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Abstract. The relationship between the generalized growth parameters of an entire harmonic
function in space R™,n > 3, with the rate of its best harmonic polynomial approximation error
and ratios of these errors of functions harmonic in the ball of radius R has been studied.
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1. Introduction

The approximation of entire functions on compact sets was studied by Srivastava and
Kumar [14,15] and obtained generalized growth parameters in terms of approximation and
interpolation error. Similar studies have been done for harmonic functions. The harmonic
functions play an important role not only in theoretical mathematics but also in Physics
and mechanics to describe different stationary processes. Therefore, it is significant to
mention here that the study of generalized growth parameters of a harmonic function in
an n-dimensional spaces has relevance. Harmonic functions can be expanded into series in
spherical harmonics in space R, n > 3 and in the adjoined Legendre polynomials in space
R3. The growth characteristics of harmonic functions in terms of the coefficients of their
expansion into series as well as not related the expansion coefficients, in particular, in terms
of the norm of their gradient at the origin were obtained. Also, the growth of harmonic
function in terms of approximation errors by harmonic polynomials in R™,n > 3 was
considered by various authors (see,[3,6-13]). The aim of the present work is to investigate
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conditions under which a harmonic function in the ball of n-dimensional space continues to
the entire harmonic function, and to derive formulae for the generalized growth parameters
(p, q)-order, lower(p, g)-order, (p, q)-type and lower(p, g)-type of harmonic function in space
in terms of harmonic polynomial approximation errors. Here p and ¢ are integers such
that p > ¢ > 1.

Let u be an entire harmonic function in R™ and has a Fourier-Laplace series expansion
[16]

u(rz) = iY(k)(:r;u)rk, (1.1)
k=0

where x € S™ = {x € R™: |x| = 1} a unit sphere in R" centered at the origin

k k k k
YO (230) =a{"Y (@) + ol (@) + -+ oY (),

I'(n/2 R
o = ) = S o @as = T
2k +n—2)(k+n—3)!
Ve =

El(n —2)!

Here dS is the element of the surface area on the sphere S™, (u, Yj(k)) is the scalor product
in L2(S™) and Y %) is a spherical harmonic of degree k,k € Z; ={0,1,2,...,} on the unit
sphere S™(n > 2) [16].

Let BY, = {y € R" : |y| < R} be the ball of radius R in space R”,n > 3 centered at
the origin, and B} be the closure of Bf:. We denote Hp, the class of harmonic functions
in B and continuous on B7]7§, 0 < R < .

Let 7, be the set of harmonic polynomials of degree< k. The approximation error of
function v € Hgr by harmonic polynomials P € m; be defined as
By () = inf {ma u(y) ~ P(y)]} (12)

For u € Hgi continue to the entire harmonic function of n-dimensional space R", n > 3, it
is known [17 ,p.45] that

Jlim (B ())& = 0. (1.3)

The concept of order p(F') and lower order A(F) of an entire function F(z) = > 77 janz"
was introduced by R.P. Boas [1] as
. loglog M(r, F)

L loglog M (r, F) L
p(F) = rlggo sup T logr ANF) = rlggo inf oz 7

The concept of type T'(F') and lower type ¢(F') has been introduced when the entire
functions have same nonzero finite order. An entire function of order p,0 < p < oo, is said
to be of type T'(F') and lower type ¢(F) if
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where 0 < p(F') < oo, M(r, F') = maxg<g<or |F(r,0)].

For the class of order p(F) = 0 and p(F') = oo, the type can not be defined. To refine
the above concept of order and type, Juneja et. al., [4,5] introduced the concept of (p, q)-
orders and (p, q)-types.

Therefore, we define the (p, g)-order and lower(p, ¢)-order as

log”l M (r, F logl?) M (r, F
p(p’ q’F) = lim Sup Og—(r’)a )‘(p’qv F) = lim inf Og—(r’)

, 1.4
r—oo  logldr roo ogld p (14)

b<p(p,qgF)<oo,b=0if p>gqand b=1if p=gq. The (p,q)-type and lower(p, q)-type
are defined as

_ logP=1 M (r, F) o logP UM (r P
T(p,q,F) = hmrslg)o Togl# 1 7(p0.F) JA(F) = hmTl_I}go loglt— 1] o)’

(1.5)

where logl%(2) = z and log™ (z) = logl™ Y log(z) for m > 1.

Notations:
P(a) = P(a,p,q) ={a if p>gq,
{1+a if p=q=2,
{max(l,a) if 3<p=gq< o0,
{OO Zf p:q:OO7}
and

M(a) = M(a,p,q) = {é if  (p,q) =(2,1),

{(a — 1)(e=)

i (0 = (2.2),

{1 if p>3,}

From [4] we define the relations between(p, g)-order, lower(p, ¢)-order, the coefficients
of F(z) and ratios of these successive coefficients as following;:
Theorem A. Let F(z) =) ° anz" be an entire function of (p, g)-order p(p, g, F'), then

p(p,q, F) = P(L(p,q, F))

where

logP—1]
L(p,q, F) = lim sup Oginl'
n—00 log[Q] |an|7ﬁ

Theorem B. Let F(z) =Y ;a,z" be an entire function of (p, g)-order p(p, ¢, F), then

p(p,q, F) = P(L*(p,q, F))
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where

logP—1]
L*(p,q, F) = lim sup —o—"

n—00 lOg[q] ’$| '

Theorem C. Let F(z) = > 7 janz" be an entire function of (p,q)-order p(p,q, F) and
(]-%2—|) a nondecreasing function of n for n > ng then

Ap,q, F) = P(l(p,q, F))

where

logP—1]
l(p,q, F) =lim inf Lnl.
n—00 log[q] lay| 7w

Theorem D. Let F(z) = Y 7 ;a,2" be an entire function of (p,q)-order p(p,q, F) and
(]=%2—|) a nondecreasing function of n for n > ng then

An+1
Ap, q, F) = P(I*(p,q, I))

where

[p—1]
g |z
From [5] we define the relation between (p, ¢)-type, lower(p, q)-type and the coefficients of
F(z) as:
Theorem E. Let F(z) = Y 7 a,2" be an entire function of (p,q)-order p(p, ¢, F') and
(p, q)-type T(p,q, F) if and only if T'= MV, where

loglP=2In

V(p,q,F) =1lim su .
) I g a7
with A =11if (p,q) = (2,2) and A=0if (p,q) # (2,2).
Theorem F. Let F(z) = > »° ja,z™ be an entire function of (p,q)-order p(p,q, F),
lower(p, ¢)-type t(p,q, F') and (\aZL ) a nondecreasing function of n for n > ng then
t = Mv, where

logP—2l
v(p,q, F) = lim inf i 701? _nl )
n—00 (log q |an| P )p—A

2. Auxiliary Results

In this section we will prove some auxiliary results which will be used in the sequel.
Consider the two functions f and g of complex variable z:

Re vV (2v)! CYRVERY:




D. Kumar, R. Ali / Eur. J. Pure Appl. Math, 12 (2) (2019), 486-498 490

and
02) = 3 G O+ 2P R () ()" (22)
k=1

In view of [17, pp. 47] we see that if u is an entire function then f and g are also entire
functions of the complex variable z. Using Lemma 3 with inequality (8) of [17], we get

m(r, f) < M(r,u) < |YO(E u)] + M(r,g) (2.3)

where m(r, f) is the maximum term of power series of function f(z) on the circle{z : |z| =
r}, and M(r,g) = max,— [9(2)|.

Lemma 2.1. Let f and g be defined by (2.1) and (2.2). Then the (p,q)-orders and
(p, q)-types of f and g respectively are equal.

Proof. First we consider the case (p,q) = (2, 1),

# =lim inf klog(\@(%ﬂ)!(kﬂu)?vR Ey (u))
p(27].7f) k—o00 logk ,
i g 108 BE(E ()7 + log V(20 + 1)) (k + 20)* — log e
ke klog k
log Rk(E(k) (u))~!
=li f R 1
T klogk +1,
then p(211 7 =1 and p(2,1, f) < 1. This implies necessarily we have p(2,1, f) = 0 to
define p(p, ¢, f)
Now
1
p(2,1,f) =0=lim mf — 400
(2,1, 1) koo p(2, 1, f)
£k
.. . log RF(ER (u))™!
1 f _
e Klog +o0
= lim inf kloi )’f 0
7% log BM (B (u)) ™
!
= lim inf log k! .

k—o00 log Rk(El(?) (u))_l
= (EW )R % - 0.
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For p > ¢ > 1, we have

lg-1](_1 (2v)! s
L e ¥ (—%los( A gz 7 Er (1)
L(p,q, f) ko0 =
log[q—l](log[R*k(Egak)(u))]*l + log \/5(2y+1)[(k+21,)2u) _ log\/m
= lim inf k k .
k—o0 log[p_l] .
—k (k) —1
= lim inf ;log[q_q(logR (ER (u)) x
k—o0 log[pfl] k k

logv/2(2v + 1)!(k + 2v)% B log v/ (2v)!

(14
log[R-F(EY (u))]t  log[R*(EY (u))] !
i op 108 Hlog(RTFER () log(1 +0(1)
= Hm in [—1] [—1]
k—o0 log k log k
loglt=1(_1100(R-* B
i g 08 (— log( R (U)))’
k—00 loglP~ 1 k
and
| logl? (L log( by (k + 20)2 By (u)R7))
. k 2v)! R
————— =1lim inf
L(p,q,9) k300 loglP~1 &
_ (k) _
. ) log[fI*ﬂ(log[R k(iR ()]~ 4 10%(]3’/)! _ %log4(k+2u)2”)
= lim inf 7
k—oo log[p_ ] k
loglt=1(_110e(R—* E*)
TP (= log( R (0))) N log(1 4 o(1))
k—o0 log[p_l] k log[p_l] k;
loglt(—L1og(R—*EW
i nf 287 (Tr108( r ()
k—o0 loglP—11

Using Theorem A, we see that the function f and g have same (p, ¢)-order, it leads to
the fact that

p(p:q, f) = p(p,q,9) = p-

Now we consider the (p, ¢)-type for ¢ = 2 as
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(20)! (k) _
1 . (_%log(\/i@uﬂ)!(kuy)%R "ER’(u)))P!
——— =lim inf 5
U<p7 q, f) k—o0 log[p_ } k
log[RF(EY ()] ™! | log vV2(2u4+1)I(k4+20)2 _ log\/@V)!\, 4
i % + % )
= lim inf —
1 R—k E(k) -1
lim inf (BT ER )T,

k—o0 1oglP~2 f; k
(1+ logv/2(2v + 1)!(k + 2v)% B log v/ (2v)! o1
log[ BB (u))]~1 log[R=H(Efy (u))] !
(—#log(R™" B}y ()™ log(1 + o(1))!

= lim kl—I>1£o log[p72] k log[pr] k
o (—flog(RTMER (u))r !
= lim inf .
k—00 loglP~2 &
Similarly for g we have
—Llog(RFEY (u)))r
L i e 1B TER )
U(p, 27 g) k—o0 lOg[p_Q] k

Now for the case ¢ > 3, we have

log!1=2 (—} log( 5o BB (1))

# =lim inf V2(2u+1)!(k+20)2
’U(pu q, f) k—00 log[p_Q} L
_9 log[R*k(E(k)(u))]fl log v/Z(20-4+ 1)1 (kL20)2V log /(@)1
i it logla=2)( i | logv3( k)( 2 \éi)p
k—o0 log[p_g} L
—k( (k) -1

p
k—o0 10g[p72] k k ) x

log v2(2v + 1)!(k + 2v)% log v/ (2v)! o1
+ o Sy P
log[R~*(E}" (u))] log[R™*(Eg" (u))]
log[q_ﬂ(—% log(R_kng) (u)))? N log(1 + o(1))?

= lim inf

k—o00 10g[p72] k log[pfm k
_ll R—kE(k') P
i i ko8 r (1))
k—o00 log[p72] k

In the same manner for the function g, we obtain

_ k
’U(p, q, g) k—o0 IOg[piz} k
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Lemma 2.2. Let u be an entire harmonic function of an n-dimensional space n > 3 with

(p, g)-order p(p, q, u), lower (p, g)-order A(p, ¢, u), (p, q)-type T'(p, ¢, u) and lower (p, q)-type
t(p,q,u). If f and g are entire functions defined as in (2.1) and (2.2), then

p(p: ¢, f) = p(p; ¢, u) = p(p, 4, 9), (2.4)
Ap,q, f) < ANp,q,u) < Xp, g, 9), (2.5)
T(p,q, f) =T(p,q,w) =T(p,q,9), (2.6)
tp,q, f) <t(p.q,u) <tp,q,9). (2.7)

Proof. From (2.3) with (1.4) and (1.5) we have

p(p;q, ) < p(p,q,u) < p(p,q,9). (2.8)

Since p(p,q, f) = p(p,q,g), now (2.4) easily obtain by using (2.8). From (2.3) we can get
(2.5) immediately. We denote the common value of (p,g)-order of f,g and u and using
(2.3) we get

log?'m(r, ) < log?~! m(r, u) < logl?~!'m(r, g)
(logli=Ur)e = (loglt=Ur)e = (logle=p)e

It proves (2.6) and (2.7).

Now let us define oy, = maxzegn |Y®) (2 u)|, B = 7 (2v)! E](%k)R_k and v, =

2(2v+1)!(k+2v)2v
2B

3. Main Results

Theorem 3.1. Let u be an entire harmonic function in R",n > 3 with (p, ¢)-order
(k)
ER (u)

p(p,q,u) and (p, q)-type T'(p, q,u). If ) is a nondecreasing function of k for k > ko,

then ST
p(p; ¢, u) = P(L(p, q,u))
where
L(p,¢,u) = lim sup log? 1 & - (3.1)
ko0 logl (B (u) RF) %
and
T(p,q,u) = Mv*(p, q,u)
where
v*(p, ¢, u) = lim sup log ?” & (P q,u) = p. (3.2)

koo (loglt ™ (EW (u) R—F) =% )p—4
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Proof. Corresponding to an entire harmonic function u(rz) = Y52, Y*) (z;u)rk we

define the entire function u((z) = > 5% max|Y® (z;u)|¢¥, |x| = 1 [2], now applying
Theorem A, we have

p(p,q,u) = P(L(p,q,u))
where

log[”*” k

1

L(p,q,u) = lim sup —————+
k—o0 logl® (ay) "%

i ()

) is a nondecreasing function of k, k > ko if ( )( )

ing function of k for k > ko. This implies that (5 2 ’“1) and (W—H) are also nondecreasing
function of k, k > k.
Using [17, Lemma 1] we obtain

We know that (;*

) is a nondecreas-

oy < (k+2v )2”E ]Eu)

U1 (k+1+20)2EW (u)

Let p(z) = (113311)2”7

logp(z) = 2vlog(x + 2v) — 2vlog(z + 1 + 2v),

P (x) 2v 2v

px)  z4+20 x+20+1

taking w(z) = x%y,w(az) —w(x +1) > 0 for any x > 0. Hence w(x) is a decreasing
(k)
function and subsequently p'(z) > 0 for z > 0. Hence (- ) is nondecreasing if (%()1(‘)))

is nondecreasing function of k for k > kg. The result (3.1) is obtain by using the relation
(2.4) and the result (3.2) is found from (2.6).
Theorem 3.2. Let u be an entire harmonic function in R™,n > 3 with (p, ¢)-order

(k)
p(p, q,u) and (—A2

E(kil)()) is a nondecreasing function of k for k > kg, then

p(p;q,u) = P(L(p, q,u)) (3.3)
where

log[p_l] k
E%e_ D (uw)R )
B (u)

L(p, g, u) = lim sup
k—o0 log[q](

Proof. For an entire function u(zx) = > 5o, max |Y*) (z;u)|2*, using Theorem B we have

p(p,q;u) = P(L(p,q,u))
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where

loglP~1 &
L(p,q,u) = lim sup o8

ko0 logld (5)

if (Ozi 1) is a nondecreasing function of k for k > ko. Applying above relation for the entire

function f, we obtain
p(p,q, ) = P(L(p,q, [)), (3.4)

log[p_l] k
L(p,q, f) =lim sup ———
(P4, f) ,HEO logld (2+)

Br+1
. log[p_l] k
= lim sup

0o EF V)R U\
kroo Jogldl (B R (ki Lazy o)
ER (u)

EW ()R k+142v
—ay, ) t2wlog(————)7))
Egﬁl)(u) k+2v

= lim sup log?~Y k(logld= (log(
k—o0
. log[p_l] k
= lim sup

% EY) (wR
k— log[Q}(EggH)(u))

Similarly for the entire function g, we have

L(p,q,9) = lim sup ——————.
k—oo log[q}(ER (U)R)
Eg”!)(u)
p(p,q,9) = P(L(p,q,9)) Now (3.3)follows from (2.4).
Theorem 3.3. Let u be an entire harmonic function in R™,n > 3 with (p, ¢)-order

E(k) u .
p(p,q,u), lower (p,q)-order A(p,q,u), lower (p,q)-type t(p,q,u) and let (E(Iﬁ_l()(l)) is a
R
nondecreasing function of k for k > kg, then
AP, q,u) = P(I*(p,q,u)) (3.5)
where
logP—1]
I*(p,q,u) = lim inf o8 (k)k -
k—o0 log[Q](R*kER (w)) "%
and
t(p,q,u) = Mv(p, q,u) (3.6)
where

o log[p*Q]k
U(p’q’u):hmklljgo =1 p—k 5 ()% )p—A
(logh"™ " (R=FER" (u)) k)P
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Proof. Applying Theorem D to the function f and g we can easily obtain

Apsq, f)=P*(p,q, f))

and

Ap,q,9) = P(I"(p, 4, 9))

where

(p—1]
*(p,q, f) = lim inf Lo (k)k 1
k—00 log[q](R—’fER (w)) "%

)

log[p_l] k
I*(p,q,g) = lim inf
k=00 1ogld] (R—kng) (u))_%

Now the result (3.6) follows from (2.5). Similarly applying Theorem F to the entire
function f and g, we get

tp,q, f) = Mv(p,q, f), t(p,q,9) = Mv(p,q,g)

where

o log[pfﬂ k
U(pa q, f) = lim klnf [g—1] & (k) _1 A
7 (log" (RFER " (u)) " %)P~

(5.4.9) = lim inf log?=2 &
v(p,¢, 9) =lim in
k—o0 (log[q_l](R—k‘El(%k)(u))*%)p—A

The result (3.7) follows from (2.7) and above relations.
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