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Abstract. In Algebraic Coding Theory, all linear codes can be described by generator matrices.
Any linear code has different generator matrices. It is important to find the number of the generator
matrices for the construction of these codes. In this paper, we study Z,Z,4Zg-additive codes, which
are an extension of ZsZ,4-additive codes. We count the number of arbitrary Z,7Z,Zs-additive codes.
Then we investigate connections to ZsZ, and ZsZg-additive codes with Z,7Z,47Zs-additive codes, and
give some illustrative examples.
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1. Introduction

Coding Theory is important in modern communication systems and has become
applicable to many areas such as data storage devices, mobile phones and the Internet.
One of the main problems in communication is " How accurately can the symbols of com-
munication be transmitted?”. This problem is concerned with the accuracy of transference
from sender to receiver of sets of symbols; that is, it involves transmission of finite discrete
symbols [12]. For this purpose, linear codes are widely used in coding theory. A linear
code of length n over I is a subspace C' of the vector space Fj' where I is a finite field
of size ¢ which is prime or a power of a prime. Although the finite fields are widely used
in coding theory, the studies of the codes on different rings have attracted the interest of
the researchers [9].

Let Z,, be the ring of integers modulo m. Z}, is called the set of Cartesian product
of n copies of Z,,. Any nonempty subset C of Z is a code and a submodule of a Z},
is called a linear code of length n over Z,,. Specially, for m=2 and m = 4 the codes
are called binary (Z2) and quaternary codes (Z4), respectively. It was shown that specific
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good non-linear binary codes which simplifies encoding and decoding can be seen as binary
images of linear codes over Z, under the Gray map [9].

Additive codes were first defined by Delsarte [7] in terms of association schemes. He
defined additive codes as subgroups of the underlying abelian group in a translation asso-
ciation scheme. According to this, for the binary Hamming scheme, when the underlying
abelian group is of order 2", the only structures for the abelian group are those of the
form Z§ x Zf where a and 8 are positive integers (n = a + 2/3). Later, translation in-
variant propelinear codes were first introduced by Pujol et al.[11]. They showed that all
these binary codes are group-isomorphic to subgroups of Z§ x Zf x Qg, being Qg the
non-abelian quaternion group with eight elements. Recently, in particular, ZsZ4-additive
codes and ZoZ47Zs-additive codes, which are a generalization of ZsZ4-additive codes, have
been extensively studied [1-6, 8].

In order to examine the ZoZ47g-additive codes of a given length and type, it is neces-
sary to construct the generator matrices of these codes and to find the number of these
generator matrices. In fact, the counting problem is the calculation of the number of
subspaces created by the rows of the generator matrices over the finite fields. Recently,
in this regard, there has been some researches of particular types over the different rings.
For example, while Dougherty et al. [8] counted the ZyZ4-additive codes, Aydogdu et al.
[3] performed the count of the ZyZs-additive codes. In this paper, we aim to focus on the
number of matrices that generate different (not necessarily equivalent) ZoZ4Zs-additive
codes. First of all, we will introduce the structure of Zo7Z4Zg-additive codes and then give
the basic theorem of our article and a simple example. In addition, we will demonstrate
the relationship of Zs7Z47Zg-additive codes with ZsZ4 and ZsZg-additive codes.

2. Preliminaries

In this section, we briefly introduce the backgrounds of our proceeding works.

2.1. Zy7,75-Additive Codes

Definition 1. Let Zo, Z4 and Zg be the rings of integers modulo 2, 4 and 8, respectively.
Then, C' s called a ZoZsZg-additive code if it is a subgroup of 7§ x Zf X Zg where a, B
and 6 are positive integers [2].

According to this definition, the first o coordinates of C consist of entries from Zso, the
next S coordinates are elements from Z,4 and remaining 6 coordinates are the elements of
the ring Zg. From the Fundamental Theorem of Finite Abelian Groups, such an additive
code C' which is a subgroup of Z§ x fo X Zg is group isomorphic to the abelian structure

ko k1 ko k3 ka ks
Ly’ X Lg* X Lig® X 1g* X Lig* X Lip®.

By this isomorphism, such a ZyZ4Zg-additive code 1is classified as of type
(aaﬁae;k07klak27k37k4ak5) [2]
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2.2. Generator and Parity-check matrices of Z,7,7s-additive codes

Let C be a Z9Z4Zg-additive code of type (a, 3,0; ko, k1, k2, k3, ka,ks). Then, it is
shown that C' is permutation equivalent to a ZoZ4Zg-additive code which has the following
generator matrix in standard form:

Al 0 0 2;m |0 0 0 4T
S1 |y, Boi B2 | 0 0 273 2Ty
0
k

(=}

0 0 2, 2B 0 0 475 (1)
So | 0 Sor So2 | I, Aor Ao Aps
Sy 0 0 25| 0 20, 241 2Ap
00 0 0 |0 0 4, 44y

co oo o
o

where Ag1, S1, S2, S3 are matrices with all entries from Zs and Bga, Bia, Sp2 and Sio
are matrices over Z4. Also, Ty, T5 and A;3 are matrices over Zg for 0 < i < 2. All the
entries in Bpy, Sp1 and T are in {0, 1} C Z4. Likewise, Ag; and T are matrices over Zy
whose all entries are from {0,1}. T3, A1 and Agg are matrices over Zg, but all values are
the elements of the set {0,1,2,3}. Also, C' has 2k022k12k293k392k19k5 codewords [2].

In (1), ko, ko and ks represent the number of order 2 generators that are contributed
through Zo, Z4 and Zg parts, respectively. Also, k1 and k4 represent the number of
order 4 generators that are contributed through Z4 and Zg parts, respectively. ks repre-
sents the number of order 8 generators that are contributed through the Zg part. Note
that, the order 2 elements from the Z4 and Zg parts have the first a coordinates all zero [2].

The inner product for the elements u, v € Z§ x Zf x Z§ as follows

«a a+p a+p+0
(u-v) =4 (Z uivi> +2 Z ujvj | + Z Up V.

i=1 j=a+1 k=a+p+1

Definition 2. The set of all vectors which are orthogonal to every vector in C is called
the dual code of C, and denoted by C. The dual code C* can be defined in the usual way
with respect to inner product

CJ‘:{vEZSfoxZgHu-'v):0f07’allu€C}.

A generator matriz for O+ is called a parity-check matriz of C' [2].

Let C be a ZoZ4Zs-additive code with the generator matrix (1), then we have the
following parity-check matrix:

— Ay Ta, —25¢ 0 0
_Tlt 0 332 - 352361 B§2 Iﬁ*’ﬂ*’m

0 0 —2B{, 21}, 0 P )
~T 0 | -Ti+TiAL, +TEBL, —T¢ 0

0 0 —2T}4 0 0

0 0 0 0 0
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where P is the matrix:

45" — 255" AL, —255" 0 0
—28§, Biy — 250, + 251, A5, —251, 0 0
P —45p 0 0 0 )
—Aps + AfzAf; + AéaAfm *tAéstAhA& +284, T8 —Afz;+ 1‘2531452 —Abs To—kg—ky—ks
—2A02 + 2A12A01 —2A12 2Ik5 0
—4A61 4, 0 0

So, the dual code C* is of type (o, 3,0;a — ko, 8 — k1 — ko, ko, 0 — k3 — ky — ks, ks, k) .

3. The Number of Generator Matrices for Z,7,7s-Additive Codes

In this section, we shall count the number of arbitrary ZsZ4Zs-additive codes of type
(v, 8,05 ko, k1, ka, k3, ka, ks). For this purpose, we will give two lemmas and the definition
of Gaussian coefficient. We will also present our main theorem and give some examples.

Lemma 1. The number of ways of choosing elements (or vectors) to generate a ZoZ4Zsg-
additive code of type (o, B,0; ko, ki, ko, ks, ka, ks) is Hjﬁ':1 Nj, where

ko—1 ‘

Ny = (2% —27) 2°%9,
=0
k1—1

Ny, = <4ﬁ _ 26+i) ga-t26.
=0
ka—1

Ny = (26+9 _ 26+k1+z‘> 7
=0
ks—1

N4 — (89 _ 4921) 20&4’257
1=0
ka1

N, = <49 _ 29+k3+i) 9a+2
=0
ks—1

Ng = (29 _ 2k3+k4+i> )
=0

Proof. Recall the generating matrix given in (1), we will examine six major parts
for proof. In ZSZQZQ, because of the number of all vectors of order 2 is 2%2°2¢  we can
choose first element of order 2 that contributes through Zo part in (2® — 1)2%29 ways.
Next, (2% —2)272% selections can be made for the second element. Similarly, the last
element can be selected by (20‘ — 2k0_1) 2699 ways. Thus, the ko elements of order 2 that
contribute only to the binary part are selected in N; different ways.

Next, we will choose k1 vectors of order 4 that from the Z4 part. However, in those
vectors, there should not be vectors of order 4 that contribute to the Zg part. There are
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204849 vectors of order 4 in all space. Since the number of elements of order 4 in the Zy4
part is 2¢ (45 - 25) 49 the first element can be selected in 2% (4/3 —28. 1) 49 ways. The
number of choosing for the next element is 2¢ (4B —28. 2) 49 and 2« (45 — 2ﬁ2k1_1) 49 for
the last element. So, there are N» different ways for k1 elements of order 4 that contribute
to the Z4 part.

Next, we need to choose ko vectors of order 2 that are not in the space generated by
k1 vectors of order 4. This imposes that the first « entries of such elements to be all
zero. Thus, in order to pick such an element first we subtract elements of order 2 that
are obtained through already chosen k; elements for the Z4 part. So, there are 262¢ such
vectors in the Z4 part. Then, first element can be chosen in 2727 — 29251 ways, next choice
comes from 2829 — 2. 292%1 and inductively we reach Ns.

Now, there are 244787 vectors in total but the number of all vectors of order 8 are
204889 _ 204849 So, we choose the first one of order 8 in 2247 (89 — 49) different ways.
Then we choose the remaining k3 — 1 elements of order 8 in a similar way as before. Hence,
the last element can be chosen in 2¥48 (89 — 492k3_1) ways. So, we obtain Ny.

Next, to choose vectors of order 4 that are contributed through the Zg part. There are
204P (49 — 292k3) selections for the first vector. Note that, the elements of order 4 that are
formed from the ks elements of order 8 by taking their 2 multiples need to be considered.
Next, 2948 (49 —2- 2‘92’“3) selections can be made for the second element. Similarly, the
last element can be selected by 2445 (49 — Qka—l. 292k3) ways. Thus, the k4 elements of
order 4 that contribute only to the Zg part are selected in N5 different ways.

Finally, we need to choose ks vectors of order 2 that are not generated by k3 and k4
vectors of order 2. Note that, the first entries of such elements to be all zero. So, there are
29 vectors of order 2. In order to pick such an element first we subtract order 2 elements
that are obtained through already chosen k3 and k4 elements for the Zg part. So, we have
20 _ 9kstka choices. The second element comes from 27 — 2 - 23+ks and inductively we
reach Ng.

Lemma 2. The number of distinct generator matrices of a ZoZ4Zs-additive code of type
(0, B.0; ko, kv, ko, ks, ka, ks) is T[]0~y D;, where

ko—1
_ ko(k1+ko+ka+ka+k k i
Dy = ghlbrthrthuhiis) TT (gk o)
=0
k1—1
_ k1(ko+k1+ko+2k3+2ks+k k ]
D2_21(0 1+k2 3 45)1—[(21_22)7
i=0
ko—1
_ ko(k1+3ks+2ks+k k i
D3 = 2k2(kit3kst2ks 5)H(22_21)’
=0
ks—1
_ ks (ko+2k1+ko+2ks+2ks+k k. i
Dy = ghlbtksdherzkasis) ] (28 o),

1=0
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ka—1
Ds = oka(ko+2k1+k2+2ks+katks) H <2k4 _2i>
1=0
ks—1
Dg = 2Fs(kathka) H <2k5 _21'>.
1=0

Proof. As we did in Lemma 1, we will apply the same procedure in a group of the
type (ko, k1, ko, k3, k4, k5). In order to choose first element of order 2 that contributes
through the Zs part, we subtract all elements of order 2 in the group from the ones that
are not coming through the Zy part, i.e. 2kotkitkathsthaths _ okitkotksthaths Next, the
second element can be chosen in 2kotkithethstkaths _ o gkitkathksthiths Jifferent ways
and inductively we reach at D1.

Next, to choose an element of order 4 in the group, we have (41 — 2k1) 2ko+ka+2ks +2kaths
choices. Then, there are (4% — 2. 2k1) 2koFha+2hs+2kiths chojces for second element of or-
der 4. So, inductively, we have Ds.

Now, to choose an element of order 2 in the group that only contributes through the
Zy part. There are (2F k2 — gk1) 93ksH2kiths chojces for the first element. Next, the
second element can be chosen (2F1 k2 — 2. 9k1) 23ks +2kaths different ways and inductively
we reach at Ds.

After the Zs and Z4 parts, we now calculate the selections for the Zg part. First, in
order to choose an element of order 8 in the group, we have (8k3 — 4k3) gkot2k1+ko+2kaths
choices. Next, we can choose second element in (8% — 2. 4ks) gko+2hthat2kaths different
ways. Similarly, if we continue, we reach at Dy.

Next, to choose an element of order 4 within the group that only contributes through
the Zg part. We have (4F4 — 2k4)ghot2kithat2ksths choices. Therefore, there are
(4k4 — 2. 2ka) hot2kitha+2ks ks Jifferent choices for the second element. So, inductively,
the last element can be chosen in (44 — 2ka—12k4) ghot2kithat2ks ths different ways. As a
result, we reach at Ds.

Finally, to choose an element of order 2 within the group that solely contributes through
the Zg part. For this, there are 2Fstkaths _ 9kstka chojces. The second element can be
chosen in 2k3thkaths _ 9. okstks {ifferent ways. So, the last element can be chosen in
oksthaths _ oks—lokstkse different ways. In this way, Dg is obtained and the proof is
completed.

Definition 3. [10] Let n and q be two positive integers

n—lzqn_l

=1 24 ...
M, =1+q+q¢ +...+4q 1

and the q-factorial is defined as

1]t = [+ = 1], 2], - 11,
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and

{2) - o)) @-m) (e
gl+2++(a-1) (2" - 1) <2b—1 - 1) (zb—(a_n _ 1)

(3) _[bla!
2 )[b—a]gl

Definition 4. [10] Let n, k and q be non-negative integers such that k < n. Then,

[ b } - [kﬁz]q—! Hg!

Here, [0],! =1 and if k = 0 then the q binomial coefficient is equal to 1. Also we have an
algebraic expression of Gaussian coefficients as follows;

T R R A R =
k17k27"'7km 2 kl 2 kQ 2 km 2

Theorem 1. The number of distinct ZoZ4Zg-additive codes of type (o, B, 0; ko, k1, k2, ks, k4, ks5)
18

[l 8 0
]\[2><4><8_2 |: ko :|2 |: k17k2 :|2 |: k37k47k5 :|2

where,

6 = kol(B—1s)+(0—1)]
ki [(— ko) + (B —5) +2(0 —t) + k3]
+ho [(0 — 1) — 2ks — k]
+ks [(a = ko) +2 (8 — ) +2(0 — 1) + k2 + k3]
+ky (o — ko) +2(B—35)+ (0 —t) + ko]

s=ki+ ko andt = ks + k4 + k5.

Proof. In order to prove this theorem we count ordered generators for the code of the
type («, 8, 60; ko, k1, ko, ks, k4, k5). Firstly, we count the ordered generators by choosing
them from the all space Z§ x fo X Zg which gives say A. Let the number of codes of type
(ko, k1, k2, k3, k4, ks) be Naxaxs. Secondly, we choose the ordered generators from these
codes which gives say B. So, we have the following equation

A

N2><4><8 = E
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Note that, Lemma 1 gives the numerator A and Lemma 2 gives the denominator B. From
Definition 3, we have,

2k0(5+9)+ (kzo) [a]a!

Moo= [ — kola!”
T O )
2 (B — kil2!
N — 2k2(9+k1)+(k22) [ﬁ — k‘l]Q!
5 (B — k1 — kaa!
N k3(0¢+2/8+29)+<k23 ) ﬂ
v [0 — k3]o!’
N 2k4(a+2ﬁ+9+ks)+ (k24 ) [0 ksl
T [0 — k3 — kal2!
k
N6 _ 2k5(k3+k4)+<25) [9 — /{:3 — k4]2!

[0 — ks — kg — ksla!

Also, from Definition 3, we have,

ko
2k0(k1 +k2+k3+k4+k5)+< 2 )

Dy = [kol2!,

by, — 1 (ot 2kt 2ha-+hs) + (?) ol
Dy — F1+ha 3k 2 ths) + (kf) ol

by o kot 2k -y 2+ 2ha ko) + (kf) halal.
D — o2+l 2k ks ) + (’34 > ol
P ('“2"’) skt

Then,

So, we have

wes (R AL LELL L
2x4x8 ko ) k1 ) ko : ks ) Ky ) ks 2.
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Hence the number of distinct ZoZ4Zs-additive codes of type («, 3, 0; ko, k1, ko, k3, k4, k5)

1S
o8| @ B 0
Noxaxs =2 [koukl,kzukg,kz;,kg)]z

where, , s and ¢ are as defined above.

Example 1. Let C be a ZoZ4Zg-additive code of type (2,1,1,1,1,0,1,0,0), then all
possible generator matrices are 12 matrices that generate different codes. Here a = 2,

,3:9:1,k‘0:k‘1:k‘3:1 andk2:k4:k5:0.

Here, N1, Ny and Ny are calculated as 12, 32 and 64, respectively. Also, Dy, Do and
D, are 4, 16 and 32, respectively. Because of ko = k4 = k5 = 0, N3, N5, Ng, D3, D5 and
Dg do not exist. So, we skip these terms, hence

NiNaNy 24576 _ 19

D1DsD, 2048

N2><4><8 =

These 12 generator matrices can be obtained as follows:

1 =z 0 0
e | 0 y 1 0 [ here, we have 8 possible matrices,
| 0 2z 0 1 |
[0 1 0 0]
e | y 0 1 0 [ here, we have 4 possible matrices,
|z 0 0 1]

where z, y and z are either 0 or 1.

From Theorem 1, we have the following corollary.

Corollary 1. The dual of a ZeZsZg-additive code of type («, 3, 0; ko, k1, ko, ks, ka, k5) is
of type (a, B,0; v — ko, B — k1 — ko, ko, 0 — ks — kg — ks, ks, kq) and the number of generator
matrices of this dual code is

~ 00 o p 0
N2X4X8_2 |:Oé—]€0 :|2 [ ﬁ—S,kQ :|2[9—t,k5,/€4 :|2

where

6 = (Oé—ko) (lﬁ—i—k‘g)
+ (8 —s) (ko + k1 + 2ks + k5)
+ko (ks —2(0 —t) — k)
+ (0 — t) (ko + 2k1 + ko + 2k3 + k4)
+ks (ko + 2k1 + k2 + k3) .

where s = k1 + ko and t = k3 + kg + k5.
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Example 2. Let us show that for the code in the Example 1, the number of generator
matrices of the dual code is 12. Since a« — kg =2 —1, 8 —ki —keo=1—-1-0=0,
ko=0,0—ks—ks—ks=1—1—0—0=0 and ks = k4 = 0; the type of the dual code is
(2,1,1,1,0,0,0,0,0) and 6 = (2 —1)(1+1)+0+0+0+0 = 2. So,

— 2 1 1
— 92 —
Noyaxs(2,1,1,1,0,0,0,0,0) = 2 { 9 L [ 0.0 ]2 { 0.0.0 L =12.

4. Connections to ZyZ, and ZsZs-Additive Codes

Here, we relate the number of the ZoZ47Zg-additive codes with the number of additive
codes over ZoZ,4 and ZoZsg, respectively. Hence, we also obtain formulas for counting the
number of matrices that generate all these codes.

Corollary 2. Let C be a ZoZ4Zs-additive code of type («, f3,60; ko, k1, ko, ks, ka, ks). If
0 = ks = ky = ks = 0, then we get a ZoZy-additive code of type (a, B; ko, ki1, ka). The
number of these distinct codes is as follows

N2><4><8(a7,6;0;k’1,klakZ,O,O,O) = Zko(é k1 k2) kl(a ﬂ ko—k1 k2) |: k; :| |:k' k; :|
0 2 17 2 2
- -2"2><4(a7/6;k;07k17]€2)

Proof. Tt is known [5] that the generator matrix for a ZyZ4-additive code C of type
(a, B;7, 0, k) has the following standard form

I. T, 2T, 0 0
0 0 27y 2I,, O (4)
0 S S R I

where Tj, Sp are matrices over Zso; Ty, 15, R are matrices over Z4 with all entries in
{0,1} € Z4 and S, is a matrix over Zs. Also, from [13], we know that the generator
matrix of C of type (a, B; ko, k1, k2) is in the form of

I, An 0 0 2T
0 St Iy, Ao Ao2 (5)
0 0 0 2I 2A4p

which is permutation equivalent to a matrix of the form (4). So, from the generator
matrices (4) and (5) we have the equations such that k = kg, 6 = k1 and v — k = ko.

In Theorem 1, it is clear that if 6 = k3 = k4 = k5 = 0, then we have a ZyZ4Zg-additive
code of type («, 3, 0; ko, k1, k2,0,0,0). Also, the number of these codes is

Nosaxs(a, 8,05 ko, k1, k2,0,0,0) = oko(B—k1—k2)+ki(a+B—ko—ki—kz) | & B
X4x y My Yy Oy Ty 25 Uy Uy k02k17k22

= Noxa(a, Bs ko, k1, k) (6)
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In (6), if we replace k = kg, 0 = k1 and v — k = ko, then it is obtained the number of
Z9Z4-additive codes C' of type (o, 3;7,0, k) as in [8], (Theorem 3.3).

Corollary 3. Let C be a ZsZ4Zs-additive code of type («, f3,6; ko, k1, ko, ks, ka, k5). If
B = k1 = ko = 0, then we get a ZoZg-additive code of type (v, 0;ko, ks, kq, ks). The
number of these distinct codes is as follows

]\f2><4><8(cg,()7(9;k070707 kg,k4,k5) —  9ko(0—ks—ka—ks)+ks[(a—ko)+2(0—ks—ka—ks)+ks] [ ]? :l [
0 19

- N2X8(a79;k07k37k4ak5)'

Proof. In Theorem 1, it is clear that If § = k1 = ko = 0, then we have a ZsZ4Zg-
additive code of type («,0,0; ko, 0,0, k3, k4, k5). Also, the number of these codes is

Noyaxs(a,0,0;ko,0,0, ks, ks, ks) = 2ko(0—k3—k4—k5)+k3[(a—ko)+2(9—k3—k4—k5)+k5}[k?‘} [
0 12

= Noxsg(o,0; ko, k3, ka, ks).

In (7), if we replace both ks = ki, k4 = ko, k5 = ks and k1 + ko + k3 = [, then it is
obtained the number of ZoZg-additive codes of type (v, 0; ko, ks, k4, k5) as in [3], (Theorem
2.1).

Example 3.

Noxa(3,4;2,1,2) = Noyuxs(3,4,0;2,1,2,0,0,0) = 11760
Noxs(3,4;2,0,1,2) = Nayuxs(3,0,4;2,0,0,0,1,2) = 11760

5. Conclusions

In this work we established a formula that gives the number of distinct ZoZ4Zg-additive
codes and their dual codes. Also, we showed the relationships among the numbers of
Zoly, Zolg and ZoZgZg-additive codes. Also, we gave some examples that show the
relationships.

Moreover, it is clear that in Theorem 1, if the parameters of ZoZ4Zg-additive codes of
type (a, B3,0; ko, k1, k2, k3, k4, k5) are appropriated, the numbers of Zo, Z4 and Zg linear
codes can be obtained.
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