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General solution of linear partial differential equations
modeling homogeneous diffusion-convection-reaction
problems with Cauchy initial condition
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Abstract. In this paper, we propose the general solution of diffusion-convection-reaction homo-
geneous problems with condition initial of Cauchy, using the SBA numerical method. This method
is based on the combination of the Adomian Decompositional Method(ADM), the successive ap-
proximations method and the Picard principle.
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1. Introduction

Most physical, medical, biological,...,phenomena are modeled by integral equations,
integro-differential equations, ordinary differential equations or by partial differential equa-
tions. Generally it is very difficult, or impossible to determine their analytical solutions.
In this paper, we propose a general solution of linear homogeneous diffusion, convection
and reaction equations with Cauchy initial condition, using the SBA numerical method.

2. The numerical SBA method
Let us consider the following fonctional equation:
Au=f 1)

Where A : H — H, is an operator not necessarly linear and H is a Hilbert space
adequatly chosen given the operator A, f is given function and w the unnown function.
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Let :
A=L+R+ N (2)

Where L is an invertible operator in the Adomian ”sense”, R the linear remainder and
N a nonlinear operator. The equation (2) therefore becomes :

Lu+ Ru+ Nu=f

u=0+ L1 (f)— L' (Ru) — L7 (Nu) (3)
Where 6 is such that L () = 0. The equation (3) is the Adomian canonical forme , using
the successsive approximations [3] we get :
WF =0+ L7 (f)— L7 (Ruk) — Lt (Nuk_l) k> 1 (4)
This yields the following Adomian algorithm [5]

uf =0+ L7 (f) = L7 (NuF1) sk > 1 5)
ufy=—L7' (Ruf);n>0

The Picard principle is then applied to the equation (5) let u° be such that N (uo) =0,
for k=1, we get :

uy =0+ L7 (f)+ L (Nu) 6

{ i,y =L (Rub)in >0 (©)

+o0 +o0
If the series (Z uk) converges, then u! = Z ul. For k = 2, we get:

n=0 n=0

u0—0+L )+ L7t (Nut)
{ L () > 0 ")

0 —+00
If the series (Z u%) converges, then u? = Z ui This process is repeated to k.

n=0 n=0
o] +oo
If the series E qu converges, then u? = E u];’;, therefore u = klim uF is the
—+00
n=0 n=0

solution of the equation (2)
At each stape k > 1 , we make sure that : N (uk) =0.

2.1. A diffusion model

Let us consider the following diffusion model Cauchy initial condition [1, 6]

ou(t,z)  0*u(t,x)
ot =¢£ a2 0<5<<]. (8)

u(0,z) =sinwz, w>0
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where (t,2) € Q = [0, +00[ x R and u € C? (Q).
Appliying the SBA method to (8) at the step & > 0, we obtain the following algorithm
[2, 4]
uk (t,2) = sinwz
P : t 92uk 9
(Pspa) quH(t,x):s/ a“gij’w)ds, n>0 (9)
0

Let us calculate the following terms: u} (¢,z),u5 (t,2),u5 (t,2), ...

(uf (t,r) = sinwz
uk (t,7) = —ew’tsinwz
2,4\ 2
ew“t
ub (t,z) = ( 2') sin wx
2
—ewt
us (t,z) = ( 3 ) sinwzx
2 n
—ewt
uk (t,2) = ( o ) sinwz

Then we obtain :
+o00 2.\
—ew”t
uP (t,r) = sinwz Z # = exp (—ew’t) sinwz
n!
n=0

And the exact solution of (8) is ;
u(t,z) = exp (—ew?t) sinwx
Proposition 1. The exact solution of the following diffusion problem with Cauchy initial

condition :
ou (t,x) O%u (t,x)

o o 7 (10)
u(0,z) = ¢(ax), a #0
is
u(t,z) = exp (—5(1225) v (ax) (11)
where (t,z) € Q = [0, +oo[ x R,u € C?(Q), p € C%(R) and ¢ verifie the relation :
¢ (z) = Acosz + Bsinz, A, B € R. (12)
Proof. Let us consider u (t,z) = exp (—ea’t) ¢ (o).
where (t,z) € Q = [0, +oo[ x R,u € C?(Q), p € C%(R)
We obtain :
9 oo (—ca? e e (—ea? — (—ea? " —ea?
5 exp (—ea’t) ¢ (ax) €9a2 exp (—ea’t) ¢ (ax) = (—ea®) (¢ (az) + ¢" (ax)) exp (—ea’t)

= 0
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& plaz)+¢" (ax) =0
& ¢ (ax) = Acos (ax) + Bsin (ax)

Hence u (t, z) = exp (—ea?t) (Acos (ax) + Bsin (az)) and u (0,z) = ¢ (ax)
Then u (t,z) = exp (—ea?t) (Acos(az) + Bsin (az)) is the general solution of (10)
with ¢ (ax) = Acos (ax) + Bsin(ax), A€ R, BeR.

2.2. A convection model

Let us consider the following convection model with Cauchy initial [6-8]

ou(t,x)

ot or 70 (13)
u(0,x) =cosax;a#0

where (t,7) € 2 = [0, +oo[ x R,u € C1 (Q) et ¢ € C1 (R).
Appliying the SBA method to (13) at the step k > 0.
We obtain the following algorithm :

uf (t,z) = cosax

: t 9,k 14
(Pspa) b, () = )\/ Mds, n>0 (14)
0

ox

Let us calculate the following terms: u} (¢,z),u5 (¢t,2),u5 (t,2), ...

Then

[ uf (t,2) = cosax
uk (t,z) = —tadsinax
tar)?
ub (t,z) = ! O;') cos ax
3
At
uf (t, ) = (043') sin ax
Aty
uf (t,x) = (a4,) cos o
L)
uf (t,z) = — (a5l ) sin ax
At)°
ulé (t,x) = _(aﬁl) cos ax
At)*"
ub (t,z) = (-1)" ((ZZn)' cosax ;n >0
(a)\t)ZnJrl .
u§n+1 (t,z) = — (-1 nmsmax ;n >0
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m mn m 2n+1
& B . n (Oé/\t) . . n (Oé)\t)
u® (t,x) = nll)l_’I_loo cos a:cnzzg)(—l) @n) ngliloo sin 0@7;)(_1) @n+ 1)l

We obtain the exact solution of the problem (13)
u(t,z) = cos (a(z + At)) . (15)

Proposition 2. The exact solution of the following convection model with Cauchy initial
condition

Ou (t, x) Ou (t, x)

BT = A B , €>0,A>0 (16)
u(0,2) = ¢ (ax)
u(t,x) = ¢ (a(x+ At)) (17)

where (t,x) € Q = [0, 400 x R,u € C* (), ¢ € C* (R).

Proof. Let us consider u (t,z) = ¢ (a (x + At)).
We obtain :

(a (@ + M) = A2

%cp(a(x—l—)\t)) = a)\¢ (a(xz+ M) — arg (a(z + At))

= 0

a@

VYo € C?(R) and u (0,2) = ¢ (ax)
In this case, it is necessary and sufficient that the function ¢ € C* (R).
Hence u (t,z) = ¢ (a(x + At)) is the general solution of (16).

2.3. A reaction model

Let us consider the following reaction model Cauchy type [6]

ou(t,x)
T—’Yu(t,iﬂ), ’7>0 (18)

u(0,x) =sinax

where (t,2) € Q= [0, +oo[ x R,u € C* (Q) et p € C* (R).
Appliying the SBA algorithm to (18) at the step £ > 0, we obtain the following
algorithm :
uk (t,z) = sinax

(Pspa) : k

t
1
unﬂ(t,x):'y/ uf (s,z)ds, n>0 (19)
0
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Let us calculate the following terms: uf (¢,z),uk (¢, ), ub (t,z), ...

uk (t,x) = sinaz

ub (t,z) = ot si121 ax
t

ub (t,z) = (72!)3 sin ax
t

us (t,z) = (73') sin ax
4
t

uf (t,z) = <74') sin ax
t)°

uf (t,z) = (é') sin ax
t n

uk (t,2) = Sl ') sin ax

( n!

uf (t, ) = ug () +uf (t,x) +ub (@) + ...

—+o00 n
t
uF (t,x) = sinax E (’Yn‘)

n=0

Then
ub (t, ) = exp (yt) sin az
we obtain the exact solution of the problem (18)
u (t,z) = exp (yt) sinax (20)

Proposition 3. The exact solution of the following reaction problem Cauchy type:

W:q/u(t,x), >0 (21)
u(0,z2) =p(ax), a#0
u(t, z) = exp (yt) ¢ (ax) (22)

where (t,z) € Q = [0, +oo[ x R,u € C* (), ¢ € C* (R).
Proof. Let us consider u (t,x) = exp (7t) ¢ (ax), we obtain :
0
57 P (1) ¢ (az) —vexp (vt) p (az) = exp(vt) (v = 7) ¢ (az)
=0

and u (0,7) = ¢ (ax) < Vo € C1 (R).
In this case,it is necessary and sufficient that the function ¢ € C!(I) and I C R or
I =R, hence the general solution of (21) is u (t,x) = exp (7t) ¢ (ax) .
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2.4. A diffusion-convection model

Let us consider the following type of Cauchy linear equation :

ou (t, x) O%u (t,x) Ju (t,x)

—_— = A ; 0 1L, A>0,t>0 R
(D) ot € 922 + or <ex 1, >0,7 >0, €

uw(0,z) = sinz

Applying the algorithm SBA to (D), we have :

ulf (t,z) = sinz

(Pspa) : L[ OPup (s,x) | O (s,) (23)
ul o (tr) = /0 €2 + A e ds; n>0

Let us determinate the following terms: uf (¢, ), u¥ (¢, 2) , ub (¢, 2) , u§ (t,2), ..., uF (t,2).

uk (t, ) = sin
uk (t,x) = t)\ cosx — tesinx
ub (t,2) = % (sinz) 202 — (cos z)t*Ae + o (sin x) t2e?
uf (t,z) = —% (cosz) t3A\3 + 2 L (sinz) t3A\% + 1 (cosz) t3Ne? — % (sinx)t3e?
uf (t,x) = 4 (sinz) A" + & (cos z) ttM\3e — }1 (sinz) t*\2e2—
% (cosz) tiAe® + 1 (sinx) tie
uf (t,2) = 35 (cos ) tON° — (sm z) tPAte — & (cos z) N3+
2 (sinz) t9A%e? + 54 (cosz) oAt — ﬁ (sinz) t°ed

uf (t,z) = 729 (sinz) t5\6 — 150 (cos 2) X% + & (sinz) t°A1e? + L (cosz) tON3e3—

5 (sinz) 10X — 135 (cos ) t9Xe® + L5 (sin ) ¢0€8

Step by step, we then deduct :
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t)? t)?
uF (t,x) ~ sinz (1—5t+(€2') ——(83') +>

(At)? (et)? (et)?
— sinx | 1—e¢et+ - —
21 2! 3!
4 2 3
t
+ ()Z') sinx | 1—et+ (623 — (5;) + )
(A)° (ct)? (ct)’
T sin x 1—5t+7——7+...

2 3
+Atcosz (1 — et + (ct) — _(5t) + )

2! 3!
(M) (ct)? (ct)’
T Ccos ¥ 1—5t+7——7+...
(At)° (ct)? (ct)’
+ =] cosx |1 —et+ T +

L

Then, we obtain

uk (t,2) ~ sinz (1 I GO GO\ > <1 _QnF G0t ) +

2! 3! 2! 4!
(ct)? (ct)’ ) ()’
cos T (1—5t+ TR + ... A — 3l + T

In a recurcive way, we obtain :

Therefore, we get
uf (t,2) = exp (—et) (sinz cos Mt + sin Mt cos ) .
uF (t,2) = exp (—et) sin (z + At)
So, the exact solution exact of (D) is

u(t,z) = exp (—et)sin (z + ).
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Proposition 4. The exact solution of the following reaction problem Cauchy type:

u(t,z)  0*u(t,z) Ou (t,z)
(Py) : 5 = ¢ 92 + A ppe 1 0<ekx1, A>0,t >0,z R
u(0,2) = ¢(x)
18
u(t,z) = exp (—et) ¢ (z + \t) (24)

where (t,x) € Q = [0, 400 x R,u € C? (), ¢ € C?(R).

Proof. Let us consider u (t,x) = exp (—¢t) ¢ (x + A\t) We obtain :
D o (et o (24 M) — e 2 exp (—et) o (2 M) — AL exp (—et) o (& + Ab)
(%ep px axQGP px &Uep px

= exp(—et) (—ep (z + M) + A\’ (z + Xt) — e (x4 At) — A’ (z + \t))

= 0

= @@+ M) +p(x+At)=0

= @ (z+ At) = Acos(z + At) + Bsin (z + At)
where A, B € R and u (0,7) = ¢ (v) <= VYo € C! (R)

In this case, it is necessary and sufficient that the function ¢ € C! (I) where I C R or

I =R, hence the general solution of (Py) is u (t,z) = exp (vt) ¢ (ax) .

2.5. A reaction model

Proposition 5. The exact solution of the following reaction problem Cauchy type:
Ou (t, x)
(E) ot =qu(t,r), v>0 (25)
u(0,2) = ¢ (ax), a#0

u (t,x) = exp (yt) ¢ (o) (26)
where (t,x) € Q = [0, 400 x R,u € C1 (), ¢ € C* (R).

Proof. Let us consider u (t,x) = exp (vt) ¢ (ax).
We obtain :

0
5 P (1) ¢ (az) —vexp(vt)  (az) = exp(7t) (v =) ¢ (az)
= 0
and u (0,2) = ¢ (ax)
<= Vp e CH(I) where [ CRor [ =R

In this case,it is necessary and sufficient that the function ¢ € C! (I) where I C R or
I C R, hence the general solution of (E) is u (t,z) = exp (yt) ¢ (ax) .
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2.6. A diffusion-reaction model

Let us consider the following diffision-reaction problem Cauchy type:

ou (t, x) 0%u (t,x)
(F) ot =€ 02 +’)/U(t,l'), 0<ekxl,y>0 (27)

u(0,z) =sinaz, a#0

where (t,2) € Q = [0, +oo[ x R,u € C%(Q) et ¢ € C%(R).
Appliying the SBA method at the step k > 0, we obtain the following algorithm :

uk (t,z) = sinax

Pspa) : to? ! 2
(Pspa) ul o (t ) :5/ st—i—v/ uf (s,2)ds; n >0 (28)
0 0

Let us calculate some terms:
We obtain at the same way :

uF (t,2) = exp ((v- 5a2) t) (sin aw cos At + cos ax sin aAt)
we obtain the exact solution of the problem (F') :
u(t,x) =exp ((y —ea?) t) sina (z + M) (29)
Proposition 6. The exact solution of the following diffision-reaction problem Cauchy type

Ju (t,x) 0u (t, )

(Py) 5 S a2 +yu(t,z);e >0,A>0 (30)
w(0,7) = ¢ (az)
u(t,z) =exp ((y— 5a2) t) ¢ (a(z+ At)) (31)

where (t,x) € Q = [0, 400 x R,u € C? (), ¢ € C%(R) and ¢ verifie the relation :
¢(x) =Acosx + Bsinz; A, BER (32)

Proof. Let us consider u (t,z) = exp (—eat) ¢ (o (z + At)).
We obtain :

2
‘0.t

_)\881: exp (—ea’t) ¢ (o (z + At))

9 exp (—ea’t) ¢ (a(z + Mt)) — exp (—ea’t) ¢ (o (z + At))

ot

= exp (—ea’t) (—ea’p (a(z + At)) + arg’ (a (z + At))
—ea?y" (a(z + M) — Aay' (a (z + At)))
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= 0

Sola(z+ M)+ ¢" (a(x+At) =0
= ¢ (a(x+ At)) = Acos (a(z+ At)) + Bsin(a(z+ At)), A, BER
Hence the general solution of (Fs) is of the form :
u(t,z) = exp (—eat) ¢ (a (z + b)),
with ¢ (a (z + At)) = Acos (a (x + At)) + Bsin (a (z + At)) and u (0,2) = ¢ (ax) .

2.7. A diffusion-convection-reaction problem Cauchy type

Let us consider the following diffision-convection-reaction problem Cauchy type:

Ou(t,z)  0*u(t,z) Ju (t,x)
(D ~ o0~ o o

u(0,x) = sinax

+yu(t,z), e>0,A>0,7>0 (33)

where (t,2) € Q = [0, +oo[ x R,u € C%(Q) et ¢ € C%(R).
Appliying the SBA method at the step k > 0, we obtain the following algorithm :

ul (t, ) = sinax

Pspa) : t o2 ‘ 4
(Pspa) quJrl(t,:c):e/ st+)\w+'y/ uf (s,z)ds, n>0 (34)
0 (92.%' ox 0

Let us calculate the following terms: u} (¢,z),u5 (¢t,2),u5 (t,2), ...
Let us consider the following Cauchy linear equation :

ou(t,z)  Oul(t,x)
(P3) : ot - T

u(0,z) = cosz

+upu(t,r); 0<e<<l,u>0,t>0,z€R

Applying the algorithm SBA to (Ps), we have :

ul (t, ) = cosz

: t k
FPspa: ul oy (tr) = /O <5W + puk (S,J))) ds; n>0 (35)

Let us calculate the following terms :
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uk (t,2), ub (t,2), ub (t,2), uf (t,2),uf (t,2) ,ub (t,2), ...
(uf (t,r) = cosx
uf (t,z) = tpcosx — tesina
tp)? te)?
ub (t,z) = (tr) cosx—,uetQSinx—(;)cosx
tp)® 1 1 te)®
ub (t,7) = (g) cos T — §t3u25 sinz — §t3u52 cos T + ( Z) sin x
(tw)" 1 1
uf (t,z) = cosw — ~tHdesine — ~t4p%e? cosz+
24 6 4 4
L34 n te)
—t*pe’ sinx cos T
6 " 24
t 1
uf (t,z) = (1l2% cos T — ﬂtg‘u esing — 5t°4 55(COS$)+
it5,u e3sinx + —t‘r’,ue cosx — (te) sinx
12 120
Step by step, we then deduct
() | (et)" () (ut)’
(t,x) 1-— 5 + T 1+ put+ 51 +T+"' COos T—
(1)’ (et)° (pt)® | (ut)’ :
Et—T-i—T—.. 14+ pt + —— 91 -I-T—i-... sin T
In a recurcive way, we otain:
K o _qp & (put)” (et) (nt)” .
u” (t,x) —ngrfoop:o( 1) ). pzo o Cosa:—i-z 2p+1) Z S

then,we get :
uP (t, ) = exp (ut) cos (et + )

And the exact solution of (P3) is

u(t,z) = lim u¥ (¢, ) = exp (ut) cos (et + x)

k—+o0

530

Proposition 7. The exact solution of the following diffision-convection problem Cauchy

type

ou (t, x) 0%u (t,x) ou (t, x)

A t 0,2>0 0
P ot T g A Tgr k), e>0,A>0, 9> (36)

u(0,2) = ¢ (ax)
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u(t,z) = exp ((’y — 5a2) t) o(a(z+ At)) (37)
where (t,x) € Q = [0, 400 x R,u € C?(2), ¢ € C%(R) and ¢ verifie the relation :
¢(x) =Acosz+ Bsinz, A, BER (38)
Proof. Let us consider u (t,z) = exp ((v — ea?) t) ¢ (a (z + At))
We get :
dexp ((v —ea?) t) o (a(z + At)) B 582 exp ((v —ea?) t) ¢ (a(z + At)) B

9, aQtt At o
A exp((’)/—f:‘Oé) )go(a(a:—l— ))—fyexp((’y—€a2)t)<,0(01(93+>‘t))

oz
=exp ((y—ea?)t) [(v - 5a 2) ¢ (a(z+ b)) + oy’ (a(z + At)] +
exp ((’y — e ) ) [6042(,0” (x 4+ At)) — Xy’ (a(x+ At)) —vo (a(x + )\t))]

= ea? (¢" (o (z + M) + ¢ (a (z + At))) %0
= ¢ (a(z+At)) + ¢ (o (:c—i—)\t)):O

or ¢ (z) + ¢ (x) =0

= p(x) = Acosz + Bsinz; A,B € R
And u (0,z) = ¢ (ax).

3. Conclusion

The SBA numerical method permitted us to resolve a few linear partial differential

equations modelling diffusion, convection, reaction problems Cauchy type. The SBA
method pemitted us to resolve the problems proposed in this paper. It is then a very
powerful numerical tool of analysis for the resolution of these Kinds of problems.
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