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Abstract. In this paper, the authors obtain some properties for Tauber’s generalized Stirling and
Lah numbers, including other forms of recurrence relations, orthogonality and inverse relations, ra-
tional generating function and explicit formula in symmetric function form. Moreover, the authors
derive a new explicit formula, which is analogous to the Qi formula.
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1. Introduction

The nth Bell numbers, denoted by B,,, are known by their combinatorial interpretation
as the number of ways to partition an n-set. This interpretation is based on the definition
of Bell numbers as the sum of the classical Stirling numbers of the second kind [2]. That

net (]

k=0

where Z denotes the Stirling numbers of the second kind (the Karamata-Knuth no-

tation), which can be interpreted as the number of ways to partition an n-set into k
nonempty subsets.

The Bell numbers were expressed by Spivey [5] as

Buin =Y Emjy—k{T} (Z) By. (2)

k=0 j=0
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The above formula was proven combinatorially by considering another way of counting

the number of ways to partition the set with m + n objects.

Recently, Feng Qi [4] established a new explicit formula for Bell numbers, which is
expressed in terms of Stirling numbers of the second kind {Z} and Lah numbers L(n, k).
The formula is given by

n

u n
B =Y (1 [Z L(k,l)] {1 ©
=1

k=1

which may be referred to as the Qi formula for Bell numbers. The formula has been
derived in two ways:

e using Faa di Bruno’s formula and the formula for the n-th derivative of er containing
Lah numbers [3, 9];

e using the inverse relation for the classical Stirling numbers of the first and second
kind.

These methods have been applied to obtain new explicit formula for different generaliza-
tions of Stirling numbers.

Certain generalization of Stirling numbers was introduced by S. Tauber [6-8] as the
coefficients C7", and D} of the following expansions of the given two sequences of poly-
nomials Q1 (z,n) and Q2(z,n) forn =0,1,2,...,

Qr(z,n) = Cpa™ (4)
m=0

2" =Y D Qu(w,m) (5)
m=0

for k=1,2. Also, these numbers are equal to zero if n < m, m < 0, n < 0. These
generalized Stirling numbers of the first and second kind on @- polynomials satisfy the
following triangular recurrence relations in [8],

C = M(n)Cpy + N(n)Cp ! (6)
M(m+1) 1 1

pr=_"_ """ pm 4 ___ - _pm-
n N(m—l— 1) n—1 + N(m+ 1) n—1> (7)

where M and N are two functions of the variable n, such that M(0) # 0 and for n a
positive integer or zero N(0) # 0. In the paper [6] of Tauber, a generalization of Lah
numbers L;", . was introduced as the coeflicient of the following relation,

Qrla,n) =Y Lil) nQn(z,m) (8)

m=0
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for two sequences of polynomials Q; and @ where k # h, and k,h € {1,2}. These
numbers satisfy the following triangular recurrence relation,

_ Nk(n)Mh(m + 1) Nk(n) Lm_l (9)

e = | Mk(n) Nu(m + 1) ] khn—1 T Np(m) “khn=1

where M (n) and Ng(n) are the subscripted version of the functions M(n) and N(n)
that correspond to Q(z,n). Furthermore, the generalized Lah numbers L}, . have been
expressed in terms of generalized Stirling numbers of the first kind and the second kind
as follows

n
Z,Lh,n = Z Cli,n hm,s' (10)
s=m

The generalized Bell numbers, denoted by By, ,, may be defined as the sum of the
generalized Stirling numbers of the second kind D}", ,

n
Bh,n = Z Dhm,n (11)
m=0

The Lah numbers can be defined as the coefficients of the following relations:

(=)0 =Y Lok(@)k (12)
k=0

(@) =" Lu(~a) (13)
k=0

where (z),, is the falling factorial, defined by

Jr@—-1)...(z—n+1), n>1
(x)n_{l, n=0

Also,
(=) = (-1)"@)(@+1)...(x+n—1) = (=1)"z™

where 2(™ is the rising factorial, defined by

()™ = t(z+1)...(x+n—-1), n>1
1, 0

Given polynomial Q(z,n) = ((—1)¥"'z),, Tauber’s generalized Lah numbers Ly, in
(8) reduce to the ordinary Lah numbers Ly, ,,, in (12) and (13) for h =1 and k = 2. That

is,

m _ _ m
21, = Lnm = L1,
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Moreover, (4) and (5) give

e om ={e o) )]
- {irli (1))

where [Z] is the Karamata-Knuth notation for the unsigned Stirling numbers of the first

kind.

The Whitney numbers of the first kind wq (n, m) and second kind W, (n, m) of Dowling
lattices are defined in the paper of Benoumhani [1] as the coefficient of the following
equations,

an <x_1) Zwanm (14)
:n;amwa(n,m) <x - 1>m (15)

which can be written as

(= 1a)n = waln,m)z™ (16)

m=0

= Z Wa(n,m)(z — 1|a)m (17)

m=0

where « is a positive integer and (x|a),, = Hﬁgl(x —ia). It can easily be shown that

ZW (n, k)wa(k, 7) Zwank a(k,j) = 0n (18)

k=j

fn = Zwa(nvk)gk <~ Ggn = ZWa(na k)fk (19)
k=0 k=0

When Qp(z,n) = ((—1)*"12 — 1]a),, equations (4) and (5) yield equations (16) and (17),
respectively. This implies that

{cT,, DV} ={wa(n,m), Wy (n,m)} and
{Cg,Ln?Dg?n} :{(_l)mwa(nv m): (_l)nWa(n7m)} .

From the definition of Whitney numbers, we may also define Whitney-Lah numbers
denoted by LTVX (@) as the coefficients of the following relations,

(—z =)y =Y L m(a@)(@ = La)m (20)
m=0



R. Corcino, C. Corcino, G. Rama / Eur. J. Pure Appl. Math, 12 (3) (2019), 1069-1081 1073

(x = 1)y =Y LY (a)(—z = 1|a)m. (21)
m=0

By assigning Qi (z,n) = ((—1)* 'z — 1]a), , (8) gives

2,17n = LW m(a) = Tzn
Hence, with k = 2 and h =1, (10) yields

n

Lrvzl,/](a) = Z(_l)kwa(n7 k)Wa(k, 7). (22)

k=j

The Dowling numbers, denoted by D,,(«), can be defined as the sum of Whitney numbers
of the second kind Wy (n,m), i.e.

= Waln,m). (23)
m=0

Using the inverse relation in (19), we have

Thus, the Dowling numbers equal

n J
Dy(a) =) (~1)"7 [Z(—l)jL%(a)] Wa(n, j). (24)

=0 k=0

In this paper, we establish more properties of Tauber’s generalized Stirling numbers
as well as some properties of the generalized Bell numbers.

2. Some Recurrence Relations

Tauber’s generalized Stirling numbers of the first and second kind and Tauber’s gener-
alized Lah numbers are known to have triangular recurrence relations. In this section, we
establish other forms of recurrence relations for Tauber’s generalized Stirling numbers of
the first and second kind and Tauber’s generalized Lah numbers. The following theorems
contain the vertical recurrence relation.

Theorem 2.1. Tauber’s generalized Stirling numbers of the first kind C}}, satisfy the fol-
lowing vertical recurrence relation,

n—m+1 | 1—1
cr= > |[[Mnr+1-4)| Nn-i+1)Cr3! (25)
i=1 j=0

where
Mn+1)=1,M(n+2)=1.
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Proof. From the triangular recurrence relation (6), that is
Oy = M(n)City + N(n)Cps' = N(m)Cry + M(n) Gty
Since
=M —1)Cl s+ N(n—1)C!
then
C™ = N(n)C™ 1 + M(n)N(n — 1)C™ 3 + M(n)M(n — 1)C™ 5.
Continuing in this manner,
C™ =N (n)C™ ' + M(n)N(n — 1)C™}!

+.o A M) ... M(m+1)N(m)C™{ + M(n)... M(m +1)M(m)C™_,.

By definition, the last term is equal to zero. Thus,

n—m-+1
Crr= Y [M(n+1)...M(n—i+2)N(n—i+1)]Cr!
=1

where
Mn+1)=1,Mn+2)=1.

Theorem 2.2. Tauber’s generalized Stirling numbers of the second kind D" satisfy the
following vertical recurrence relation,

n—m-+1

m_ i (M(m+ 1))t

Proof. From the triangular recurrence relation (7),

M(m+1) 1 _1
D" — D D™
n Nm+1) """ Nm+1) !
Since M( ) )
m m m m—1
_ D
LT T Nm ) 2 N 1) 2
then (m 4 1) (M(m 1 1))?
1 _ M(m+1 _ M(m+1
DM — pm 1 Dm 1 DM
"N T (N 1) 2 T (Nm )2

Continuing in this manner,

M(m+ 1)
(N + Dyt o
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n—m-+1 (M(m + 1))n—m+1 m

+(=1) (N (m + 1))n—m+1 D1

By definition, the last term is equal to zero. Thus,

DM — nfl(_l)i—l (M(m + 1))i71 Dm—l

O (N(m+ 1)) “ni

Theorem 2.3. Tauber’s generalized Lah numbers L, | satisfy the following vertical re-
currence relation,

n—m-+1 [ i—1

— . Nk(n—i—l—])Mh(m—i-l)} Nk(n—z—l—l) 1
L= My(n+1—j) — Ll
where N(n+ 1) M (m + 1)
n + nlm +
My(n+1) — =* =1.
[ b(n 1) Np(m +1) ]
Proof. From the triangular recurrence relation (9), that is
Ny (n)Mp(m + 1) Ni(n)
= | M, — m ZRNY rm
k,hn [ k(n) No(m + 1) khon—1 T Np(m) k=1
Ni(n) .1 Ni.(n)Mp(m + 1)
— m My(n) — Lihn—1-
Na(m) k1 + | My(n) Ny(m + 1) k,hn—1
Since
Nk(n— 1)Mh(m+1) Nk(n—l) 1
L = | My(n—1) - m A
k,hn—1 [ k(n—1) Na(m + 1) khn—2 T Na(m) khn2

then

m_ Ne(n) Ng(n —1) Ni(n)Mp(m+ 1)1 -
Rhon N (m) Chon ~ Njp(m) { () = Np(m +1) } Lihn-

+ [Mk(n)
X [nghyn_ﬂ )

Continuing in this manner,

Nk(n)Mh(m—i-l) Nk(n—l)Mh(m+1)
 Np(m+1) ] [M’“(”_l)_ Np(m 4+ 1) }

m Nk(n) m—1
Lith = Na(m) L1 + [ Mi(n)

_ Nk(n)Mh('m + 1)
Np(m +1)

_ Nk(n)Mh(m + 1):| Nk(n — 1) Lm_l T T
k,h,n—2 te

Nh(m+1) Nh(m)
_ Nk('m + I)Mh(m + 1)
Np(m +1)

Mi.(n) } [Mk(er 1)
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Nk(m) m—1 +
Nh(m) k,h,m—1
: Nh(m+1 Ny(m +1)
Ni,(m)Mp(m + 1)]
M o m
[ (m) Np(m +1) o
By definition, the last term is equal to zero. Thus,
fiiag Ny(n + 1)Mp(m + 1)
k h
e = M 1) —
fnn = 2 [ en+ 1) Ni(m + 1) }
=1
, Nie(n—i+2)Mp(m+1)] Ng(n—i+1) .4
| My(n — 2) — I
|: k.(n 1+ ) Nh(m+ 1) Nh(m) k,hyn—i

where

Nh(m—l— 1)

3. Some Explicit Formulas
Consider the generating function v, (t) for Tauber’s generalized Stirling numbers of

the second kind given by
()= 2 Ditat" (27)
n>m

where 9o(t) = 1. Using the recurrence relation in (7), we have
M(m+1) 1 1
m(t) = ——=D" —D" t"
U () Z{ Nm+1) kn1+N(m+1) k,n—l}

M(m+1) m n—1 1 m—1 jn—1
= ) tZD,m,lt +7N(m+1) ZDM ot

<m T 1) n>m n>m
B _M(m +1)
T Nm+1) tm () + N(m + 1)1/”” 1(®)-
Hence, .
Ym(t) = N(m+1+ M(m + 1)t¢m‘1<t)'

By backward substitution, we have

tm

) = T N+ 1= i) Mm+ 1= 0]

This result is stated formally in the following theorem.
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Theorem 3.1. The rational generating function for Tauber’s generalized Stirling numbers
of the second kind is given by

tm

n>m

As a consequence of this rational generating function, we have the following explicit
formula in symmetric function form.

Theorem 3.2. Tauber’s generalized Stirling numbers of the second kind are given by
m

o 1 _M(m 101"
= T N+ 1 1), 2 H[ N<m+1‘i>} |

s1+s2+...4+8m=n—m i=0

Proof. Using the rational generating function in Theorem 3.1, we get

tm
Z DZL" "= m—1 . K
nem 17 IN(m +1—4) + M(m + 1 —i)t]
B $m m—1 1
I —i M (m+1—i)
[0 N+ 1=0) 2 1= (=G )
- " b <_M(m+1—i))ntn
H;riOlN(m_‘_]'_l) i=0 n>0 N(m+1_z)

B - CM(m41-9)]"
T N(m 1) - 2. H[ N(m+1—i)] t

>m s1+s2+...+sm=n—m =0

_ t" oMt =0]% ] L,
_Z{HZ’;BIN(mH—z') 2 H[ N<m+1—i)] }t

n>m s1+s2+...+8m=n—m =0

Comparing coefficients of t" completes the proof of the theorem.

One of the objectives of this study is to establish a new explicit formula for Tauber’s
generalized Bell numbers, which is analogous to the Qi formula. To derive the desired
formula, we need to establish the following relations.

Theorem 3.3. Tauber’s generalized Stirling numbers of the first and second kind satisfy
the following orthogonality relation for a given sequence of polynomials Qk(x,n),

- - 0,if n#s
m=s ’ 7 m=s 7 7 1, Zf n=s

where k =1, 2.
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Proof. Note that (5) can be written as

™= Z Dy Qr(z, 5).

s=0

Substitute (28) into (4), then
Qr(z,n) = Z Cppa™ = Z Cihn ZDkmek(x, s)
m=0 m=0 s=0

= ClDEnQu(z,s)

m=0 s=0
-y {z oktznkﬁm} Q).
s=0 \m=s
Thus,
chn:szsm:(SZ:{ ’ %f nEs
’ ’ 1,if n=s

m=s

Similarly, (4) can be written as
m

Qr(r,m) = Z Cpmz®.
5=0

Substitute (29) into (5), then

n n m

n m m s .8

T = Z Dk,an<m7m) - Z Dk,n E C’k:,mm
= m=0 s=0

m=0
n m

_ E E m s s

- Dk,nck,mx

m=0 s=0

n n
= Z {Z Dktréckfm} z°.
s=0 m=s

Thus,
ZDkTr:kasm_‘SZ_{ 7Z.f nEs
e 1,if n=s

m=s

Consequently,

n n

> ClnDim = D Dy = 0,
m=s

m=s

1078

(28)

(29)
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Theorem 3.4. The Tauber’s generalized Stirling numbers of the first and second kind are
muerses,

n n
fn: ch%gm@gn: ZDk%fm (31)
m=0

m=0

fork=1,2.
Proof.

n n m
Z Dk%fm = Z Dk% chs,mgs
s=0

m=0 m=0

n m
= Z Z Dﬂcks,mgs

m=0 s=0

{ Z Dkirfzcks,m} s

m=s

I
w
s ||M:
o

0n9s = 05 Gn = Gn

@
Il
o

Conversely,

n n m
Z Ckr,rﬁgm = Z Ck% Z Dks,mfs
m=0 m=0 s=0

m

s=0
n
{ Ck%Dks,m} fs
m=s

5181fs = (mfn = fn

(= 0=

»
o

I
s

»
Il
=)

Theorem 3.5. The Bell numbers By, ,, can be computed in terms of Tauber’s generalized
Lah and Stirling numbers of the second kind. That is,

n n
ma = Z { Lq/gh,s} Dz,n (32)
0

s=0 Um=

Proof. From the inverse relation (31) of Tauber’s generalized Stirling numbers of the
first and second kind,

Jn= chings > gn = ZDZ,nfs' (33)

s=0 s=0
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Consider (10) and let

gs = D}Ts
and
fn = LZ:Lh,n7
by (33),
n
DiTn = Z Dl{z,nL;cyfh,s‘ (34)
s=0

Substituting (34) to (11) yields

n n
— S m
Bppn = Z ZDk,nLk,h,s

m=0 s=0

which implies
n

Bhn = Z {Z Lth,s} D; ... (35)
m=0

s=0

Note that (32) is analogous to the Qi formula. For h = 2, and k& = 1, the first five
values of By, are

Bsog=1
By =1
Baa =0
By 3= —1
BQ74 =1.

By switching the values of k and h (i.e.,k =2 and h = 1), the explicit formula for

generalized Bell numbers
n n
By, = Z { Lth,s} Di
0

s=0 \m=

generates the ordinary Bell numbers for n =1,2,.. .,

Bio=1
Bii=1
Big =2
Biz=5
By =15,

Remark 3.6. Tauber’s generalized Bell numbers By, ,, are equal to e;DLe, where D and
L are the generalized Stirling and Lah matrices, e; is the ¢-th unit vector, and e is the
vector with all entries equal to 1.
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Remark 3.6 is equivalent to the following matrix relation

(i) = [Dhsl o [Eo] - (36)

nxn

Now, the orthogonality relation in Theorem 3.3 implies the following matrix relation

1G], D) e = I (37)

nxn

where I, is the identity matrix of order n. That is,
D i1~ C J
[ k’J]nxn T Tk
which implies

2] D= B (38)

nxn

The matrix equation (38) is equivalent to equation (10).
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