuzzy soft sets (f, A) and (g, B) over a common
universe U, denoted by (f, A) M (g, B) 1is the fuzzy soft set (h,C), where C = ANB #
and he = fe N ge for all c e C.

Definition 13. [12] If (f, A) and (g, B) are two fuzzy soft sets, then (f, A) AND (g, B)
is denoted by (f,A) A (9,B) = (h,A x B), where h((a,b)) = hap = fo N gy, for all
(a,b) € Ax B.

3. Soft hypervector space

In this section, we introduce the notions of soft hypervector space. Also several basic
properties are provided.

Definition 14. Let V' be a hypervector space over a filed K and (f,A) be a soft set
over V.. Then (f,A) is called a soft hypervector space over V if and only if f(a) be a
sub-hypervector space of V', for all a € A.

Example 2. Let V = {P(x): deg(P(x)) <2} and K = R with the following hyperopera-
tion:

o: RxV = P(V)
o(r, P(z)) = {r- P(z)}.

Then (V,+,0, R) is a strongly distributive hypervector space. If A = {o,z, 2%} and define
the set-valued function f : A — P(V) by f(a) = (a) = {roa:r € R}. Then f(0) =
{{0}}, f(x) = {{r -z} :r € R} and f(2?®) = {{r- 2%} : r € R} that all of these are
sub-hypervector space of V. Hence, (f,A) is a soft hypervector space over V.

Proposition 1. Let V be a hypervector space over a field K and let (f, A) and (g, B) be
two soft hypervector space over V.. If AN B # () and for allx € AN B, f(x)Ng(x) # 0,
then their intersection (f, A) N (g, B) is a soft hypervector space over V.

Proof. Straightforward.
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Corollary 1. Let V' be a hypervector space over field K and {(fi, A;) : i € I} be a non-
empty family of soft hypervector space over common universe V. If (\,c; A # 0 and for
all x € MNicr Ais Nier filx) # 0, then ;c;(fis Ai) is a soft hypervector space over V.

Definition 15. Let (f, A) be a soft hypervector space over V.. Then L(f, A) is defined by:

= (9. B C (9, B), (g9, B) is a soft set of V'}.
Lemma 1. L(f, A) is the smallest soft hypervector space over V containing (f,A).

Proof. Obvious.

Lemma 2. (i) If (f, A) is a soft hypervector space over V', then L(f, A) = (f, A).
(13) If (f, A) is a soft set over V', then L(L(f,A)) = L(f, A).

(vit) Let (f,A) and (g, B) be two soft sets over V and (f,A) C (g,B). Then L(f,A)
L(g, B).

N

Proof. Obvious.

Lemma 3. Let (f1,A1), (f2, A2) and (fs, A3) be three soft sets over V. If (f1,A1)
L(fs, As) and (f2, A2) € L(fs, A3), then L((f1, A1) U(f2, A2)) € L(f3, As).

Proof. Since (f1,A1) C (f3, A3) and (f2, A2) C (f3, A3), therefore we have A; U Ay
As.
Let x € A; U Ay and (f, A) = (fl,A1> U (fQ,AQ).
If x € A) — Ao, then f(x) = fi(z) C f3(z), If z € Ay — Ay, then f(z) = fo(x) C f3(x), If
1€ A1 Ay, then f(x) = fi(x) N fo(x) C fs(x). Thus (f1, A1) U (far As) C (fs, As). So,

we have

N

N

L((f1, A1) U (f2, A2)) C L(f3, A3).

Lemma 4. Let (f,A) and (g, B) be two soft sets over V.. Then

L((f,A)U (9, B)) = L(L(f, A) U L(g, B)).

Proof. Clearly, L((f,A) U (g,B)) € L(L(f,A) U L(g, B)). Moreover, since L(f, A) C
f((fa)jl)U(gaB)) and L(g, B) € L((f, A)U(g, B)), thus L(L(f, A)U L(g, B)) € L((f, A)U
g,B)).

Example 3. Consider V =1{0,1,2} and K = {0,1,2} with the following operation:

—
SN ==
= O NN
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We set:
o: KxV — P(V)

o(a,gg):{ (1} fa=z=2

{a-z} otherwise.

Then (V,+,0, K) is a strongly distributive hypervector space over K. Let (f, A) and (g, B)
be two soft sets over V, where A = {0,1,2}, B = {0,1,2}, f(0) = {0}, f(1) = {0, 1},
g(0) = {0}, ¢g(1) ={0,2} and ¢(2) = {2}. Suppose C = ANB and (h,c) = (f,A)N(g, B)
then h(0) = f(0) N g(0) = {0} and h(1) = f(1)Nng(1) = {0}. Therefore

L((f,A) N (g, B)) = L((h, ¢)) = (h; c).

Let L((f,A)) = (o, Ao) and L((g, B)) = (8, Bo). Then o(0) = {0}, a(1) =V, 3(0) = {0}
and B(1) = 5(2) = V. Assume L((f,A)) N L((g,B)) = (v,Co), where

Co = Ao N By and 7(0) = a(0) N 3(0) = {0} and (1) = a(1) N A(1) =

So,
L(L((f,A)) 0 L((g, B))) = L((7, Co)) = (7, Co)-
Since v(1) # h(1), thus
L(L((f,4)) N L((g, B))) # L((f, A) N (9, B)).

Remark 1. Let (f, A) and (g, B) be two soft sets over V.. Then in general,

L((f, A) N (g, B)) # L(L((f, A)) 0 L((g, B)))-

Theorem 1. Let (f, A) and (g, B) be two soft hypervector space over V. If (f, A) C (g, B),
then (f, A) U (g, B) is a soft hypervector space over V.

Proof. Let (f, A)U(g,B) = (h,C). Since (f,A) C (g, B), thus A C B and f(a) C g(a)
for all a € A. Hence C = AU B = B and for all ¢ € C, we have

B (c) ifce B-A B
h(c)_{f(c)gUg(c) ifce ANB=A =9(c)

Since g(c) is a sub-hypervector space of V. Therefore, (f, A)U (g, B) is a soft hypervector
space over V.

It is clear that we have the followings:

Proposition 2. Let (f, A) and (g, B) be two soft hypervector space over V.. Then (f, A)
AND (g, B) is a soft hypervector space over V.
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4. Fuzzy soft hypervector space

In this section, the notions of a fuzzy soft hypervector space is introduced, and several
basic properties of fuzzy soft hypervector space are provided.

Definition 16. A fuzzy subset u of a hypervector space V' over a field K is said to be a
fuzzy sub-hypervector space of V' if and only if for all x,y € V andr € K,

(1) w(x+y) > @) A py)
(it) p(—x) = p(x)

(iii) inf p(z) > pla).

zerox
Example 4. In example 1, if fuzzy subset p of V' is defined by

M(x):{ 1 ifxeWw

t otherwise,

where t € [0,1), then p is a fuzzy sub-hypervector space of V.

Definition 17. Let V' be a hypervector space over a field K and (f, A) be a fuzzy soft set
over V.. Then (f, A) is said to be a fuzzy soft hypervector space over V if and only if for
all a € A, f, is a fuzzy sub-hypervector space of V.

Example 5. In Ezample 3, let A = {0, 1,2} and defined the set-valued function f : A — I
by

1
% ifr=0 3 if t=1o0rx=2
Jo(z) = fi(z) = fo(x) = X
0 otherwise, B if ©=0

Since fo, f1 and fa are fuzzy sub-hypervector space of V', then (f, A) is a fuzzy soft hyper-
vector space over V.

Lemma 5. Let (f, A) be a fuzzy soft set over hypervector space V.. If (f, A) is a fuzzy soft
hypervector space, then for all x,y € V and a € A, we obtain

(Z) fa(x_y) Zfa(x)/\fa(y)
(ZZ) fa(_x) - fa(w)
(1ii) fa(x) = inf fa(2).

z€lox
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Proof. (i) For all x,y € V, a € A, we obtain

fa(x —y) = falz + (=) = fa(x) A fa(—y) = fa(@) A fa(y)

(71) For every x € V, a € A, we have
fa(z) = fa(=(=2)) > fa(=7) > fa(7)
Thus fa<_x) = fa(x)'

(7i7) Since = € 1 o x, therefore for all x € V and a € A, we obtain

fa(@) = inf fa(2) = fa(2).

z€lox

Hence fo(z) = inf fo(2).

zE€lox

Theorem 2. Let V' be a hypervector space over a field K. If (f,A) and (g, B) are two
fuzzy soft hypervector space over V, then (f, A) M (g, B) is a fuzzy soft hypervector space
over V.

Proof. Let(f A)M(g,B) = (h,C), where C = ANB # @ and for all z € V, ¢ €

C, he(z) = fe(@) A ge(w).
If y € V, then h (x—i—y) = fc(x+y) Agc($+y) (fc( )/\fc(y)) A (gc<x) /\gc(y)) =
1(\,/[fc()/\gc( 2)) A (fe(y) N ge(y)) = he(x) A he(y).

hc(_x) = fc(_x) A gc(_m) > fc(x) N gc(x) = hc(x)
Also for every r € K,

inf he(z) = inf (fe(2) ANge(2)) = inf fe(2) N inf ge(2) = fe(x) A ge(x) = he(z).

zerox zerox zEerox zerox

Therefore, (h,C) = (f, A) M (g, B) is a fuzzy soft hypervector space over V.

Theorem 3. Let (f, A) and (g, B) be two fuzzy soft hypervector space over V. If ANB = (),
then (f, A) U (g, B) is a fuzzy soft hypervector space over V.

Proof. Let (f,A) U (g,B) = (h,C). Since AN B =), thus for all c€ C = AU B,

(. ifceA-B
h(c)—hc_{gc if ce B— A.

Since f. and g, are fuzzy sub-hypervector space of V', therefore, (f, A) U (g, B) is a fuzzy
soft hypervector space over V.

Theorem 4. If (f, A) and (g, B) be two fuzzy soft hypervector space over V', then (f, A) A
(g9, B) is a fuzzy soft hypervector space over V.
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Proof. Let (f, A)A(g,B) = (h, Ax B). Since for all a € A, b € B, f, and g} are fuzzy
sub-hypervector space of V', so is h(a,b) = hqp = fo A g for every (a,b) € A x B. Thus
(f,A) A (g, B) is a fuzzy soft hypervector space over V.

Definition 18. Sum of two fuzzy soft sets (f, A) and (g, B) over a common universe U,
denoted by (f, A)+ (g, B) is the fuzzy soft set (h,C), where C = AU B and for all ¢ € C,

fc"'gc Zf ce ANB
h(c) = fe if ce A—B
Je ifce B— A.

And for every x € V,

(fe+ go)(@) = \/{feW) Age(2) : y,2€V, y+2z=2a}.

Theorem 5. Let (f,A) and (g,B) be two fuzzy soft hypervector space over V. Then
(f,A) + (g, B) is a fuzzy soft hypervector space over V.

Proof. Let (f, A) + (9, B) = (h,C), where C = AU B and

(fe4ge)(x) if ce ANB
he(z) = fe(z) if ccA—B
gc(-%') ifceB-—A

forallce C'and x € V.
Ifce A— Borce B — A, the proof is straightforward.
Let c€ AN B, he(u+v) =a, he(u) =a’ and h.(v) = d” for all u,v € V. Then

Jyo, 20 €V i yo+20 =u+ v, hc(u+v) = (fc "‘gc)(u"’_v) = fC(yU) /\gC(ZO) = a,

3y6,z6 eV: y() + Zé =u, he(u) = (fe+ gc)(u) = fC(yé)) /\90(26) = a/,

and

Elyngg ev: yg + 26/ =0, he(v) = (fe+ ge)(u+v) = fC(y(/),> /\96(2(/)/) =ad".

Since

a = fC(yO) A gc(ZO) > fc(y6 + yf)/) A gc(z(l) + Zf)/) fc(yo) A fc( ) A gc(z()) A gc( ) =
(fe(Wo) N ge(20)) A (fe(yg) A ge(20)) = a’ A a”. Therefore, he(u + v) = he(u) A he(v).

On the other hand, since f. and g. are fuzzy soft hypervector space, thus f.(—y) > fe(y)
and g.(—z) > gc(z) for all y,z € V. So

\/{fc JAge(=2) + (—y) + (—2) :_U}>\/{fc Nge(2): y+2z=v}

Hence

\/{fc /\gc : a—i—b:—v}Z\/{fC(y)/\gc(z): y—I—Z:U}.
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Therefore
he(—v) > he(v) Yo eV, ce AN B.

Now, we show that

inf (f+9)e(z) = (f + g)e(v).

zEerov

Suppose
inf (f +9)e(z) = inf (\[{fe) Age(w) : y+w=2}),

zZErov zErov

and
(f + 9)e(v) = \/{fe () A ge@) : ¢ + ' = v}

Since y' +w' = v, this implies that rov = ro(y'+w') C roy’+row’. Thus, since z € row,
then there exist a,b € V such that a € roy/, b€ row’ and z = a + b. Also, since

inf fela) = fe(¥'), inf ge(b) = ge(w').

a€roy’ berow’

We conclude that, f.(a) > f.(v') and g.(b) > g.(w’) for all @ € roy/, and for all b € row'.
Therefore, f.(a)Age(b) > fo(¥) A ge(w') Vy',w' € V, where y +w' =vforall z=a+be
rov. Hence

\/{fc a) A ge(b a+b—z}>\/{fc ) A ge(w) 1y +w' = v}

So
nf \/{fc Age(b) :a+b=2z}) >\/{fc YA ge(w') Y +w' = v}

ZErov

This completes the proof.

Definition 19. [5] Let (f, A) be a fuzzy soft set over hypervector space V.. The soft set

(f,A)a ={(fa)a :a € A} where (fo)a ={x €V : fo(x) > a},

for all a € (0,1], is called an o-level soft set of the fuzzy soft set (f, A), where (fu)a is an
a-level subset of the fuzzy set f,.

Theorem 6. Let (f, A) be a fuzzy soft set over hypervector space V' of field K. Then
(f, A) is a fuzzy soft hypervector space over V if and only if for all a € A and for arbitrary
a € (0,1] with (fo)a # 0, the a-level soft set (f, A)q is a soft hypervector space over V.

Proof. Let (f,A) be a fuzzy soft hypervector space over V', suppose a € (0,1] with
(fa)a # 0 and z,y € (fa)a. Since fu(z) > « and fo(y) > a. Therefore, fo(x —y) > a.
Thus, * —y € f,. Furthermore, inf fo(z) > fo(xr) > a Vr € K, Vz € r o x. Hence

zZErox

fa(2) > a, 50 z € (fa)a. Thus, rox C (fu) for all r € K. We obtain that (f,), is
a sub-hypervector space of V for all a« € A. Consequently, (f, A), is a soft hypervector
space over V.

Conversely, let (f, A)q be a fuzzy soft hypervector space over V for all a € (0,1]. Let there
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exist xo,yo € V such that fo(zo+yo) < fa(z0)Afa(yo). Let fo(zo+y0) = 6, falzo) = f and
, 6 4+ min{B, v} ,
fa(yo) = v. We have 6 < min{3,v}. Let « = ———————= then § < a < min{8,~}.

Since f > min{f,v} > a and v > min{5,~v} > «, we obtain f,(z¢) > a and f,(yo) > «,
that is 0,90 € (fa)a. This contradicts with the fact (f, A), is a soft hypervector space
over V. Therefore, fo(x +vy) > fo(z) A fo(y) for all z,y € V.

Moreover, let there exists zg € V such that f,(—z0) < fo(z0). Let fo(—x0) = 5, fa(zo) =

~vand a = @ Since 8 < a < v and fo(—x0) = f < «, therefore —xg ¢ (f4)a- But,

fa(xo) =7 > o, that is, 29 € (fa)a. This is a contradiction. Hence for allx € V, fo(—2x) >
fa(x).

Now, let there exists vg € V such that inf fo(z) < fa(vo). Let fo(vo) =7, inf fa(z) =
zZErovg zZErovg
B+

ﬁandoa:T.

Since f < a < v and fg(vg) = v > «, that is vg € (fa)a, S0 70V C (fa)a, Vr € K.

Therefore, z € rovg = inf f,(z) = > «. This is a contradiction. Hence
ZETrovg

inf fa(z) > fa(v) Vv €V, for all r € K. Therefore, (f, A) is a fuzzy soft hypervector
zerov
space over V.

Definition 20. [5] Let (f, A) be a fuzzy soft hypervector space over V.. Then, the soft set
(f,A)o is defined by:

(f, Ao ={(fa)o : a € A} where (fo)o={x €V : fo(x) = fa(0)}.

Theorem 7. Let (f, A) be a fuzzy soft hypervector space of V' over field K. Then (f, A)o
is a soft hypervector space over V.

Proof. For every a € A and for all z,y € (f,)o, we have f,(x) = f4(0), fa(y) = fa(0),

therefore f,(x—y) > fo(x) A fa(y) = fa(0). Since fo(0) > fo(x—y), thus fo(z—y) = fu(0).
Hence x—y € (fa)o. Now, let € (fy)oand r € K. Since inf f,(2) > fo(x) = f4(0). Thus

zerox

fa(2) = f4(0) for all z € rox. Hence r ox C (fy)o. Therefore (f,)o is a sub-hypervector
space of V', consequently (f, A)o is a soft hypervector space over V.

Definition 21. Let (f, A) be a fuzzy soft hypervector space over V. Then, the soft set
(f, A)Y is defined by:

(f, A)° = {(f.)? : a € A} where (f,)° = {x € V : fo(z) > 0}.
It is clear that we have the followings:

Theorem 8. Let (f, A) be a fuzzy soft set over hypervector space V' of field K. Then
(f, A)Y is a fuzzy soft set over hypervector space V.

It is clear that we have the followings:
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Theorem 9. Let (f, A) and (g, B) be two fuzzy soft set over hypervector space V.. Then
(@) (f;A)oM(g,B)o E (h,c)o
(1) fe(0) = gc(0) = (f,A)o T (g, B)o = (h,C)o, Vc€ ANB.

5. Image and pre-image of fuzzy soft hypervector space

In this section, the theorem of homomorphic image and homomorphic pre-image of
fuzzy soft hypervector spaces are studied.

Definition 22. Let
F:(V,E)={(f,A): AC E and (f,A) is a fuzzy soft hypervector space over V'},

then F2(V, E) is called a fuzzy soft hypervector space set class over V.

Definition 23. [5]/ Let ¢ : X — Y and U : A — B be two functions, where A and B are
parameter sets for the crisp sets X and Y, respectively. Then the pair (p,1)) is called a
fuzzy soft function from X to Y.

Definition 24. [5] Let FZ(V,E) and FZ(V',E") be two fuzzy soft hypervector space set
classes. Let ¢ :' V — V' and ¢ : E — E' be mappings. If (f,A) € F3(V,E), the image of
(f, A) under the function (6,1), denoted. by (6, 0)(f, 4) = (8(f), (4)), where

Vo falx) if o7M() #0
P(flp(v") = w€d71 () acAns=1()
0 otherwise,

or allb € Y(A) and v € V'.
[

Definition 25. [5] Let (g, B) € F£(V', E’), then the pre-image of (g, B) under the fuzzy
soft function (¢,v), denoted (¢,4)"' (g, B) = (¢~ '(g),~"(B)), where

¢ (9)a(v) = G(a)(P(v)), for all o€ Y YB) and v € V.

Theorem 10. Let V and V' be two hypervector space over a field K. If (g, B) € F$(V', E")
and (¢,v) is a fuzzy soft homomorphism from V to V', then (¢,v) (g, B) € F5(V, E).

Proof. If a € ~Y(B), u,v € V, then
¢~ (9)a(v + 1) = Gy (S0 + 1) = gy (P(v) + P(w))

> 9y(2) ($(0) A gy(a) (6(w) = 671 (9)alu) A 67 (g)a(v).

Moreover, for all v € V,

$7H(9)a(=0) = gy(e) (D(=0)) = gy(a) (=0(v)) = gy(a) (D)) = 671 (g)a(v).
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Also, for all r € K,v € V and z € r o v, we have

ln.f ¢71(9)a(2) - an gw(a)((b(z)) > Gyp(a) ((25(?})) - (bil(g)a(U)'
zZETov o(z)€rod(v)

Therefore, (¢,1) (g, B) € F$(V, E).

Theorem 11. Let V, V' and V" be three hypervector space over a field K. If (h,C) €
F3(V" E") and (¢1,4n), (¢2,102) are two fuzzy soft homomorphisms from V to V' and
from V' to V", respectively. Then,

(¢20 1,92 091) " (h,C) € FE(V, E).

Proof. Show that, for all a € ¥, (¢35 (c)) and v € V,
(g2001) 1 (h) =1 (65" (h))a(v)
= ¢y () (a) (¢1(v))
= Py (41 (a)) (P2(¢1 (V)
- h(w20w1 a)((¢2 © ¢1)( ))

is a fuzzy soft hypervector space over V.
Let a € ¢1_1(¢2_1(C)), u,v € V. Then
(¢2001) ! (h)a(u +v)
= N(yyopr)(a) (P2 0 ¢1) (v + 1)

= Pgor ) (@) (92(01(0)) + Pa(d1(u)))
> hpyorr)(a) (92 © $1(0)) A R(pyoyy)(a) (91 © B2(u)).
Moreover, for all v € V', we have

(f2 O<Z>1) Y(h)a(—v) wzowl)(a ) (2 0 ¢1)(—v)
= R (yopn)(a) (—(¢2 © ¢1(v))
> h(yyon)(a) (<752 o ¢1)(v)
= (Y2 01) " H(h)a(v),
v e
)

and also, for all 7“ € K,veV and z € rov, we have
(2

inf (¢>20¢1) '(h)a

zEerov

= Zzgfvh(wgowl a) (P20 61)(2)
inf (oo )(a) (P2 © 91(2))
¢2(¢1(2))Eroda(¢i(v))
> Ryyon )( (¢>2(¢1( )
= (¢20¢1) Y(h)a(v).
Consequently, (¢2 0 ¢1,12 0 9p1) "1 (h,C) € FS(V,E).

Theorem 12. Let V and V' be two hypervector space over a field K. If (f,A) € F3(V, E)
and (¢, ) is a fuzzy soft homomorphism from V to V', then

(6. 0)(f, A) € F{(V', EY).
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Proof. Let b € 1(A),v',u' € V'. If ¢~1(v') = ) or ¢~ (v/) = (), the proof is straight-
forward. Assume that there exist v,u € V, such that ¢(v) =" and ¢(u) = v/. Then

o(flu +0") = \/ \V o falui +vy)
u;€p~ 1 (v') a€ANY—1(b)
vied (V')
el jed

>\ Vo (alw) A fa(vy))

wi€p~H(u') a€ANY1(b)

vi€PT (V)
il jed
= V[V Ga)Afa) VN (falw2) Afalo))) v -
a€AMY=1(b) vjEdL(v') v; €™ (V)
jed jed
=V ([fw)nC Vo R v [faw) A C N fal)] Vo)
a€ANMyY—1(b) v;€EPT (V) v;€P (V')
jes jet
=\ (V faw)r( \ fay)
a€ANY=1(b) u;€p—(u) vi€p~ (V)
icl jeJ
= ( \/ \/ fa(ui)) A ( \/ \/ fa(vj)
u;€pL(u) a€ANY~1(d) vi€P (V) acANY~L(b)
i€l jes
= d(fo(u') A d(f)p(v').
Moreover, for all v' € V', where ¢(v) = v' and v € V, we have
(=) =/ \V  fuv) =/ Vo fa) = o(F(0).
—ved~1(—v") a€Ap—1(b) vEP~L(v') a€AnMp—1(b)

Also, let » € K,v" € V. If ¢~ 1(v') = 0, the proof is straightforward. Assume that there
exists v € V, such that ¢(v) = v'. Hence, for all 2’ € r o v/, such that ¢(z) = 2/, we have

inf ¢(f)o(z') = inf ¢(f)s(2)

z'erov’ zZErov

=inf \/ \V =\ \/ inf fal2)
FETOVe—1(2")a€ AN (b) 2e-1(2") acAny—1(b)" "
=V \V  faw) =\ Vo fa(0) = 6(Hu(v).
z€p~1(2') acAnNyp—1(b) vEP~L(v') acAMP—1(b)

Therefore, (¢,v)(f, A) € FE(V',E’).

Lemma 6. Let V and V' be two hypervector space over a field K. If (f,A) € F¥(V, E),
then (f, A) E (6,4)" (¢, 9)(f, A)).
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Proof. It is obviously that, A C ¢~ (10(A)). Let v € V and a € A. Since ¢! (¢p(v)) #
(0, thus

¢ D(f)a(®) = ¢(Fyp@ @) =\ \V  fal@) = falv).
z€p~(p(v)) acAmMmp=1(b)

Consequently, f, < ¢ 1(¢(f))a, Vac€ A.
Therefore, (f, A) E (4,4) " ((¢,¥)(f, A)).

In particular, if ¢ and v are injection, then

(@, 9)" (¢, 9)(f, 4)) = (£, A).

Lemma 7. Let V and V' be two hypervector space over a field K. If (9,B) € FS(V',E'),
then (¢,v)((¢,%) (g, B)) E (g, B).

Proof. For all v/ € V' and b € (¢! (B)), we have

V V o7 (g)alz) if o7I(W) A D
(o7 (@) = { €6 1) acyH(BeI
0 otherwise.
V Gu(a)(B(x)) if @) #0
={ ¢@)=v acy=1(B)N$~1(b) < Gp(a) (V") = gp(v).
0 otherwise.

Hence, for all b € (4~ (B)), we have 6(6~(9))s < gi. Therefore, (6, ¥)((6,4)~ (9, B)) C
(g, B). In particular, if ¢ and 1 are surjection, then

(¢, 9) (6, %)~ (9, B)) = (9, B).
Corollary 2. Let V and V' be two hypervector space over a field K. If (f, A) € F(V, E)
and (g, B) € F3(V',E"), then
(6. 9)(f,A) E (9. B) & (£, A) E (¢~ v ")(g, B).
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