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Abstract. Let R, S be rings with unity, M a module over S, where S a commutative ring, and
f+ R — S aring homomorphism. A ring representation of R on M via f is a ring homomorphism
w: R — Ends(M), where Endg(M) is a ring of all S-module homomorphisms on M. One of
the important properties in representation of ring is the Schur’s Lemma. The main result of this
paper is partly the generalization of Schur’s Lemma in representations of ring on modules over a
commutative ring
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1. Introduction

In [2], an abelian group M is called an R-module if there is a ring homomorphism
¢: R — Endgz(M) where Endz(M) is a ring of all group endomorphism of M. We know
that if there is a ring homomorphism f: R — S, then every S-module is also R-module,
where the scalar multiplication on R defined by rm = f(r)m [2]. We generalize the
codomain of the ring homomorphism ¢ to the ring of endomorphisms of a module over
any ring S. Due to this aim, we need a connection between the ring R and the S-module
M. Moreover, We need the commutativity of S to guarantee u(r) € Endg(M), where
w(r) == pp: M — M,m — f(r)m.

Recall the definition of a representation of a ring R on a vector space V over a field
F ie a ring homomorphism p: r — Endp(V), where Endp(V) is a ring of all linear
transformations of V' [7]. Analog to the definition of representations of rings on vector
spaces, we define representations of rings on modules over a commutative ring as follow :
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Definition 1. Let R be a ring with unity, S a commutative ring with unity and f: R —
S a ring homomorphism. A representation of a ring R on an S-module M is a ring
homomorphism

p: R— Ends(M), r— py, (1)

where p, € Endg(M) is defined by p,(m) = f(r)m for every r € R and m € M. Further-
more, this representation p of ring R on module M 1is called an f-representation of R and
M is called an f-representation module of R.

Note that prefix f in ” f-representation” depends on a ring homomorphism f: R — §
we choose. These are some examples of representation of ring.

Example 1. FEvery ring commutative R has a 1g4-representation on R-module M, since
there exists the identity ring homomorphism 14: R — R.

Example 2. Let R[G] be a group ring, where R is a commutative ring and G is a finite
group. Since there is a ring homomorphism

h: RG]l = R, h() agg) =) a, (2)

geG geG

a ring homomorphism p: R[G] — Endr(M) defined by

M(Z agg) = 1S, e agg € Endr(M) (3)
geG

where

1 aggm) = (Y aggym = 3 agm (4)

geCG geG

is an h-representation of R[G].

Example 3. Let M}(Z) be a ring of all 2 x 2 lower triangle matrices and let Z? be
a module over itself, where the scalar multiplication defined by (a,b)(z,y) = (ax,by) for
every (a,b) € Z? and (z,y) € Z*. The function §: M4(Z) — Endg:(Z?) defined by 0,(m) =
f(r)ym is an f-representation of ring M4(Z) by a ring homomorphism f: My(Z) — Z?

defined by f( [‘j ﬂ) — (a,b).

Example 4. Let Ms(Z) be an additive group of all 2 X 2 matrices, where entries in

Z. We define the scalar multiplication in My(Z) over Z* as (a,b) {Z ﬂ = [ZZ Zﬂ
Hence My(Z) is a Z*-module. Since g: M4(Z) — Z?* defined by g( [CCL (Ij) = (a,0) is
a ring homomorphism, ¢: My(Z) — Endgz(Ma(Z)) defined by or)(m) = g(r)

g-representation of ring MY(Z).

m 1S a
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Example 5. Let Ms(Z) be a Z2-module defined as Example 4. If f,qg: 73 — Z? are ring
homomorphisms defined by f(a,b,c) = (a,b) and g(a,b,c) = (0,¢) respectively, then we
have an f-representation p: 73 — Endy(Ma(7Z)) of Z3 and a g-representation p: 73 —
Endyz(My(Z)) of Z3 where u.(m) = f(r)m and @.(m) = g(r)m for all v € R, and
m e M.

Example 3, Example 4, and Example 5 can be generalized to any commutative ring R.
Furthermore, since y is a ring homomorphism, so we can find the kernel of p, i.e.

ker(u) = {r € R| f(r) € Ann(M)}. (5)

We know that the element of ker(u) depend on the properties of f and Ann(M). So
we have the following properties:

Proposition 1. Let u: R — Endgs(M) is an f-representation of ring R. If f is injective
and M 1is faithful (Ann(M) = {0g}), then p is injective.

Proof. Let r be any element of ker(x). Then p, = O € Endg(M). For any m € M,
we have p,.(m) = O(m) = 0 if and only if f(r)m = 0. So we have f(r) € Ann(M). Since
Ann(M) = {0}, f(r) =0 and r € ker(f). Furthermore since f is injective, r = 0. Thus p
is injective.

The converse of Proposition 1 is not always true. This is the counterexample.

Example 6. Let
f:Z—7%a— (a,0) (6)

be a ring homomorphism and My(Z) a module over Z2. The scalar multiplication is defined

by
u au av
(a,8) [w a:} N {aw am} (7)
The f-representation p: Z — Endgz(Ma(Z)) is injective, since ker(u) = {0}. But M2 (Z)
is not faithful, since Ann(M) = {(0,b) | b € Z}.

Remark 1. If S is an integral domain and M is a free torsian S-module, then an f-
representation p of a ring R on a module M is injective if and only if f is injective.

There is an important result in representation of rings on vector spaces i.e Schur’s
Lemma. Schur’s Lemma showed that the set all morphism of an irreducible representation
p of a ring R (Hompg(p,p)) on a vector space V over a field F' is a skew field, and the
necessary condition when p is irreducible([7],[8]). In linear algebra, the ring End(V),
where V' is a finite dimension vector space over F' (dim(V') = n), is isomorphic to the ring
of all n x n matrices M, (F)[1]. So the definition of the representation of a ring R on a
vector spaces V over F' can be denoted as a ring homomorphism from p: R — M, (F).
If we generalize the ring of all n x n matrices to the ring of all m x n matrices, Schur’s
Lemma still considered [12].
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Let S be an R-algebra. Then there is a ring homomorphism ¢g: R — S such that
sg(r) =g(r)s forallr € R, and s € S (g(r) € Z(S), for all r € R). If M is an S-module,
then M is an R-module with scalar multiplication defined by r.m = g(r)m for every r € R
and m € M, such that we can defined a ring homomorphism

¢: R— Endg(M),r — ¢, (8)

where @,: M — M,m — r.m [8]. Since ring S in Definition 1 is a commutative ring
then Z(S) = S and S is an R-algebra and a representation module M is a module over
R-algebra S.

Auslander introduces the concept of modules over an R-algebra, where the ring R is
Artinian by using categorical approach [3],[4], and used the result to study the repre-
sentation of finite dimension of algebra [5]. This concept is used in the representation
theory of finite F-algebras on vector spaces over a field F', such as the representation
theory of quiver [15], and the representation theory of a group ring F[G] where G is a
finite group([6]. There are many mathematicians is developed the concept that Auslander
given, such as Iyama [10],[11], and Oppermann [14]. From the previous paragraph, we
have been knowing that the f-representation module of ring R is a module over R-algebra
S. However, base on Example 5 and Proposition 1, the properties of the f-representation
do not only depend on f-representation module of R but also on the properties of a ring
homomorphism f.

In the case of the representation of ring on the module over a commutative ring,
the generalization of Schur’s Lemma is considered. In this paper, we investigate how to
generalize Schur’s Lemma in representations of rings on modules over a commutative ring.
The proof of generalization of Schur’s Lemma in this paper is analog with the proof of
Schur’s Lemma in module theory. However, the properties of the representation module M
(M is an S-module) of a ring R depend on the properties of a ring S and M as S-module.

2. The Main Result

To generalize Schur’s Lemma, we need to see some properties of representation of
ring on module over commutative ring such as equivalence of two representations, and
morphism between two representations.

Let u be a representation of ring R on an S-module M. A submodule U of a rep-
resentation module M is called R-invariant if for any r € R, u,.(U) C U. Since every
f-representation module M is an R-module, every submodule of M is an R-invariant. So
we have this properties.

Remark 2.

(i) If an S-module M is an f-representation module of an f-representation u of ring
R, then every submodule of M is R-invariant.

(i1) If U is an R-invariant submodule, then we can construct a new f-representa-tion of
R, that is a ring homomorphism u': R — Endg(U) defined by u..(a) = pr(a) = f(r)a
foranyre RandacU.
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A non zero R-module M is called irreducible if it has only trivial submodule. The
definition of an irreducible representation depend on properties of a representation module
that we give as the following :

Definition 2. A non-zero f-representation p: R — Endg(M) of a ring R is said to be
irreducible if the only R-invariant submodules of M are zero and M.

Let u be an f-representation of R on an S-module M and ¢ a g-representation of
R on S-module N. If there is a module homomorphism 7: M — N, then we obtain
Tur: M — N and ¢, T: M — N for every r € R. But it is not necessary T'u, = @, 1. We
give an example to show this fact.

Example 7. We consider Example 38 and Example 4. Let T:7Z? — My(Z) be a Z*-

a b . _|u O /
a]' Since for any A = [w U] € My(Z)

module homomorphism defined by T (a,b) = [b

and (a,b) € Z* we have

ua bv
Tpa(a,b) = bv ual’

[ua 0]
QOAT(G, b) - I 0 av_

We conclude Tua # @aT.

Furthermore, if there is a module isomorphism T: M — N such that T, = ¢, T for
all » € R, then p and ¢ are called equivalent. The definition of the equivalent of two
representations is given in the following definition.

Definition 3. Let u: R — Endgs(M) be an f-representation of R and let p: R —
Endg(N) be a g-representations of R. Representations p and ¢ are called equivalent
if there is an S-module isomorphism T: M — N, such that T, = @, T for any r € R.
Furthermore pu equivalent to ¢ denoted by p ~ .

From Definition 3, we know that two representations  and ¢ of a ring R are equivalent
if there is an S-module isomorphism T: M — N, such that the diagram

M M
T

T T

N N

r

commutes. The following proposition is the sufficient condition two representations of a
ring on modules over a commutative ring are equivalent.
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Proposition 2. Let u: R — Endg(M) be an f-representation of ring R and ¢: R —
Endg(N) a g-representation of ring R. Representation p and ¢ are equivalent (1~ @) if
and only if there is an S-module isomorphism T: M — N and satisfy f(r)—g(r) € Ann(N)
for any r € R.

Proof. Suppose that T: M — N is an S-module isomorphism and f(r) — g(r) €
Ann(N). Then Im(T) = N, and for any r € R, n € N

(f(r) =g(r))n=0n & f(r)n —g(r)n =0y < f(r)n = g(r)n (9)

So for any m € M

(T ) (m )ZTMT(m) T(f(r)ym)
f(r)T(m) = g(r)T

—%( (m)) = (¢, T)(m). (10)

Thus p and ¢ are equivalent.

Conversely, if p is equivalent to ¢, then there is an S-module isomorphism T: M — N,
such that T, = ¢, T for any r € R. Then we have for any n € N there is m € M such
that T'(m) = n. So for any r € R,

g9(r)T(m) = ¢, (T(m))
( ) (m) = (Tpr)(m)
T(pr(m)) =T(f(r)m)
f(T)T(m) (11)

Hence we have g(r)T'(m) = f(r)T(m) < (f(r)—g(r))T(m) = 0. Since T # 0, f(r)—g(r) €
Ann(T'(m)) = Ann(n) for any n € N. Thus f(r) — ¢g(r) € Ann(N).

Example 8. Let p be an f-representation of M4(Z) defined in Ezample 3. Let My (Z)
be an abelian group of all 2 x 2 diagonal matrices and it also a Z*?-module, where scalar
multiplication defined as Example 4. We define

©: MY(Z) — Endg: (M5 (Z)) (12)
as a g-representation of M)(Z) where g is a ring homomorphism in Ezample 4. For any
A= [Z 2} € MY(Z), we have f(A) — g(A) = (0,v) € Ann(M;(Z)) and there is a

Z2-module isomorphism

T: 72 - M}(Z), (a,b) — [g (b)] . (13)

So we conclude p ~ .
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From Definition 3, if f = g, then for any m € M and r € R we always have
Tpr(m) = T(f(r)ym) = f(r)T'(m) = ¢, T(m). Furthermore, if N is a torsian S-module,
then Ann(N) = 0. Based on this facts we have this following :

Corollary 1. Let pu: R — Endg(M) be an f-representation of R and ¢: R — Endg(N)
a g-representation of R.

(i) If f =g, then u ~ @ if and only if there is an S-module isomorphism T: M — N.

(ii) If N is a free torsian S-module, then 1 ~ ¢ if and only if there is a ring isomorphism
from M to N and f =g.

Proof.

(i) If f = g, then f(r) — g(r) = 0 for any r € R. Hence by Proposition 2 u ~ ¢ if and
only if there is an S-module isomorphism 7: M — N.

(ii) If N is a free module, then Ann(N) = {0}. So by Proposition 2, u ~ ¢ if and only
if there is a ring isomorphism from M to N and f(r) — g(r) € Ann(N) = {0} <
f(r)y=g(r) forany r € Rie f =g.

In the paragraph before, we have explained that not every S-module homomorphism
T: M — N satisfy Tu, = ¢, T where p is an f-representation of R on S-module M and
@ is a g-representation of R on S-module N. If T satisfy T'u, = ¢, T for all » € R, then
T is called a morphism from u to .

Definition 4. Let u: R — Endg(M) be an f-representation of R and ¢: R — Endg(N)
a g-representation of ring R. A morphism from u to ¢ is an S-module homomorphism
T: M — N, such that T, = o.T for all r € R.

Proposition 3. Let u: R — Endg(M) be an f-representation of R and ¢: R — Endg(N)
a g-representation of ring R. An S-module homomorphism T: M — N is a morphism

from p to @ if f(r)—g(r) € Ann(Im(T)).
Proof. Suppose f(r) — g(r) € Aun(Im(7")). Then for any n € Im(T') there is m € M
such that T'(m) = n, and (f(r) — g(r))n =0 < f(r)n = g(r)n. So for any m € M
(Tur)(m) = T(pr(m)) = T(f(r)m)
= f(r)T(m) = g(r)T(m)
= @r(T(m)) = (@, T)(m). (14)

Hence T is a morphism from u to ¢.

Example 9. Let u be an f-representation of M,(Z) defined in Example 3 and ¢ a g-

0] € M(Z) we have

representation of M5(Z) defined in Example 4. For any [Z b

sl Sh-at Sh=on (15)
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a
0
Since an annihilator of S-module homomorphism is a set {(0,x) € Z? | x € Z}, then
T is a morphism from p to .

(i) Let T: R? — M(R) defined by T(a,b) = [

2] be an S-module homomorphism.

a

(ii) Let T': R? — Ms(R) defined by T'(a,b) = [b

ﬂ is an S-module homomorphism.

Because an annihilator of T' is only (0,0) and there is [8 2} € MY(Z), where b # 0
such that

#ly sp-oo ) =wb200 (16)
then T' is not a morphism from p to .

Let pu: R — Endg(M) be an f-representation of R and let ¢: R — Endg(NN) be a
g-representation of R. The set of all morphism from p to ¢ is denoted Hompg(u, ¢). From
Definition 4, we know that every T' € Hompg(u, ¢) is an element in Homg(M, N).

Remark 3. Let yu: R — Ends(M) be an f-representation of R and ¢: R — Endg(N) a
g-representation of R.

(i) if f =g, then every S-module homomorphism T: M — N is morphism from u to ¢
(ii) if T € Hompg(u, @) is an S-module isomorphism, then pu ~ .
(iii) The identity map iq: M — M is always an element in Homp(u, p).

Proposition 4. Let yu: R — Endg(M) be f-representation of R and ¢: R — Ends(N) a
g-representation of ring R. Then Homp(u, ) is a module over S, and it is a submodule
of Homgs(M, N).

Proof. To prove Hompg(u, ) is an S-module, we must show Homp (i, ) is an abelian
additive group and it is closed under scalar multiplication over S. Let T,77 and 75 be
any elements of Hompg(u, ), and let s be any element of S, then we have T,T},T; €
Homg(M,N), and from [1] sT,T} + T> € Homg(M,N). So By Proposition 3 to prove
Homp(u, ) is an S-module, it is enough to prove f(r) — g(r) € Ann(Im(77 + T3)) and
f(r) —g(r) € Ann(Im(sT)) for any r € R.

(i) Since Th,T> € Hompg(u, ), then by Proposition 3 we have f(r)—g(r) € Ann(Im(7;))
ie (f(r)—g(r))Ti(m) =0 for any me M, i=1,2.
Let n be any element in Im (7} +75), then there is m € M such that (T1+T5)(m) = n
if and only if 71 (m) + T>(m) = n. Hence we have

(f(r) = g(r))n = (f(r) — g(r))(T1(m) + To(m))
= (f(r) = g(r)Ta(m) + (f(r) — g(r))T2(m) = 0 (17)
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(ii) Analog to (1), if T' € Hompg(u, @), then for any m € M f(r) — g(r)T(m) = 0. So we
have for any n € Im(sT'), there is m € M such that (sT')(m) = sT'(m) = n and we
have

(f(r) = g(r))sT(m) = s(f(r) = g(r))T(m) =0 (18)

From (1) and (2) so we have f(r)—g(r) € Ann(Im(71+7%)) and f(r)—g(r) € Ann(Im(sT)).
In other words Hompg(, ) is an S-module.

Furthermore, since Hompg (i, ¢) C Homg(M, N), then Homp(u, ¢) is an S-submodule
of Homg(M, N).

Now we give the generalization of Schur’s theorem which is the main result of this
paper as follows

Proposition 5. Let u: R — Endg(M) be an irreducible f-representation of R and
¢: R — Endg(N) an irreducible g-representation of ring R. We have the following :

(i) If p = @, then Homp(u,¢) = 0.

(ii) If uw = ¢, then Homp(u, ) is a skew field. Furthermore, if S is a principle ideal
domain (PID), where K is a fractional field of S and K' is an extension field of K,
and M is a free S-module with finite dimension, then there is scalar o € K', such
that = al.

Proof.

(i) Suppose that Hompg(u, ) # 0. Then there is T # 0 in Hompg(u, p). Since ker T’
is a submodule of M, by Remarks 2 ker(7') is an R-invariant submodule of M and
hence either ker(T') = M or ker(T) = 0. Because p is irreducible and T' # 0, then
kerT = 0. So T is injective. Furthermore, since Im(T") is also submodule of N, by
Remarks 2 Im(7') is an R-invariant submodule of N, so Im(7) = 0 or Im(7") = N.
If Im(T) = 0, then T'= 0. So It must be Im(7') = N, i.e T is surjective. Thus T is
invertible. Hence by Corollary 1 u ~ . This is the contrapositive of what we want
to prove.

(ii) By using Proposition 4 and Schur’s Lemma in [13], then Hompg(u, 1) is a skew field.
Let T'€ Homp(u.pu) and T # 0. If M is a free S-module with finite dimension, then
there is o € K’ which is eigenvalue of T'. Since S is a principle ideal domain, S is
Dedekind domain and by Proposition 16.3.14 in [9], S is integrally closed. Hence,
if @« € K, then o € R. By definition eigenvalue al — T is not invertible. Consider
that I € Hompg(u, 1), then by Proposition 4 af — T € Homp(u, ). We have that
Hompg(p, 1) is a skew field, then af — T = 0 < T = al. Furthermore, if a ¢ K
then T'= ol with a € K.
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