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1. Introduction

In [4], we studied multidimensional continued fraction algorithm over the field of formal
power series. In the case of the Brun algorithm by using its homogenous version, we prove
that it converges. In this paper, we study multidimentional S-continued fraction in the
case of the Modified Jacobi Perron algorithm (MJPA), we prove that it converges.

2. The field of formal power series

In order to state our results, we need to introduce some basic notion of the field of
formal power series. Let [, be a field with ¢ elements of characteristic p, Fy[X] the set of
polynomials of coefficients in F, and F,(X) its field of fractions. The set F,((X 1)) is the
field of formal power series over [,

+o0
F (X)) ={f=>_ f;X7 : fj €V, scZ}.
j=s
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+oo
Let f = Z fiX 7 eF,((X™1)), where fs # 0. We denote its polynomial part by [f] and
j=s
by {f} its fractional part. We remark that f = [f] + {f}. We define a non-archimedean
absolute value on F,((X 1)) by | f |=e % and | 0 |= 0. It is clear that, for any P € F,[X],

P
| P |= ed€8 P and, for any Q € F,[X], such that @ # 0, | 0 |= edeg P — deg @
Let By € F ((X~1))\ {0}, then, we define

L= {w e Fe((XH), lol < [Bol},

which is a compact abelian group with the addition and the metric d(p,w) = | —w| :
Vo, w € Fy((X71)).
Now, for 1 < j < n, we put

(n) n [ leil > lps| for 1 <i<j,
Lj _{(801, ﬂon)EL ) { |S0]|Z|Q01’ for j<i<n )

and
LY =LxLx---xL, n times

then - .
L cL} and L= ] L.

1<i<n

3. f-Continued fraction in F,((X'))

Let 8 = (B;)icz with B; € Fo((X1))\ {0}, such that deg(8;):ez is a strictly increasing
sequence of integers. [ is called base sequence. Let
S = {(di)—coci<k : kE€Z, di € Fy[X], degd; < degBi11 — degB;}
be the set of admissible digit strings associated to the sequence S3.

Lemma 1. Let 8 = (B;)icz be a base sequence and S the associated set of admissible digit
strings. Then each w € F (X 1)) admits a unique representation of the form

w= Z difi, (di)—oo<i<k €S
—oco<i<k

The above lemma justifies that we call (8, S) a digit system. Conversly, a formal power
series associated to a given string in the digit system (3, S) is given by the evaluation map

T S Fo(XY), (di)ococizk — > difs.
—oco<i<k

If a representation ends in infinitely many zeros, it said to be finite, and the final zeros
are omitted.



A. Chandoul, F. Aljuaydi / Eur. J. Pure Appl. Math, 12 (2) (2019), 418-431 420

If all the s; on the right hand side of the radix point are zeros, the representation is
said to be an integer representation.

The set of all w € Fy((X 1)) admitting an integer representation is called the set of
B—integers. For w € F,((X 1)), we define the f—integer and the S—fractional part by

[Blg =m(dk---do)s and {B}g=m(d-1d—2--)g,

respectively.

Now we are in a position to introduce our new algorithm, called S—continued fraction
algorithm. The study of this algorithm is similar to the study of the usual continued
fraction expansions. Let 8 = (8;)iez be a base sequence and let
Ho(B) ={dPo € Fq[X],0 < degd < deg 81 — deg o},

H"o(8) = {dBo € Fy[X],degd < deg f1 — deg o},

Hn(ﬁ) = {do,@o + -+ dnﬁn, di S Fq[X],deg dl' < deg ﬁi+1 - degﬁi, dn 75 0} for all n > 1,
and

H(B) = Ho(8) U | Ha(8),

n>1

Z(8) = H'o(8) U | Ha(8).

n>0
Remark 1. Note that | z |>| Bo | for all z € Z(B) and | z |>| Bo | for all z € H(B).

We can define the -continued fraction by the S-transformation T on D(0,|5|), which
is given by the following mapping

Tﬁ : D(O> |60|) - D2(07 |50|)
By :
y N {w}ﬁ if f=£0
0 else

For any base sequence 3, the so-called S-continued fraction is introduced in [7]. A
[-continued fraction is an expression of the form

w=ag+ = lag; a1, -],

a+—
I
Qnp, + . e
where ag € Z(B) and a; € H(B) for i > 1. It is easy to prove that dega; > deg fy for
all i > 1.

Remark 2. If 3 = (X")ien, then the transformation Ty describe the regular continued
fraction over the field of formal power series and has been introduced by Artin [8].
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4. Multidimensional continued fractions

Let B C E and T : B — B be a map. The pair (B,T) is called a fibred system if
there exists a finite or countable partition {B(P) : P € I} of B, where I C F,[X]", such
that the restriction of T to any B(P) is an injective map. As E is a normed space, we
assume that a system defines an algorithm of multidimensional continued fractions if for
all P = (Pi,...,P,) €I, there exists an (n + 1) x (n + 1) invertible matrix a(P) = (C; ;)
Cio + 2271 Cijfj

with entries in F,[X] such that if y = T'f where f € B(P), then y; =

forall 1 <i<n.
The map T is called a multidimensional continued fraction algorithm. For all 1 <
i <mn,if f e B(PW), then T'f € B(PY). The sequence P, P2 . PM™ s called
the expansion of f by the algorithm T.
Let B(P) = (B;;) be the inverse matrix of o(P), we set
pPW ... Py =pgPWM)...3(PH)
= (B)),

where 0 <1i,57 <mn, then y =T°f if, and only if,

5+ 38,
fi= o

B(()f)) + Z B(()Sg)yg
g=1

The algorithm T is said convergent, if for all f € B,

(s) (s)
lim (Do Pwo) (4.1)
s=too \ g7 B(s) ‘ '
00 00
5y B9

The vectors ( ) are the convergents of f.

ey

By By

5. Definitions

In this section, we define a map T3 which is arisen from S-MJPA.
Let B = (Bi)iecz be a base sequense. The map T : L™ — L" by

©2 wi-1 [ B3 Pjr1 @
Ts(p1s- s pn) = .""7{’{0} ’{]} ”{n}
Pj Pj Yi)g Yi Jg ¥Yi g

©2 pj-1 1 ©ir1 ©n,
=\ = O0n41,— — — Qj41,.-.,—— —dn
Pj Pi Py ¥j Pj
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2 .

where ap41 [50] and q; = [%
¥Yilp ¥j

(0,...,0) and T3(0,...,0) = (0,...,0).

} i > g+ 1 for (g1, 0n) €LY (01,000, 00) #
B

For s > 1, we put (cpgs), cey cpﬁf)) =T5(p1,- .., pn) and ags) = ai(gogsfl), . .,wﬁffl)) =
(s—1) (s—1)
,82 Pit1 Pn
O,"'707[ (581) ) ij—l) yeeey m 2(0,'”,0,an+1,aj+1,-~,an)forlg
1 <n+1, that is
Ts(pr,-on) =T, o0 ™)
5— (s—1) (s—1) s—
(s=1)7" 777 (s—1)’ (s—1) ’ (s—1) L (s—1)
P 90(]‘ | P; 8 90](’ : 8 ¥ B
s—1 s—1 s—1 s—1
N A S S NONRE O o) al®
i ey SRR Raypn s & Ry o s S S E g s i B8 EEEEE Ry gy Saiv)
P P P P P

for (cpgsfl) ...,9055*1)) € LY. Also we put (s) := j such that

)

deg gog-sfl) > cpgsfl) for 1 <7< j and deg @5571) > %(371) for j < <n.

5.1. The matrix

Let (¢1,...,9n) €LY, (p1,---,90) # (0,...,0). We define the (n+1) x (n+1) matrix
M = (miyiy), Miyi, € Fo((X™1)), associated to (¢1,...,¢n) in the following way :
(i) 1<ip<n, ig#J

Miyiy = 0iyiy for 1 <ip <m+1, )
(ii) ip = j
210 forl1<ip <n

(iii) o=n+11<n<n+1
Myyiy = iy, (3)
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that is,
10 0 00 0 O
1 0 0O 0 0
0 0 1 0 . 0 0
M=M(e1,...,0n)=1] 0 0 0 0 1 (4)
00 0 01 0 ajq1
00 0 00 1 an
0 0 010 ... 0 apt1

For (o1,...,¢n) = (0,...,0), we define M the (n+ 1) x (n+ 1) unit matrix I,41. We
put
MO = I,

MO = Mol D) for s > 1,

where (‘ng)v e 7907(10)) = (¢1,-..,%n). Since, we consider the columns of the matrix MO M),
we denote
A9 AP Bl
(s) (s) (s)
MO Me) = AH(S)l o AH(S)n B;
A%fl; U A%‘% B%S;
and
B ... BV BY
MO — : : :
B .. Al po
ACY B g0

S
Using definition of B, (S), it is clear that deg B(()S) = Z deg affil which we use often. B(()S)
i=1
(s)
1

will be the denominator of the s—th convergent and B;”, 1 < ¢ < n, will be numerator.
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Evidently,
MO M)
1 0 ... 00 0 ... 0
s—1 s—1 s—1
AGD 4l gD (‘)%...(‘)(.)(')...0(‘)
(5'_1) ' (s—1) (§_1) 00 ...1.00...0 O
_ | Aseor o Ao Bres 00 ...000..0 1
: : ; 00 0 0 1 0 aj1
AT AT BETY Do Do S
A(()Sl_l) A(()‘;_l) B(()S_l) 0 0 00 0 1 a,
00 ...010 0 ani1
s—1 s—1 s—1 s—1 s—1 s
Agl )L Agﬁ(sgq By gﬁ(s;ﬂ . ALY Bl
(=) 4(e-1) (1) 4(-1) (=1 pls)
_ Am(s)l Ai-ﬁ(s),n(s)—l BH(S) An(s) Kk(s)+1 - An(s),n Bn(s)
AV Al B Afj;(?) e AWY BY
s—1 s—1 s—1 s—1 s—1 s
A((]l ) A((),n(s))—l B(() : A((),n(s))—‘rl A(()n ) B(())

where B{® = A" V) + Z al A L as BTN 0<i <.
k=k(s)+1

424

Since det M) ... M) = +1, which follows from (4), we see that B(()S), .. ,Bf{?l and

BY have no non-trivial common factor. By a simple calculation for (¢1,...,¢,) € L%

, we see that

(i) i2 # Kk(s),n + 1
A(S)- = A(s-_l) for 1 <i; <n,

1112 1112
(ii) 72 = K(s)
ASZQ = B(S b for 0 < iy <mn,

(ifi) i =n+1

2112

AP =B =B = AP 4+ Z aASY £ a8 BT for 0<i<n.

k=r(s)+1
From (5), we find that Bi(s) increases as s increases and

deg Bi(f) > deg Agf)n(s) > deg AL

11,12

(6)

(7)

(8)
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if iy # Kk(s),n+ 1 for 0 <i; < n. We put

o) Ao+ + ARl + BY
MO e | = :
e AL 44 AR 4 By
1 JIOMO! A, 4 g
orP1 T+ Agppn’ + By

and obtain following theorem.

Theorem 1. For any (¢1,...,¢n) € L™, we have

s) (s) (5) () (s)
_Auen et Anen £B

i = s s s s s)’
A 4 AP + BYY

whenever Tgl(cpl, coyon) #(0,...,0), for any 0 < s’ <s.

Proof. We prove the theorem using the method of mathematical induction. For n =1,
we have from the definition, for (p1,...,¢,) € Lg.n),

(1) (1)

Ts(e1,---rn) = (P15 n")
_ (P2 pi-1 L) Pt ) Pn (1)>
=(=,...,=—,— —a,11 — a3y, — —ay,
®j ©i P o 7 ©j
Then ) »
1L.p;
ﬁ for 1 < 1 <]
l.gpj il— Ay g
J— ——— for 7 :] 9
T 1 1
¢ 1.6 >)Jr a%l (9)
(1 1
h’ﬁ)——i_a(il) for j<i<n
1.<pj +a, 1
On the other hand, for (¢1,...,¢n) € IL;”),
(1
1.
P for 1 <1<y
o0 o o0
), W W, g e
Ao oA A e A8 ) T fr =
O 0 BRGNS Lo 4 @ (10)
Ag/o1" + ...+ Ay, on” + By -30](1) n(Jlr)l
Lo, +a; ] )
T, frg<isn
L 1.goj +a,y

From (9) and (10), the assertion of theorem holds for s = 1. Now, we assume that the
assertion of the theorem holds by s, and we will show that the assertion holds for s + 1.

Note that (s + 1) is chosen by (gpgs), e ,cp,(f)) € LS@H),
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A§i+1)¢gs+1) + + A§Z+1) 7(18+1) + Bi(SH)
AGIEY 4 ARVl 4 ety
L e @Y ey, (5) e P ) (s+1)
Z Azk ) + Az’,ﬁ(s—l—l)( (s) - anJrl) + Z Azk ( (s) — Gy ) + B

_ k=1 (‘Oli(s—l-l) 90,@(3+1) k=k(s+1)+1 (‘Oli(s—l—l)

JEES (1) P (s+1) 1 (s) - (1) ,_Pr) o) (s+1)
Z AOk (s) + AO n(s+1)( (s) - an-‘,—l) + Z AOk ( (s) - n—l—l) + B
k=1 QD,Q(SJrl) QD,Q(SJrl) k=k(s+1)+1 (pn(erl)

g (s+1) ( ) (s) 1 (s) . (s) QP(S) ( ) (s+1)
Z A Bz‘ ( (s) - an—i—l) + Z Azk ( (s)k n+1) + B
_ ()OH(S+1) ()0,.;(34_1) k=r(s+1)+1 90/@(3—5—1)
”(S“ (x+) o) (9,1 (3) - 0P8 (s+1)
Z AS + B (g —am) Y A (o —ay) + B
H(s+1) Pre(s+1) k=r(s+1)+1 Pr(s+1)
From (8),
A§f+1)¢gs+l) -t A(erl) (s+1) BZ(erl)
AE)81+1)S058+1) +o+ A(erl) (s+1) B((]erl)
K(s+1) (s) n (s)
® s 1 5) P s
Z Azk’ Sk z( ) (s) + Z Agk) (s)k + Az( /2(5-1—1)
B n(s—f—l) Pr(st1)  k=r(s+D)+1  Pr(s+1)
K(SH) (s) <P;(€) (s) 1 - ( ) 901(:) ()
Z Aoi (s) + By (S) + Z A (S) + on”(sﬂ)
k=1 Pr(s+1) Pi(s+1)  k=r(stD)+1  Pr(s+1)
AP+ Al
ARl + ...+ Aol + B
Thus the assertion holds for s 4 1, completing the proof. O

B(S) B(S)
1 , —— | is called the s-th convergent of ¢ = (1,..., )

B(()S) - B(()S)
by the 8-MJPA and M®) ... M) the matrices expansion by this algorithm.

Morover the expansion by the S-MJPA is said to be finite or infinite if Tg(cpl, RS
(0,...,0) for some s > 0 or Tj3(p1,...,¢n) # (0,...,0) for any s > 0, respectively.

The vector VO(S) = (
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6. Convergence of A-Modified Jacobi-Perron algorithm over the field of
formal power series

Now, we give the main result.

Theorem 2. Let ¢ = (p1,...,0n) € L™ and VO(S) = VO(S)(gp) for all s > 1, then the

sequence (VO(S))szl converges to .
In order to prove this theorem we need the following lemma
Lemma 2. For any sequence MW ... MGTD ... of the form (5)

B~(S+1) B(s)

CERa

B

holds for any s > 1.

Proof. We prove thls result by using the mathematical induction on s. Note that

k(s) = 1<Iln<1£1+1{z mH # 0} where m( )+1 is the (i, + 1) component of M (). Then if

1 <k(1) < k(2),

B® B0 | 4O
L — 2| = C for 1 <1i<n.
2 1 2 ==
BB |,
Since deg afw)rl > 1 and deg agll > deg a( ) 1 <i<n, for s > 1, we have
(2 (1)
B 2 - D < e (11)
By By
Moreover, if k(1) = k(2), we have
o
L for 1 <14 < k(1)
B(2) Bgl) (1 + ag—i)-lagz—i)-l)aq(ml-i)-l
It ) —_ 12
B? BY W @) 1) 1
0 0 App1% = — 4 f 1) <<
1+aD 0 a0 | Ml)<is<n
n+1"n+1/"n+1
and if £(2) < k(1) < n, we have
@
% for 1 <i < k(1)
2
BZ(2) . Bl(l) _ (agL-I)-lagL-{)-l + (Z( ()1) (13)
(2) ] oV @ _ 0,2
By B, 19y @; "Gy
@ D for k(1) <i<n
(@) +an+la’n+1)a +1
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Then similarly, we have

B®» pW .
7 [ < e

)

B((]2) B(()l)

Now we suppose the assertion of (Lemma 2) holds by s — 1. For s > 2

428

(14)

(s) S (st) 4(9) (1) ()
(s41) ®) Apisny T > a7 Ay v B @
Bi BZ k=k(s+1)+1 BZ
G+ pe) | n N
B B S s+1 S s+1 S B
0 0 A(()H)(S-i-l) + Z a.gc )A(()k) + a7(1+1 )B(() ) 0
k=r(s+1)+1
(s) ( ) (s) (S) - (1) 4(s) p(s) (8) p(s)
Ain(s+1) AOH(S+1) + Z Ay, (Azk BO B Aok Bi )
. k=kr(s+1)+1
S - s+1 S s+1
(A((m)(sﬂ) + Z al(c i )Aék) + 7(1:1 )B( ))B(() g
k=r(s+1)+1

Using the fact that deg a,(f H)A(S) glJ)rlB(S)

= s+1 s s s s
Z al(c * )(Af;k)B(() )~ A((]k)Bi( ))

BZ(SH) BZ.(S)  |k=n(st+1)
s+1 S - s s
B B LB
n (s) (s)
_ 1 (s41) 4(s) [ A Bi
] (s+1) pp(s) Z w Aok A(S)_B(s)
apt1 By k=r(s+1) 0k 0

By (6) and (7), we replace AZ(;) by Bi(l’“), for some Iy, I < s.

n (k) (s)
_ 1 (s+1) () [ Bi B;
sy >, o’ By B
Ay k=k(s+1)

n 5—1 1) (I+1)
1 (s41) p(lk) B; B;
(s+1) Z Ay BO Z ) N B(H'l)
k=1 0

IN

(1
py1 | |k=r(s+1) By
) g gy
< 1 max max ) (()k)‘ Z(l) - ﬁ
affjl) 1<k<s—1k<I<s—1 By B,

<e?<et
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Then, from the assumption of the induction,

B~(S+1) B(s)

2 2

’BSS) <e

s+1 s
Byt By

completing the proof.
Proof. (of theorem 2). We see

o BOL A+ e ADeY BT B
By'| AR+ + AR + B By

(AP B — 4GBl
k=1
AT+ AT BB

AD  Be
B S S
Z( i )Am%(g)

(
=1 \ Aok BS

AL+ AT+ B

429

For each k, 1 < k < n, there exists an increasing sequence I, [ < s, such that

j(lx) = k, one gets AZ(Z) = Bi(lk)‘
Then we have
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n (s) s
> Ay B A

g@—BZ(S) RV
) I PO R E O

n Aglk) BZ(S) . .

k=1

AR+t AL 1 B

n l s
g0 | (A B
Z 0 A T e | Pk
0k By
‘AOl gpl ...+A((JSTL)QO$L) +B(S)
A(lk) (S)
max ‘B(()lk) Z? _Li SDJ(:)
1<i<s—1 Aé,f) B(()S)

AT+ AT+ 5

Using (Lemma 2), we get

BY

» ‘80(8)

By | ‘Am Py + Ag)eY) + B

Since degB Z deg an_gl > s, then, for any € > 0, there exists sg > 1 such that

k=1
B(S) 671
0 — B(S ‘B B < g, for any s > sg
This implies
B
lim Z():goiforlgign
§—>00 BOS

which proves the theorem. Il
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