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Green’s relations for hypergroupoids

Niovi Kehayopulu

Abstract. We give some information concerning the Green’s relations R and £ in hypergroupoids
extending the concepts of right (left) consistent or intra-consistent groupoids in case of hyper-
groupoids. We prove, for example, that if an hypergroupoid H is right (left) consistent or intra-
consistent, then the Green’s relations R and £ are equivalence relations on H and give some condi-
tions under which in consistent commutative hypergroupoids the relation R (= £) is a semilattice
congruence. A commutative hypergroupoid is right consistent if and only if it is left consistent
and if an hypergroupoid is commutative and right (left) consistent, then it is intra-consistent. A
characterization of right (left) consistent (or intra-consistent) right (left) simple hypergroupoids
has been also given. Illustrative examples are given.
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1. Introduction

It is well known that if S is a semigroup then the Green’s relations R and L are equiva-
lence relations on S. Kenneth Kapp studied the Green’s relations in case of groupoids [1].
He introduced the concepts of consistent (weakly consistent) and intra-consistent (weakly
intra-consistent) groupoids in which these concepts play the role of the associativity of
semigroups. He first characterized the relations R and £ in this type of groupoids and
proved, among others, that if G is either a weakly consistent or a weakly intra-consistent
groupoid, then R and £ are equivalence relations on G. Moreover, if G is weakly consis-
tent then R is a left congruence and L is a right congruence on G. He studied the case of
commutative consistent or commutative weakly consistent groupoids as well.

For an hypergroupoid H, we denote by R the relation on H defined by aRb if a = b
or there exist x,y € H such that a € box and b € a oy and by L the relation on
H defined by aflb if a = b or there exist z,y € H such that a € x ob and b € y o a.
First we observe that if H is an hypersemigroup and a,b € H, then we have aRb if
and only if (e« H) U {a} = (b* H) U{b} and aLb if and only if (H *a) U {a} = (H *
b) U {b}. As a consequence if H is an hypersemigroup, then the relations R and L are
equivalence relations on H. It is interesting to know under what conditions the relations
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R and L are equivalence relations, congruences or even semilattice congruences in case
of hypergroupoids for which the associativity condition does not hold in general. In this
respect, following Kapp [1], we introduce the concepts of right (left) consistent and intra-
consistent hypergroupoids. Every hypersemigroup is a right consistent, left consistent and
intra-consistent hypergroupoid. And from every right consistent, left consistent or intra-
consistent groupoid, a right consistent, left consistent or intra-consistent hypergroupoid
can be constructed. We prove that if an hypergroupoid H is right consistent or intra-
consistent, then we have aRb if and only if (a x H) U {a} = (bx H) U {b} and if it is
left consistent, then we have aflb if and only if (H % a) U {a} = (H *b) U {b}. We
also have aRb if and only if the right ideals generated by the elements a and b coincide
and we have afb if and only if the left ideals generated by the elements a and b are
the same. As a consequence, if an hypergroupoid H is right (left) consistent or intra-
consistent, then the relations R and L are equivalence relations on H. We prove that a
commutative hypergroupoid H is right consistent if and only if it is left consistent and
therefore consistent; and if a commutative hypergroupoid H is right or left consistent,
then it is intra-consistent. In addition, we give some conditions under which in consistent
commutative hypergroupoids the Green’s relation R (= £) is a semilattice congruence that
certainly leads to further investigation. Following [2, 3], some further related results that
characterize the right (left) consistent right (left) simple hypergroupoids have been given.
A similar characterization of intra-consistent right (left) simple hypergroupoids has been
also given. We use the term right (left) consistent, intra-consistent instead of weakly right
(left) consistent, weakly intra-consistent introduced by Kapp. In fact, Kapp calls right
(left) consistent if the corresponding property holds for any subgroupoid of the groupoid
and he uses the term “weakly” if it holds for the groupoid itself. Illustrative example are
given.

An hypergroupoid is a nonempty set H with an hyperoperation “o” on H and an
operation “x” on the set P*(H) of nonempty subsets of H induced by “o” such that AxB =

U (aob) for every A, B € P*(H). An hypergroupoid H is called hypersemigroup
(a,b)e AxB
if {z} *x(yoz) = (xoy)={z} for every z,y,z € H. If H is an hypergroupoid then, for
every x,y € H, we have {z} * {y} = z oy. The following two properties, though clear,
play an essential role in the investigation: If A and B are two nonempty subsets of an
hypergroupoid H, then we have the following

(1)if x €aob for some a € A, b€ B, then z € A* B and

(2) if z € A B, then there exist a € A and b € B such that x € aob.
Moroever, for nonempty subsets A, B, C of H such that A C B, we have AxC C BxC
and Cx A C Cx B, we also have H x A C H and Ax H C H. A nonempty subset A of
H is called a right (resp. left) ideal of H if Ax H C A (resp. H « A C A), equivalently
if for every a € A and every h € H, we have aoh C A (resp. hoa C A). A nonempty
subset T" of an hypergroupoid H is called a subgroupoid of H if a,b € T implies aob C T,
equivalently if T« T" C T. Clearly, every right ideal or left ideal of H is a subgroupoid of
H. An hypergroupoid H is called commutative if, for any a,b € H, we have aob = bo a.
For further information we refer to [4-8].
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2. Green’s relations for hypersemigroups

Definition 2.1. For an hypergroupoid H, we define the relations R and £ on H as
follows:

aRb if a = b or there exist x,y € H such that a € box and b € a oy and

aLb if a = b or there exist x,y € H such that a € x ob and b € y o a.

When is convenient, we write for short, a * H instead of {a} * H and H * a instead of
H *{a}.
Proposition 2.2. Let H be an hypergroupoid and a,b € H. Then we have the following:

(1) if (ax H)YU{a} = (bx H) U{b}, then aRb;

(2) if (Hxa)U{a} = (H xb)U{b}, then aLlb.
Proof. If a = b, then clearly aRb and aLb. Suppose a # b. Then

(1) Let (ax H)U{a} = (bx H)U {b}. Since a € (b+ H) U {b} and a # b, there exists
x € H such that a € box. Since b € (a*x H)U{a} and b # a, there exists y € H such that
b€ aoy. Since z,y € H such that a € box and b € a oy, we have aRb. The proof of (2)
is similar. O
Proposition 2.3. Let H be an hypersemigroup and aRb. Then we have the following

(1) if aRD, then (ax H)U{a} = (bx H) U {b} and

(2) if aLb, then (H xa)U {a} = (H = b) U {b}.
Proof. (1) Let aRb and u € (ax H) U {a}. Since aRb, we have a = b or there exist
x,y € H such that a € box and b € aoy. If a = b, then (1) holds. Suppose a # b and
ac€box,beaoy for some x,y € H. Since u € (a* H) U {a}, we have u € a ot for some
t € H or u = a. We consider the cases:

(A)aeboz,becaoyand u € aot. Then we have

u€aotC(box)x{t} ={b} = (xot) (since H is an hypersemigroup).

Since z,t € H, we have x ot C H, and then u € {b} *x H C (b« H) U {b}.
(B)ac€box, b€ aoy and u= a. Then we have

u=acbox C{b}+xH C (bx H)U{b}.

Thus we have (axH)U{a} C (bxH)U{b}. By symmetry, we get (bxH)U{b} C (axH)U{a},
and (1) holds. The property (2) can be proved in a similar way. O
By Propositions 2.2 and 2.3 we have the following corollary

Corollary 2.4. If H is an hypersemigroup and a,b € H, then we have
aRb if and only if (a* H)U{a} = (bx H)U {b} and
alb if and only if (H xa) U {a} = (H % b) U {b}.

By Corollary 2.4 we have the following

Corollary 2.5. If H is an hypersemigroup, then the relations R and L are equivalence
relations on H.
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3. Green’s relations for hypergroupoids

Definition 3.1. An hypergroupoid H is said to be right consistent if, for every x,y € H,

we have

(xoy)*Hz{x}*({y}*H)

It is called left consistent if, for every =,y € H, we have

H o+ (woy) = (H+{2})  {y}.

An hypergroupoid H is said to be intra-consistent if, for any x,y € H, we have

({o} ) «{y} = {a} = (H + {5}).

If H is both left and right consistent, then it is called consistent.

Example 3.2. We consider the hypergroupoid H = {a,b} with the hyperoperation “o”
on G given by the following table

a b
{a} | {a,b}
{a} {o}
Table 1.

This is a right consistent, left consistent and intra-consistent hypergroupoid.

Example 3.3. We consider the hypergroupoid H = {a,b,c} with the hyperoperation

defined in the following table

o a b c

a | {a} | {a} | {c}

b | {ct | {b} | {a}

c | {ct | {0} | {c}
Table 2.

This is not right consistent because (cob)*« H = H and {c} % ({b} * H) = {b, ¢}, not left

consistent since H * (aob) = {a,c} and (H * {a}) « {b} = {a, b} and not intra-consistent

as ({a} * H) x {b} = {a,b} and {a} * (H * {b}) = {a}.

Example 3.4. The hypergroupoid defined by Table 3 is right consistent, left consistent

and intra-consistent.

Table 3.

o a b c d

a {a} {a,b} {a,c} {a,d}
b {a, b} {a, b} {a,b,c} | {a,b,d}
c {a,c} {a,b,c} {a,c} {b,c,d}
d | {a,d} {a,b,d} {b,c,d} {c,d}
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Proposition 3.5. Every hypersemigroup (H,o) is a right consistent, left consistent and
intra-consistent hypergroupoid.

Proof. Let z,y € H and t € (xoy)* H. Then t € uo h for some u € xoy, h € H. Then
t € uoh C (xoy)*{h}. Since H is an hypersemigroup, we have (zoy)*{h} = {z}*(yoh).
Since yo h C {y} « H, we have {z} * (yoh) C{z}x(yxH) andsot € {x} * (y+ H). Let
now t € {z} * (y*x H). Then t € z ou for some u € y* H and u € y o h for some h € H.
We have

texou {z} *x (yoh) = (zoy)*{h} (since H is an hypersemigroup)

c
C (zoy)*H,

then t € (xoy)* H and so H is right consistent. In a similar way we can prove that H is
left consistent.

Let now z,y € H such that t € (z* H) * {y}. Then t € u oy for some u € x * H and
u € x o h for some h € H. We have

(xoh)x{y} ={x} * (hoy) (since H is an hypersemigroup)
{z} = (H *y),

and so (x x H) *x {y} C {z}* (H xy). Let t € {z} * (H xy). Then ¢t € x o u for some
u € Hxyand u € hoy for some h € H. Then we get

texzouC{z}*(hoy)=(roh)*{y} C (zxH)x*{y},

then {x} * (H xy) C (x« H) x {y} and so H is intra-consistent. O
We apply Proposition 3.5 to the following example

Example 3.6. The hypergroupoid defined by Table 4 is an hypersemigroup. So, by
Proposition 3.5, it is right consistent, left consistent and intra-consistent.

a b c d e
{c} {a,b,c} | {c} {a,c} {a,c}
{c} {a,b,c} {c} {a,b,c} {a,b,c}
{c} f{a,b,c} | {c} {c} {c}

{a,c} {a,b,c} {c} {d, e} {d,e}

{a,ct | {a,b,c} | {c} {d, e} {e}

Table 4.

O[O || O

A groupoid (G, -) is said to be right (resp. left) consistent if, for any =,y € G, we have
(zy)G = z(yG) (resp. G(zy) = (Gx)y); it is called intra-consistent if (zG)y = z(Gy) for
every z,y € G (cf. also [1]).

Proposition 3.7. Let (G,-) be a right (resp. left) consistent or intra-consistent groupoid
and “o” the hyperoperation on G defined by a ob := {ab}. Then (G,0) is a right (resp.
left) consistent or intra-consistent hypergroupoid.
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Proof. Let (G,-) be right consistent and z,y € G. Then (xoy) *x G = {z} * (y * G).
Indeed: If t € (xoy) *x G, then t € wo h for some u € zoy, h € G. Then t = uh and
u=xy and so t = (xy)h € (zy)G = x(yG) since G is right consistent. Then t = z(yk) for
some k € G. Then we have

te{z(yk)} = wo(yk)={z}x{yk} ={a}x(yok)
C {z}x(y=G),

and so (zoy)* G C {z}* (y*@G). Similarly {z} * (y*G) C (xoy) * G and equality holds;
thus (G, o) is right consistent. If (G, ) is a left consistent, then in a similar way we prove
that (G, o) is left consistent as well.

Let now (G,-) be an intra-consistent groupoid and z,y € G. Then (G,o) is intra-
consistent, that is (zxG)x{y} = {z} *x(Gx*y). In fact: Let t € (x+G)*{y}. Thent € uoy
for some u € x * G and u € x o v for some v € G. Then t = uy = (zv)y € (G)y = x(Gy)
since G is intra-consistent. Then there exists h € G such that ¢t = z(hy). Hence we obtain

te{z(hy)} = wo(hy) ={z}*{hy} ={z}*(hoy)
C {z} = (Gxy),

and (zxG)*{y} C {z}*(Gxy). In a similar way we prove that {z}*(Gxy) C (zxG)*{y},
and equality holds. O
We apply Proposition 3.7 to the following example

Example 3.8. We consider the groupoid G = {a,b, ¢,d} with the multiplication defined
by the following table.

a b c d

a a a b b

b b b a a

c c c d d

d d d c c
Table 5.

As we have seen in [1; (1.9) Example]| this is a left consistent groupoid. If we remark that
Gx = G for any = € G then, for any z,y € G, we have G(zy) = G and (Gz)y = Gy = G,
so G(zy) = (Gz)y and (G, -) is left consistent. Applying Proposition 3.7, the set G with
the hyperoperation defined by Table 6 is a left consistent hypergroupoid.

a b c d

{a} | {a} | {0} | {0}
{or | {6} | {a} | {a}
{ct | {c} | {a} | {d}
{d} | {d} | {c} | {c}

Table 6.

Qoo |o
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In addition, this is an example of a left consistent hypergroupoid which is not right con-
sistent. In fact, we have (bod) * G = {a,b} but {b} *x (d*x G) = {a}.

By interchanging rows and columns in Table 5 we get the groupoid (G, -) given by the
following Table 7.

ISHESHESH RS

(SRSl IS RS S
ISEESEES RS RS
[SHESH ol ol e
OO0 | & &

Table 7.

We have G = G for any € G. Thus, for any z,y € G, we have (zy)G = G and
z(yG) = G = G. Then we have (zy)G = x(yG), and G is right consistent (cf. also [1]).
By Proposition 3.7, the hypergroupoid (G, o) given by Table 8 is right consistent.

a b c d

fa} | {6} | {c}t | {d}
fa} | {6} | {c}t | {d}
for | {a} | {d} | {c}
{or | {a} | {d} | {c}

Table 8.

LI ||| O

But this is not left consistent as G x (bo d) = {¢,d} and (G x b) x {d} = {d}.

The reader can check 16 cases (or better write a program for similar cases) to see that
the groupoids given by Tables 5 and 7 are intra-consistent (cf. [1]). By Proposition 3.7,
the hypergroupoids defined by Tables 6 and 8 are intra-consistent as well.

Proposition 3.9. Let H be a right consistent hypergroupoid and aRb. Then

(axH)yU{a} = (bx H)U{b} (%)
Proof. For a = b the relation (*) holds. If a # b, then there exist z,y € H such that
a€boxand b€ aoy. Then we have a x H = b+ H. Indeed:

ax H (box)x H={b}* (x« H) (since H is right consistent)
{b} x H (sincex € H and H+H C H)
(aoy)« H={a}* (y=*H) (since H is right consistent)

{a}* H (sincey € H and H+ H C H).

N 1N 1NN

and so a x H = bx H. Hence we obtain

(ax H)U{a} (bxH)U{a} C(bxH)U (b H) (since a € box)

= bxH C (bx H)U{b}
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and
bxH)U{b} = (axH)U{b}C(axH)U(axH)=axH
C (axH)U{a},
and then (ax H)U{a} = (bx H) U {b}. O

In a similar way the following proposition holds

Proposition 3.10. If H is a left consistent hypergroupoid and aLb, then

(H xa)U{a} = (H xb)U{b} (%)
By Propositions 2.2, 3.9 and 3.10 we have the following
Corollary 3.11. If H is a right (resp. left) consistent hypergroupoid then, for every
a,b e H, we have

aRb if and only if (a* H)U{a} = (bx H)U {b} (resp.

alb if and only if (H xa)U{a} = (H xb) U{b}).
Proposition 3.12. Let H be an intra-consistent hypergroupoid and aRb. Then

(axH)U{a} = (b*x H)U{b} (%)
Proof. If a = b, the result holds. If a # b, then there exist x,y € H such that a € box
and b€ aoy. Then ax H=0bx H. Indeed: If t € ax H, then t € a o u for some u € H,
then

teaou C (box)x{u} C(b*xH)x*{u}
{b} * (H *u) (since H is intra-consistent)
C {b}*x(H+«xH)CbxH

soax H Cbx H. Similarly b+« H C a* H and so a x H = b H. Then, exactly as in the
proof of Proposition 3.9, we have (a x H)U{a} = (bx H) U {b}. O
By Propositions 2.2 and 3.12 we have the following
Proposition 3.13. Let H be an intra-consistent hypergroupoid. Then we have

aRb if and only if (a* H)U{a} = (bx H) U {b}.
Proposition 3.14. If H is a right (resp. left) consistent hypergroupoid then, for every
a € H, the set ax H (resp. H *a) is a subgroupoid of H.

Proof. Let H be a right consistent hypergroupoid and z,y € a * H. Then x € a o v and
y € aowv for some u,v € H. Then we have

zoy C (aou)*(aov)C(aocu)*x(HxH)C (aou)*xH
{a} * (u* H) (since H is right consistent)
C {a}x(H+xH)CaxH,

so a * H is a subgroupoid of H. U

Proposition 3.15. If an hypergroupoid H is right consistent (resp. left consistent) then,
for any nonempty subset A of H, the set AU(AxH) (resp. AU(H % A)) is the right (resp.
left) ideal of H generated by A.
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Proof. Let H be right consistent. Clearly, the set AU (A% H) is a nonempty subset of H
containing A. Moreover, (AU(A*H)) xH C AU(AxH). Indeed: Let t € (AU(A*H)) «H.

Then ¢t € uoh for some u € AU(AxH),h € H. If u € A, thent € uoh C AxH C AU(AxH).
Let u € Ax H. Then u € aov for some a € A, v € H. Then we have

teuoh (aov)*x H={a}* (v« H) (since H is right consistent)

-
C Ax(H+xH)CAxHCAU(AxH),

thus AU (A x H) is a right ideal of H. Let now T be a right ideal of H such that T' D A.
Then we have AU(AxH) CTU(T+H) CT and so the set AU (Ax* H) is the right ideal

of H generated by A. If H is left consistent, then in a similar way we prove that the set
AU (H x A) is the left ideal of H generated by A. O
Corollary 3.16. If an hypergroupoid H is right consistent (resp. left consistent) then, for
any a € H, the set {a} U (a* H) (resp. {a} U (H % a)) is the right (resp. left) ideal of H
generated by A.

As a result, if H is a right or left consistent hypergroupoid then, for every a € H, the
sets {a} U (ax H) and {a} U (H * a) are subgroupoids of H.

Notation 3.17. We denote by R(A) (resp. L(A)) the right (resp. left) ideal of H
generated by A. For A = {a}, we write R(a), L(a) instead of R({a}), L({a}).
By Proposition 3.15 we have the following

Corollary 3.18. If an hypergroupoid H is right consistent (resp. left consistent) then, for
every nonempty subset A of H, we have R(A) = AU(AxH) (resp. L(A) =AU (H x A)).
By Corollaries 3.11, 3.16 and Proposition 3.13 we have the following

Corollary 3.19. If H is a right consistent or intra-consistent hypergroupoid, then aRb if
and only if R(a) = R(b). If H is a left consistent hypergroupoid, then aLb if and only if
L(a) = L(b).

By Propositions 3.9, 3.10 and 3.12 or by Corollary 3.19. we have the following

Theorem 3.20. If an hypergroupoid H is right (left) consistent or intra-consistent, then
the relations R and L are equivalence relations on H.

Proposition 3.21. A commutative hypergroupoid H is right consistent if and only if it is
left consistent and therefore consistent.

Proof. =>. Let H be right consistent and x,y € H. Then we have

Hx(xoy) = (roy)xH = (yox)* H (since H is commutative)
= {y}*(zx H) (since H is right consistent)
= {y}*x(H=z)=(H=*x)=*{y} (since H is commutative)

so Hx* (xoy)=(H=x*z)*{y}, and H is left consistent.
<. Let H be left consistent and x,y € H. Then we have

(xoy)xH=Hx(yox)=(Hxy)*{z} = {x}*(yxH),
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so (roy)x H={x}«(yxH), and H is right consistent. O

Proposition 3.22. Let H be a commutative hypergroupoid. If H is right (resp. left)
consistent, then H is intra-consistent. The converse statement does not hold in general.
Howewver, there are commutative intra-consistent hypergroupoids that are consistent.

Proof. Let H be right consistent and x,y € H. Then we have

(xxH)x{y} = {y}x*(xxH) (since H is commutative)
(yox)* H (since H is right consistent)

(zoy)
{z}
= fo}x

o(x*xH)x{y} ={x}*(H xy), and H is intra-consistent.
Let now H be left consistent and z,y € H. Then we have

(@ H)x{y} = (Hxax)x{y}=Hx*(xoy)=Hx*(yox)
= (Hxy)*{a} ={z}* (Hxy),
and again H is intra-consistent.

For the converse statement we give the following example. We consider the commuta-
tive groupoid G = {a, b, c} given by Table 9 (cf. also [1; (1.7) Example]).

« H (since H is commutative)

(y x H) (since H is right consistent)
(

H xy) (since H is commutative),

QOISO
Q| S| S
A O

Table 9.

One can check 9 cases to see that this is an intra-consistent groupoid. According to Propo-
sition 3.7, the set G with the hyperoperation defined by Table 10 is an intra-consistent
commutative hypergroupoid.

a b c
{cb | {0} | {c}
for | {6} | {<¢}
{ct | {ch | {c}

Table 10.

oS o

This is not right regular because (aoa)* H = {c} and {a} * (ax H) = {b,c}. As (G,o0) is
commutative, this is not left consistent as well.

We prove the last part of the proposition by the following example.

Applying Proposition 3.7 in the groupoid given in [1; (1.8) Example] we get the hy-
pergroupopoid G = {a, b, ¢} defined by Table 11.
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o a b c
a | {c} | {c¢} | {a}
b | {c} | {a} | {a}
c | {a} | {a} | {c}
Table 11.
This is a commutative, intra-consistent and consistent hypergroupoid. Il

Lemma 3.23. If H is an hypergroupoid then, for any nonempty subsets A, B, C of H, we
have

(1) Ax(BUC)=(A*B)U(AxC) and

(2) (AUB)«C = (AxC)U(B=xC).
Proof. (1) Since BUC 2 B,C, we have Ax (BUC) D AxB,AxC,s0 Ax(BUC) D
(A*B)U(AxC). Let now z € (A*xB)U(A*C). If x € A% B, then x € aob for some
a€A, beBCBUC,sox€aobC Ax(BUC). If x € AxC, then x € a o ¢ for some
a € A, ce C, then again x € A* (BUC) and (1) holds. The proof of condition (2) is
similar. O

Proposition 3.24. If an hypergroupoid H is right (resp. left) consistent, (a,b) € R (resp.
(a,b) € L) and c € H, then we have R(coa) = R(cob) (resp. L(aoc) = L(boc)).

Proof. Let H be right consistent, (a,b) € R and ¢ € H. Then R(coa) = R(cob). Indeed:

R(coa) = (coa)U ((Co a) * H) (by Corollary 3.18)
- ({c} ¥ {a}) U ({c} x(a+ H)) (since H is right consistent)
— {}x ({a} U (a * H)) (by Lemma 3.23)
— {c}+ ({6} U (b H)) (by Proposition 3.9)
_ ({c} % {b}) U <{c} + (b H)) (by Lemma 3.23)

= (cob)U <(c ob) * H) (since H is right consistent)
= R(cob) (by Corollary 3.18).

O
Proposition 3.25. If H is a right consistent hypergroupoid such that x € x o x for every
x € H then, for every a € H, we have R(a) = R(a o a).

Proof. Let a € H. Then, we have
R(aoa) = (aca)U ((a oa) * H) (by Corollary 3.18)
= <{a} * {a}) U ({a} * (a * H)) (since H is right consistent)

C (a*H)U({a}*(H*H)>
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C (axH)U(axH)=(axH)C{a}U(ax H)= R(a)

and
R(a) = {a}U(axH) C (a0a)U ((eca) = H) = R(aoa),

so R(a) = R(aoa). O
In a similar way we have the following
Proposition 3.26. If H is a left consistent hypergroupoid such that x € x o x for every
x € H then, for every a € H, we have L(a) = L(ao a).
Remark 3.27. If H is a commutative hypergroupoid and a,b € H, then we have
R(a) = L(a) and R(aob) = (aob)U(aob)xH=(boa)U(boa)* H=R(boa).
The concepts of right (left) congruences and semilattice congruences on groupoids can
be naturally transferred to hypergroupoids as follows: An equivalence relation ¢ on an
hypergroupoid H is called right (resp. left) congruence if (a,b) € o implies (aoc,boc) € o
(resp. (coa,cob) € o) for every ¢ € H; it is called a congruence on H if it is both a
right congruence and a left congruence on H. A congruence o on H is called semilattice
congruence if, for any a,b € H, we have (a,aoa) € 0 and (aob,boa) € 0.
By Propositions 3.25, 3.26 and Remark 3.27 we have the following

Proposition 3.28. Let H be a consistent commutative hypergroupoid such that
(1) for every a € H, we have a € aoa and
(2) for any nonempty subsets A, B of H, R(A) = R(B) implies (A, B) € R.

Then the relation R (= L) is a semilattice congruence on H.
For an hypergroupoid H and a subset A of H, we denote by o4 the equivalence relation
on H defined by

OA = {(xay) | $,Z/€AOI‘ $7y¢‘4}

Proposition 3.29. If an hypergroupoid H is right consistent (resp. left consistent), A is
the set of right ideals and B is the set of left ideals of H, then we have

R=(Vor|T €A} and £ =(Vfoz | T € B},

respectively.
Proof. Let H be right consistent, (z,y) € R and I € A. If x € I, then we have

y€ R(y) = R(z)={z}U(xzxH) (by Corollary 3.16)
C TU(+H) =1,

soy € l. Then z,y € I and so (z,y) € 7. If v ¢ I, then y ¢ I as well. This is because if
y € I then, by symmetry to the previous case, we get x € I which is impossible. Thus we
have xz,y ¢ I and so (x,y) € o7. Let now (z,y) € oy for every I € A. Since R(x) is a right
ideal of H, we have (r,y) € og(,). Since z € R(z), we have y € R(x), then R(y) C R(z).
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Since y € R(y) and (7,y) € og(y), we have x € R(y), then R(x) C R(y). Thus we get
R(z) = R(y) and so (z,y) € R. If H is left consistent, the proof is analogous. O

Corollary 3.30. If an hypergroupoid H is right consistent (resp. left consistent), A is a
right ideal and B is a left ideal of H, then we have

(1) A={(x)r | x € A} and

(2) B=({(z)z | = € B}, respectively.
Proof. (1) Let H be right consistent and A be a right ideal of H. If ¢t € A, then clearly
te (t)r € ({(x)r | x € A}. Conversely, let t € (z)g for every z € A. Take an element
a€ A (A#0D). Since t € (a)r, we have (t,a) € R. On the other hand, by Proposition
3.29, we have R = (o7 | I € A}. Since (t,a) € R and A € A, we have (t,a) € 04; since
a € A, we have t € A and property (1) is satisfied. If H is left consistent, then property
(2) holds at a similar way. O

In what follows, following [2, 3], we characterize the right (left) consistent right (left)
simple hypergroupoids and the intra-consistent right (left) simple hypergroupoids.

An hypergroupoid H is called right (resp. left) simple if H is the only right (resp. left)
ideal of H; in other words, if T" is a right (resp. left) ideal of H, then T'= H.
Proposition 3.31. If H is an hypergroupoid such that ax H = H (resp. H xa = H) for
every a € H, then H right (resp. left) simple.

Proof. Let ax H = H for every a € H and let T be a right ideal of H. Then T' = H.
Indeed: let b € H. Take an element t € T (T # (). Since t € H, by hypothesis, we
have t * H = H. Since b € H, we have b € t o h for some h € H. Then we have
betohCTx«HCT and so T = H. Similarly if H is left simple, then H xa = H for
every a € H. O
Proposition 3.32. Let H be a right (resp. left) consistent hypergroupoid. If H is right
(resp. left) simple then, for every a € H, we have ax H = H (resp. Hxa = H ).

Proof. Suppose H is right simple and let « € H. The set a * H is a right ideal of H.
Indeed: Let t € (a%x H)« H. Then t € uo v for some u € ax H, v € H. Since u € a * H,
we have u € a o w for some w € H. Then we have

tceuov C (aow)*{v}C(aow)*xH
= {a}* (wx* H) (since H is right consistent)
C {a}*x(H«xH)CaxH,

then t € ax H and so ax H is a right ideal of H. Since H is right simple, we have axH = H.
If H is left consistent then, in a similar way we get H xa = H. O
By Propositions 3.31 and 3.32 we have the following

Proposition 3.33. A right (resp. left) consistent hypergroupoid H is right (resp. left)
simple if and only if, for any a € H, we have a* H = H (resp. H*a = H ).

Proposition 3.34. Let H be an intra-consistent hypergroupoid. If H is right (resp. left)
simple then, for every a € H, we have ax H = H (resp. H*a = H).
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Proof. Let H be right simple and a € H. The set a x H is a right ideal of H. Indeed:
Let t € (ax H)+« H. Then t € uo v for some v € a* H and u € a ow for some w € H.
Then we have

teuov C (aow)s{v} = ({a}+{w})+{v} C ({a}+ H) + {v}
= {a} (H * {v}) (since H is intra-consistent)
C {a}*(H+«xH)ZaxH,

sot € ax H and H is a right ideal of H. Since H is right simple, we have a* H = H. The
“dual” case can be proved similarly. O
By Propositions 3.31 and 3.34 we have the following

Proposition 3.35. An intra-consistent hypergroupoid H is right (rep. left) simple if and
only if, for any a € H, we have ax H = H (resp. H*a = H).

Problem. Find conditions under which for a right (left) consistent or intra-consistent
hypergroupoid H the equivalence relations R and L are semilattice congruences on H.
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