EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 12, No. 2, 2019, 622-648

ISSN  1307-5543 — www.ejpam.com
Published by New York Business Global

Direct product of finite intuitionistic anti fuzzy normal
subrings over non-associative rings

Nasreen Kausar

Department of Mathematics, University of Agriculture Faisalabad, Pakistan
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1. Introduction

In 1972, ageneralization of commutative semigroups has been established by Kazim
et. al [9]. In ternary commutative law: abc = cba, they introduced the braces on the
left side of this law and explored a new pseudo associative law, that is (ab)c = (cb)a.
This law (ab)c = (cb)a, is called the left invertive law. A groupoid S is said to be a
left almost semigroup (abbreviated as LA-semigroup) if it satisfies the left invertive law:
(ab)c = (cb)a.

In [7] (resp. [5]), a groupoid S is said to be medial (resp. paramedial) if (ab)(cd) =
(ac)(bd) (resp. (ab)(cd) = (db)(ca)). In [9], an LA-semigroup is medial, but in general
an LA-semigroup needs not to be paramedial. Every LA-semigroup with left identity is
paramedial in [15] and also satisfies a(bc) = b(ac), (ab)(cd) = (dc)(ba).

Kamran [8], extended the notion of LA-semigroup to the left almost group (LA-group).
An LA-semigroup G is said to be a left almost group, if there exists left identity e € G
such that ea = a for all a € G and for every a € G there exists b € G such that ba = e.

Shah et. al [18], discussed the left almost ring (LA-ring) of finitely nonzero functions
which is a generalization of commutative semigroup ring. By a left almost ring, we mean
a non-empty set R with at least two elements such that (R, +) is an LA-group, (R,-)
is an LA-semigroup, both left and right distributive laws hold. For example, from a
commutative ring (R, +,-), we can always obtain an LA-ring (R, ®,-) by defining for all
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a,b € R, a®b=0b—a and a-bis same as in the ring. In fact an LA-ring is a non-associative
and non-commutative ring.

A non-empty subset A of an LA-ring R is an LA-subring of an LA-ring R if a — b
and ab € A for all a,b € A. A is a left (resp. right) ideal of R if (A,+) is an LA-group
and RA C A (resp. AR C A). A is called an ideal of R if it is both a left ideal and a right
ideal of R.

After the introduction of fuzzy set by Zadeh [22], several researchers explored on the
generalization of the notion of fuzzy set. The concept of intuitionistic fuzzy set was
introduced by Atanassov [1, 2], as a generalization of the notion of fuzzy set.

Sherwood [20], introduced the concept of product of fuzzy subgroups. After this,
further study on this concept continued by Osman [11, 12] and Ray [16]. Zaid [23], gave
the idea of normal fuzzy subgroups.

An intuitionistic fuzzy set (briefly, IFS) A in a non-empty set X is an object having the
form A = {(z,pa(x),va(x)) : © € X}, where the functions pg: X — [0,1] and y4: X —
[0, 1] denote the degree of membership and the degree of nonmembership, respectively and
0<pa(z)+ya(x) <lforallze X [1, 2]

An intuitionistic fuzzy set A = {(z, pa(z),v4(z)) : © € X} in X can be identified
to be an ordered pair (pa,v4) in IX x IX, where IX is the set of all functions from
X to [0,1]. For the sake of simplicity, we will use the symbol A = (u4,7v4) for the IFS
A= {(z, pa(2),74(x)) : 7 € X}.

Intuitionistic fuzzy subrings and intuitionistic fuzzy ideals of a ring have been defined
in [3, 6]. Palaniappan et al [13, 14], explored the notions of homomorphism, antihomo-
morphism of intuitionistic fuzzy normal subrings and also discussed some properties of
intuitionistic fuzzy normal subrings. Moreover intuitionistic fuzzy ring and its homomor-
phism image have been investigated by Yan [21]. Shal et al [17], introduced the concept
of intuitionistic fuzzy normal subrings over a non-associative ring (LA-ring).

We define the direct product of intuitionistic fuzzy sets A; and As of LA-rings R;
and Ro, respectively and investigate the some basic properties of intuitionistic anti fuzzy
normal LA-subrings of an LA-ring R X Rs.

We define the direct product of intuitionistic fuzzy sets Aj, As,..., A, of LA-rings
R1, R, ..., R, respectively and examine the some fundamental properties of intuitionistic
anti fuzzy normal LA-subrings of an LA-ring R; X Rz X ... X R,,.

Specifically we show that:

Let X = AxBand Y = CxD be two LA-subrings of an LA-ring Ry X Ro. Then XNY is
an LA-subring of an LA-ring Ry X Rs if and only if the intuitionistic anti characteristic
function xz = (ty,,7x,) of Z =X NY is an intuitionistic anti fuzzy normal LA-subring
of an LA-ring Ry X Rs.

Let A= A1 x As x...x A, and B = B x By X... X B, be two LA-subrings of an LA-ring
Ry X Ry X ... X R,,. Then AN B is an LA-subring of an LA-ring R; X Ry X ... X R, if and
only if the intuitionistic anti characteristic function xz = (ty,,Vy,) of Z = AN B is an
intuitionistic anti fuzzy normal LA-subring of an LA-ring R; X Rg X ... X R,,.

Let A and B be intuitionistic fuzzy sets of LA-rings R; and Ry with left identities e;
and eg, respectively and A x B be an intuitionistic anti fuzzy normal LA-subring of an
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LA-ring R; x Rs. Then the following conditions are true.

1.If pa(z) > pp (e2) and v4 () < yp (e2), for all z € Ry, then A is an intuitionistic
anti fuzzy normal LA-subring of R;.

2. If up (z) > pa(e1) and vp (z) < v4 (e1), for all z € Ry, then B is an intuitionistic
anti fuzzy normal LA-subring of Rs.

2. Direct Product of Intuitionistic Anti Fuzzy Normal LA-subrings

We define the direct product of intuitionistic fuzzy sets A, Ao of LA-rings R1, Ro, re-
spectively and examine the some fundamental properties of direct product of intuitionistic
anti fuzzy normal LA-subrings of an LA-ring R; x Rs.

Let p1 and pe be fuzzy subsets of LA-rings Ry and Rs, respectively. The direct product
of fuzzy subsets u; and pg is denoted by p; X pe and defined by (u1 X po)(x1,x2) =
min{p1(21), p2 (22)}

A fuzzy subset p1 X po of an LA-ring Ry X Ry is to be a fuzzy LA-subring of Ry X Ra
if

L (1 X p2)(x —y) = min{u (z), p2(y)},

2. (p1 x p2)(wy) = min{pa(x), po(y)} for all @ = (z1,22) ,y = (y1,92) € R1 X R

A fuzzy subset p1 X pg of an LA-ring Ry X Ry is to be an anti fuzzy LA-subring of
R1 X R2 if

L (p1 x p2)(z —y) < maz{p(z), p2(y)}

2. (p1 x p2)(zy) < max{p(z), pe(y)} for all x = (z1,22),y = (y1,y2) € R1 X Ro.

A fuzzy LA-subring of an LA-ring R; X Ry is to be a fuzzy normal LA-subring of
Ry X Ry if (p1 X po)(zy) = (1 x pe)(yx) for all x = (x1,22),y = (y1,¥2) € R1 X Rs.
Similarly for anti fuzzy normal L A-subring.

Let A and B be intuitionistic fuzzy sets of LA-rings R; and Rs, respectively. The direct
product of A and B is denoted by Ax B and defined by AxB = {((x,y), paxp (z,y) , vaxp (z,v)) |
for all z € Ry and y € Ra}, where paxp(z,y) = maz{pa(x),up(y)} and yaxp(z,y) =
min{ya(z),v8(y)}-

An intuitionistic fuzzy set (IFS) A x B = (uaxp,Yaxp) of an LA-ring Ry X Ry is an
intuitionistic anti fuzzy LA-subring (IAFLSR) of Ry x Ry if

L. paxp(x —y) <max{paxp(), paxs(y)},

2. paxp(ry) < max{paxp(), naxs(y)},

3. vaxB(x —y) > min{vaxp(v), vaxB(Y)},

4. yaxp(xy) > min{yaxp(x),vaxs(y)}, for all x = (x1,22) ,y = (y1,92) € R1 X Ra.

An intuitionistic anti fuzzy LA-subring A X B = (uaxp,vaxp) of an LA-ring Ry x Ry
is an intuitionistic anti fuzzy normal LA-subring (IAFNLSR) of Ry X Ry if uaxp(zy) =
paxp(yz) and yaxp(zy) = yaxp(yz) for all @ = (21,22) ,y = (y1,y2) € R1 X Ra.

Let A x B be a non-empty subset of an LA-ring R; X Ro. The intuitionistic anti
characteristic function of A x B is denoted by xaxB = (liyaxps Vxaxs) and defined by

Oifre Ax B lifx € Ax B
s (@)= Vit pg Ax B M9 B = 40 ¢ A x B
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Lemma 1. [17, Lemma 4.2] If A and B are LA-subrings of LA-rings Ry and Ra, respectively,
then A x B is an LA-subring of an LA-ring R1 X Ry under the same operations defined
as in R X Ro.

Proposition 1. Let A and B be LA-subrings of LA-rings R1 and Ra, respectively. Then
A x B is an LA-subring of an LA-ring R1 X Re if and only if the intuitionistic anti
characteristic function xc = (fixesVxe) 0f C = A X B is an intuitionistic anti fuzzy
normal LA-subring of an LA-ring R1 X Rs.

Proof. Let C = A x B be an LA-subring of an LA-ring Ry X Ry and a = (a1,a2),b =
(b1,b2) € Ry xRy.Ifa,b € C' = Ax B, then by definition of intuitionistic anti characteristic
function gy (a) = 0 = iy (b) and vy (a) =1 =7, (b). Since a — b and ab € C, C being
an LA-subring of Ry X Rs. This implies that

fxe(a=b) = 0=0V0=py.(a)V py.(b),
Hxe (ab) = 0=0VvV0= fixe (@) V e (B),
Yxe (@ b) = 1:1/\1:%(0(@)/\%(0((7)7
Yxelab) = 1=1A1="r.(a) Avy(b).
Thus
fxe (@ —0b) < maz{uy.(a), pxe(0)},
pixe(ab) < max{py.(a), pixe (0)},
Yxela—=0b) > min{yy.(a), 1 (b)},
Txe (ab) > min{'YXc (a), Txe (0)}.

As ab and ba € C, by definition we have piy,(ab) = 0 = iy, (ba) and v, (ab) =1 =
Yyo (ba), ie., py,(ab) = iy (ba) and 7y, (ab) = vy (ba). Similarly, we have

fixe(a—=b) < maz{py.(a), o (0)}s pye(ab) < max{py(a), iy (0)},
Yxe(a—=0) > min{yy.(a),xc(b)}: Vxe(ab) = min{yy.(a), 7o (0)},
Yxe(ab) = e (ba), vyo(ab) = vy (ba),

when a,b ¢ C. Hence the intuitionistic anti characteristic function xc = (tye, Vxo) Of
C is an intuitionistic anti fuzzy normal LA-subring of an LA-ring R X Ra.

Conversely, suppose that the intuitionistic anti characteristic function xc = (tyes Tvo)
of C = A x B is an intuitionistic anti fuzzy normal LA-subring of an LA-ring Ry X Rs.
Let a,b € C = A x B, then by definition, we have . (a) =0 = p,(b) and 1y (a) =1 =
Yxe (b). By our supposition

MXC(G’_b> < MXC(Q)VMXc(b):OVOZ )
Hxc (ab) < Hxe (a) v Hxe (b)=0Vv0=0,
VXC(a_b) > 'YXc(a)A'VXO(b) =1Al=1,
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Yo (@d) > (@) Ay (b)) =1A1=1.

Thus fiy, (@ —b) =0 = py (ab) and vy (a —b) =1 = vy (ab), i.e., a —b and ab € C.
Hence C is an LA-subring of an LA-ring Ry X Rs.

Lemma 2. I[f X = AXx B and Y = C x D are two LA-subrings of an LA-ring R1 X Ro,
then their intersection X NY is also an LA-subring of an LA-ring Ry X Rs.

Proof. Straight forward.

Theorem 1. Let X = AXx B and Y = C x D be two LA-subrings of an LA-ring Ry X Rs.
Then X NY is an LA-subring of an LA-ring R1 X Ro if and only if the intuitionistic
anti characteristic function xz = (lx,,Vxy) of Z = X NY is an intuitionistic anti fuzzy
normal LA-subring of an LA-ring R1 X Rs.

Proof. Let Z = X NY be an LA-subring of an LA-ring R; X Ry and a = (a1,a2),b =
(b1,b2) € Ry xRo. If a,b € Z = XNY, then by definition of intuitionistic anti characteristic
function gy, (a) = 0 = py, (b) and vy, (a) =1 = 7,,(b). Since a — b and ab € Z, Z being
an LA-subring of an LA-ring R; x Rs. This means that

tyz(@=b) = 0=0V0=py,(a)V uy,),
fxz(ab) = 0=0V0=py,(a)V uy,(b),
’7xz(a_b) = 1:1/\1:%(2(@)/\'7)(2(1))’
Yxz (ab) = 1=1A1= Vxz (a) A Vxz (b).
Thus
fxz(a—b) < maz{puy,(a), iy, (0)},
Hxz (ab) < mal‘{:uXZ (a), Hxz (0},
Txz (a—0b) > min{%{z (a), Yxz (b},
Vxz (a—0b) > min{’yxz (a), Yxz (b)}.

As ab and ba € Z, by definition we get p,,(ab) = 0 = py,(ba) and vy, (ab) =1 =
Yz (ba), ie., iy, (ab) = py, (ba) and 7, (ab) = vy, (ba). Similarly, we have

Hxz ((1 - b) maa:{ﬂxz (a)v Hx 7 (b)}a Hxz (ab) < mam{“xz (a)a Hxz (b)}7
Vxz (CL - b) min{’YXZ (a)v Vxz (b)}v Yxz (ab) Z min{’YXZ (a), Txz (b)}7
Txz (ab) = Txz (ba>v Txz (ab) = Vxz (ba)v

<
>

when a,b ¢ Z. Hence the intuitionistic anti characteristic function xz = (ty,, Vy,) of
Z is an intuitionistic anti fuzzy normal L A-subring of an LA-ring R; X Rs.

Conversely, assume that the intuitionistic anti characteristic function xz = (ty,, ¥y 4)
of Z = X NY is an intuitionistic anti fuzzy normal LA-subring of an LA-ring Ry X Rs.
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Let a,b € Z = X NY, then by definition, we have 1y, (a) =0 = iy, (b) and vy, (a) =1 =
Yxz(b). By our assumption

tixz(@—=0) <y, (a)Vpy, (b)) =0vV0=0,
fixz (@) < py, (@) Vopy, (b)) =0V 0 =0,

Yaz(@—=0) = Y (a) Ay, (b) =1A1=1,
Yxz(@b) = (@) Ay, (b)) =1A1=

Thus gy, (a —b) =0 = py,(ab) and vy, (a —b) =1 = v, ,(ab), i.e., a —b and ab € Z.
Hence Z is an LA-subring of an LA-ring R X Ra.

Corollary 1. Let {C;}icr = {Ai X Bi},cp be a family of LA-subrings of an LA-ring
Ry X Ry. Then C = NC; is an LA-subring of an LA-ring R1 X Rs if and only if the
intuitionistic anti characteristic function Xc = (fiy., Vx.) of C = NCj is an intuitionistic
anti fuzzy normal LA-subring of an LA-ring R1 X Ra.

Lemma 3. If A and B are intuitionistic anti fuzzy normal LA-subrings of LA-rings Ry
and Ry, respectively, then A x B is also an intuitionistic anti fuzzy normal LA-subring of
an LA-ring Ry X Rs.

Proof. Let A = {(z, pa(x),7a(x)) | © € R1} and B = {(y,un(y),78(y)) | y € Ra}
be intuitionistic anti fuzzy normal LA-subrings of LA-rings Ry and Ry, respectively. Now

Ax B=A{((z,y), taxB(x,y),vaxp(z,y)) | for all z € R} and y € Ry}, where

paxp(x,y) = max{pa(z), up(y) and vaxp(z,y) = min{va(z),vs(y)}-

We have to show that A x B is an intuitionistic anti fuzzy normal LA-subring of an
LA-ring R; X Ry. Now

paxs((a,b) = (¢,d)) = paxpla—c,b—d)

maz{pala —c), pp(b—d)}
pala—c)Vup(b—d)

{pnala) vV pale)} V{ps(b) vV us(d)}
pala) V{pale) V up()} Vv up(d)
pa(a) V{up(b) vV pa(c)} v up(d)
{paa) Vv up )} v {palc) vV up(d)}
= /"LAXB(Q7 b) \ ,UA><B(07 d)

| VAN | |

and

taxp((a,b)o(c,d)) = paxplaoc,bod)
= maz{pa(aoc),up(bod)}
= pa(aoc)Vpup(bod)
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Thus

paxs((a,b) — (c,d))
and paxp((a,b)o(c,d))

Similarly, we have

Yaxs((a,b) — (c,d))
and yaxp((a,b) o (¢, d))

FVArs(®) Vv ps(d)}
Vup(d)}V ps(d
pa(a) V{pp(®d) vV pale)} vV pp(d
{rala) vV up(b)} vV {palc) v us(d)}
HAXB(CL7 b) \/MAXB(C, d)-

{pala) vV pa(e
pala) Vv {pale
(
(

~— —

MAXB(GJ» b) \ /«LAXB(Ca d)
MAXB(C% b) \ MAXB(Ca d)-

VANVAN

YaxB(a,b) N vaxp(c,d)
'7A><B(a> b) A 'YAXB(Cv d)-

AVANY

Therefore A x B is an intuitionistic anti fuzzy LA-subring of an LA-ring R; X Ro. Now

paxs((a,b)o(c,d))

pAx g(ac, bd)

maz{p(ac), s (bd) }

maz{pa(ca), pp(db)}

paxp(ca, db) = paxp((c,d) o (a,b)).

uB
uB

9

Similarly, yaxp((a,b) o (¢,d)) = vaxB((c,d) o (a,b)). Hence A x B is an intuitionistic
anti fuzzy normal LA-subring of an LA-ring R; X Rs.

Proposition 2. If X = Ax B and Y = C x D are two intuitionistic anti fuzzy normal
LA-subrings of an LA-ring Ry X Ra, then their intersection X NY s also an intuitionistic
anti fuzzy normal LA-subring of an LA-ring Ry X Rs.

Proof. Let X = AxB = {((z1,22), paxB(r1,22),vaxB(x1,22)) | for all (z1,z2) € Ry X
Ro}and Y = C x D = {((y1,y2), roxp(Y1,Y2), Yexp (Y1, y2)) | for all (y1,y2) € Ri x Ro}
be two intuitionistic anti fuzzy normal LA-subrings of an LA-ring Ry x Re. Let Z = XNY
and Z = {((21, 22), pz (21, 22), 7z (21, 22)) | (21, 22) € R1 x Ra}, where

pz(z1,22) = pxny(21,22) = max{ux(z1, 22), py (21, 22) }
and yz(z1,22) = vxnv(21,22) = min{yx(z1, 22), vy (21, 22) }-

Now

pz((z1,22) — (23, 24))

pxny ((21,22) — (23, 21))

= max{px((z1,22) — (23, 24)), py ((21, 22) — (23,24))}

A

< A{ux(z1,22) V pux (23, 20) } V {py (21, 22) V py (23, 24) }
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= {ux(z1,22) V {px(23,21) V pry (21, 22)} V pry (23, 24) }
= {ux(z1,22) V{py (21,22) V pux (23, 24)} V pry (23, 24) }
= {pux(21,22) V py (21, 22)} V {px (23, 24) V py (23, 24) }
= max{pxny (21, 22), ixny (23, 24) }

= mazx{pz(21,22), pz(z3, 24) }

and
pz((z1,22) 0 (23,24)) = pxny((21,22) 0 (23,24))
= maz{px((z1,22) o (23,24)), py ((21, 22) 0 (23,24))}
< A{ux(z1,22) V px (23, 24) } V {py (21, 22) V py (23, 24)
= {ux(21,22) V{ux (23, 24) V py (21,22)} V piy (23, 24) }
{nx (21, 22) VA{uy (21, 22) V pux (23, 24) } V piy (23, 24) }
{ux (21, 22) V py (21, 22) } V {ux (23, 22) V py (23, 24) }
= mar{pxny (21, 22), pxny (23, 24)}
maz{pz(z1, 22), pz(z3, 24) }-
Thus
pz((21,22) — (23,21)) < maz{uz(z1, 22), pz(z3, 24) }
and pz((21,22) 0 (23,24)) < max{pz(z1, 22), pz(z3, 24)}-
Similarly, we have
vz((z1,22) — (23,24)) > min{vz(z1, 22),vz(23, 21) }
and vz((z1,22) 0 (23,24)) > min{vz(z1, 22),7z(23,24) }.

Therefore Z = (1z,7v7) is an intuitionistic anti fuzzy LA-subring of an LA-ring R; X Rs.
Now

pz((21,22) 0 (23,24)) = pxny (2123, 2224)
= maz{px (2123, 2224), Py (2123, 2224) }
= maz{px (2321, 2422), Py (2321, 2422) }
= pxny (2321, 2422)
= pz((23,24) o (21, 22)).

Similarly, vz ((21, 22) o (23,24)) = vz((23, 24) © (21, 22)). Hence Z = X NY is an intu-
itionistic anti fuzzy normal LA-subring of an LA-ring Ry X Rs.

Corollary 2. If {C;}ier = {Ai X Bi}tier is a family of intuitionistic anti fuzzy normal
LA-subrings of an LA-ring R1 x Ro, then C' = NC; is also an intuitionistic anti fuzzy
normal LA-subring of an LA-ring R1 X Rs.
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Theorem 2. If X = AxB andY = CxD are intuitionistic anti fuzzy normal LA-subrings
of LA-rings R’ = Ry X Ry and R" = R3 X Ry, respectively, then Z = X x Y is also an
intuitionistic anti fuzzy normal LA-subring of an LA-ring R’ x R"” = (R1 X Ra) X (R3 X Ry).

Proof. Let X = A x B = {((z1,22), paxB(z1,22),vaxB(x1,22)) | for all (z1,z2) €

Ry x Ro} and Y = C x D = {((y1,2), roxD(y1,92),Yexp (Y1, y2)) | for all (y1,y2) €
R3 x R4} be intuitionistic anti fuzzy normal LA-subrings of LA-rings R’ = R; x Ry and
R" = R3 X Ry, respectively. Let Z = X xY and Z = {((¢,2"), uz(,2"),vz(2',2")) |
(2/,2") = ((z1,22), (23, 24)) € R’ x R"}, where

pz(Z,2") = pxxy((21,22), (23, 24)) = maz{px (21, 22), py (23, 24) },
and vz(2',2") = vxxv((21,22), (23,24)) = min{yx (21, 22), 7y (23, 24) }.

Now

pz(((21,22), (23, 24)) — ((25, 26), (27, 28)))
= pxxy(((21,22), (23, 24)) — ((25, 26), (27, 28)))
pxxy (((21,22) = (25, 26)), (23, 24) — (27, 28)))
max{px((21,22) — (25, 26)), by (23, 24) — (27, 28)) }
max{(px (21, 22) V px (25, 26)), (1y (23, 24) V py (27, 28)) }
((ux(21,22) V py (25, 26)) V (1x (23, 24) V py (27, 28)))
((ux (21, 22) V py (23, 24)) V (1x (25, 26) V py (27, 28)))
maz{(pux (21, 22) V py (23, 24)), (1x (25, 26) V py (27, 28)) }
maz{pxxy ((21,22), (23, 24)), pxxv (25, 26), (27, 28)) }
= maz{pz((21,22), (23, 24)), 2z ((25, 26), (27, 28)) }.

| I VAN |

and

1z (((21, 22), (23, 24)) © ((25, 26), (27, 23)))
= pxxy(((21,22), (23, 24)) o ((25, 26), (27, 23)))
pxxy (((21,22) © (25, 26)), (23, 24) © (27, 28)))
maz{px((21,22) © (25, 26)), by (23, 24) © (27, 28)) }
max{(px (21, 22) V pux (25, 26)), (Hy (23, 22) V py (27, 28)) }
((x (21, 22) V py (25, 26)) V (x (23, 22) V py (27, 28)))
((px (21, 22) V py (23, 24)) V (x (25, 26) V py (27, 28)))
maz{(pux (21, 22) V py (23, 24)), (x (25, 26) V py (27, 28)) }
maz{pxxy ((21,22), (23, 24)), pxxv (25, 26), (27, 28)) }
= max{pz((21,22), (23, 24)), pz((25, 26), (27, 28)) }-

| I VAN |

Similarly

PYZ(((Zh 22)7 (23, 24)) - ((25; 2'6)7 <Z77 28)))
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> min{fyz((zh ZQ)a (237 Z4))7'YZ((Z5> ZG)? (Z7a 28))}
and vz (((21, 22), (23, 24)) o ((25, 26), (27, 28)))
> min{’yz((zl, ZQ)a (Z3, 24))7’7Z((Z57 ZG)? (z7a ZS))}

Thus Z = (uz,7z) is an intuitionistic anti fuzzy LA-subring of an LA-ring R/ X R”. Now

pz(((21,22), (23, 24)) © (25, 26), (27, 28)))
= pxxy(((21,22) o (25, 26)), (23, 24) © (27, 28)))
= max{px((21,22) o (25, 26)), by (23, 24) 0 (27, 28))}
= mazx{px((25,26) o (21, 22)), by ((27, 28) © (23, 24)) }
= pxxy(((z5,26) © (21, 22)), (27, 28) © (23, 24)))
= pz(((25,26), (27, 28)) © ((21, 22), (23, 24)))-

Similarly

vz (((21, 22), (23, 24)) © ((25, 26), (27, 28)))
= vz(((25,26), (27,28)) o ((21, 22), (23, 24)))-

Hence Z = X x Y is an intuitionistic anti fuzzy normal LA-subring of an LA-ring
R/ x R".

Proposition 3. If an IFS A X B is an intuitionistic anti fuzzy normal LA-subring of an
LA-ring Ry x Ry, then OA X B = (paxB,Baxp) (resp. QA X B = (Yaxp,vaxB)) is also
an intuitionistic anti fuzzy normal LA-subring of an LA-ring R1 X Ra.

Proof. Let A x B be an intuitionistic anti fuzzy normal LA-subring of an LA-ring
Ry x Ry. We have to show that A x B = (quB,ﬁAxB) is also an intuitionistic anti
fuzzy normal LA-subring of an LA-ring Ry X Ry. Now

Baxp((x1,22) — (y1,92)) = 1— paxp((1,22) — (y1,92))
1 —max {ppaxp(w1,z2), haxB (Y1, y2)}
min {1 — paxp(x1,22), 1 — paxs Y1, y2)}
= min{fia.p(T1,72), Baxp(Y1,92)}-
and fiaxp((71,72) 0 (y1,92)) = 1— paxe((1,22) o (y1,42))
> 1 —max{paxp(r1,72), paxB(Y1,y2)}
= min{l — paxp(x1,22),1 — paxpy1,y2)}
= min{fiaxp(T1,22), Baxp(Y1,92)}

v

Thus A X B = (,quB, ﬁAxB) is an intuitionistic anti fuzzy LA-subring of an LA-ring
Rl X RQ. Now

Paxp((z1,22) 0 (y1,92)) = 1— paxs((®1,22) 0 (y1,%2))
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1 — paxB((y1,92) o (21, 72))
= ﬁAxB((yhy?) ° (1‘1, x2))

Hence A x B = (MAxBaﬁAxB) is an intuitionistic anti fuzzy normal LA-subring of
an LA-ring Ry X Rs.

Corollary 3. An IFS A x B is an intuitionistic anti fuzzy normal LA-subring of an LA-

ring Ry X Re if and only if JA x B = (HAvaHAxB) (resp. OAx B = (WAvaVAxB)) 18
an intuitionistic anti fuzzy normal LA-subring of an LA-ring R X Ras.

Theorem 3. An IFS A X B = (puaxB,YaxB) 18 an intuitionistic anti fuzzy normal LA-
subring of an LA-ring Ry X Ry if and only if the fuzzy subsets paxp and 7,4 p are anti
fuzzy normal LA-subrings of an LA-ring R1 x Rs.

Proof. Let A x B = (uaxB,YAxB) be an intuitionistic anti fuzzy normal LA-subring
of an LA-ring R; x Ry. This implies that paxp is an anti fuzzy normal LA-subring of an
LA-ring R; x Ry. We have to show that 74, 5 is also an anti fuzzy normal LA-subring of
an LA-ring R; X Rs. Now

Yaxp((@1,22) = (y1,92)) = 1 —vaxs((z1,22) — (y1,92))

1 —min{vaxp(r1,22),vaxB(Y1,Y2) }
maz{l — yaxp(r1,72), 1 —vaxB(y1,92)}
maz{¥ ax (1, 22), Yax Y1, ¥2) }-

I —yaxs((z1,22) o (y1,92))

1 — min{yaxp(x1,72),7axB(Y1,92)}
mar{l — yaxp(21,22), 1 — vaxB(Y1,92)}
maz{¥ ax (1, 22), Yax (Y1, Y2) }-

IN

and ¥ 4, (21, 22) © (y1,92))

IA

Thus ¥4, 5 is an anti fuzzy LA-subring of an LA-ring R; x Ry. Now

Yaxp((@1,22) 0 (y1,92)) = 1—yaxs((z1,22) 0 (y1,92))
= 1—yaxB((y1,92) o (71, 72))
= Faxp((y1,y2) o (z1,12)).

Hence 7 4, p is an anti fuzzy normal LA-subring of an LA-ring R; X Rj.

Conversely, suppose that paxp and 74,5 are anti fuzzy normal LA-subrings of an
LA-ring Ry X Ry. We have to show that A x B = (uaxp,YAxB) is an intuitionistic anti
fuzzy normal LA-subring of an LA-ring Ry X Ry. Now

- 7AxB((x1>x2) - (y1,y2)) = 7AxB(($17$2) - (y17y2))
< max{Faxp(r1,22), Taxp Y1, y2)}
= max{l —yaxp(®1,22),1 —vaxBY1,¥2)}
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= 1—min{yaxp(r1,22),74xB(Y1,¥2)}
and 1 —yaxB((z1,22) o (y1,92)) = Faxp((®1,22) 0 (y1,92))

< maz{Yaup(T1,22), Yaxp W1, y2)}

= maz{l —ya(z1,22), 1 —ya(y1,52)}

= 1 —min{ya(z1,z2),v4(y1,y2)}-

Thus A X B = (iaxB,YAxB) is an intuitionistic anti fuzzy LA-subring of an LA-ring
R1 X RQ. Now

I —vaxB((z1,22) 0 (y1,42)) = Faxp((®1,22) 0 (y1,92))
WAXB((ylﬂyz) ° (1'1,.%'2))
= 1—va((y1,92) o (z1,22)).

Hence A x B = (uaxB,YAxB) is an intuitionistic anti fuzzy normal LA-subring of an
LA—ring R1 X RQ.

Theorem 4. An IFS A X B = (uaxB,YAxB) 15 an intuitionistic anti fuzzy normal LA-
subring of an LA-ring Ry X Rg if and only if the fuzzy subsets igw g and vaxp are fuzzy
normal LA-subrings of an LA-ring Ry X Rs.

Proof. Let A x B = (uaxp,YAxpB) be an intuitionistic anti fuzzy normal LA-subring
of an LA-ring Ry X Ro. This means that v4xp is a fuzzy normal LA-subring of an LA-ring
Ry X Rz. We have to show that i, g is also a fuzzy normal LA-subring of an LA-ring
Rl X RQ. Now

PBaxp((z1,22) — (y1,92)) = 1— paxp((@1,22) — (y1,92))

1 —max{paxp(®1,22), paxp(Y1,y2)}
min{l — paxp(r1,22), 1 — paxp(y1,y2)}
min{fiax p(T1,%2), Bax (Y1, y2) }-

1 — paxs((w1,22) o (y1,92))

1 —maz{pa(z1, x2), pa(yr, y2)}

min{l — pa(z1,22),1 — pa(yr, y2)}

= min{liaxp(T1,22), Baxp(Y1,Y2)}

v

and iy g((x1,22) o (Y1, y2))

v

Thus fi4 5 is a fuzzy LA-subring of an LA-ring Ry X Rs.

Faxp((@n,e2) o (y1,92) = 1= pa((@r,2) 0 (11,92)
= 1—pa((y1,y2) o (z1,22))
= Baxs((W1,y2) o (z1,22)).

Hence 74, g is a fuzzy normal LA-subring of an LA-ring Ry x Rs.
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Conversely, assume that i 4, pand y4xp are fuzzy normal LA-subrings of an LA-ring
R; x Ry. We have to show that A x B = (uaxp,YAxp) is an intuitionistic anti fuzzy
normal LA-subring of an LA-ring R; X Ro. Now

1= paxs((z1,22) = (y1,92)) = Baxp((@1,22) — (y1,92))

min{fiay p(T1,72), Baxp(Y1,Y2)}

min{l — paxp(1,22),1 — paxs(y1,y2)}
1 —max{paxp(@1, x2), paxs(y1,y2)}
Paxp((z1,22) o (y1,2))
min{fiax g(®1, 22), Lax g (Y1, y2) }

min{l — paxp(x1,22),1 — paxp(y1,y2)}
1 —max{paxp(®1,22), praxs(Y1,y2)}-

Y

and 1 — paxp((z1,22) o (y1,92))

v

Thus A X B = (iaxB,YAxB) is an intuitionistic anti fuzzy LA-subring of an LA-ring
R1 X RQ. Now

1 —paxs((z1,22) o (Y1,42)) = Taxp((@1,22) 0 (y1,¥2))
Faxp((y1,y2) o (z1,22))
= 1—paxs((y1,92) o (z1,72)).

Hence A x B = (uaxB,YAxpB) is an intuitionistic anti fuzzy normal LA-subring of an
LA—ring Rl X Rg.

Lemma 4. Let A and B be intuitionistic fuzzy sets of LA-rings R1 and Rg with left
identities e1 and eo, respectively. If A x B is an intuitionistic anti fuzzy LA-subring of an
LA-ring Ry X Ro, then at least one of the following two statements must hold.

1 pa (@) = i (e2) and 14 (2) < 7p (€2)., for all z € Ry.

2. up (z) > pa(e1) and vp () < ~yal(e1), for all x € Ro.

Proof. Let A x B be an intuitionistic anti fuzzy LA-subring of an LA-ring Ry X Rs.
By contraposition, suppose that none of the statements (i) and (i7) holds. Then we can
find @ and b in R; and Ro, respectively such that

1 (e2) and ya (a) = v5 (e2),
pa (e1) and vp (b) > va (e1).

pa (a)
pp (b)

VARVAY

Thus

paxp(a,b) = max{pa(a), np(b)}
maz{paler), up(ez)}
paxs(el,ez)
min{va(a),v5(b)}

A

and y4xp(a,b)
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> min(va(e1), ve(e2))
= 7yaxs(e1,ea).
This implies that A x B is not an intuitionistic anti fuzzy LA-subring of an LA-
ring Ry X Ro. Hence either pg (z) > pp(e2) and v4 (z) < yp(e2), for all x € Ry or
up (x) > pa(er) and v (z) < v4(e1), for all x € Rs.

Theorem 5. Let A and B be intuitionistic fuzzy sets of LA-rings R1 and Ry with left
identities e1 and eq, respectively and A x B is an intuitionistic anti fuzzy normal LA-
subring of an LA-ring Ry X Ra. Then the following conditions are true.

1. If pa (x) > pp(e2) and v4 (z) < vp(e2), for all x € Ry, then A is an intuitionistic
anti fuzzy normal LA-subring of Ry.

2. If up () > pa(e1) and v (x) < ya(e1), for all x € Ro, then B is an intuitionistic
anti fuzzy normal LA-subring of Rs.

Proof. 1. Let pa(x) > up(e2) and v4 (z) < vp (e2) for all x € Ry, and y € R;. We
have to show that A is an intuitionistic anti fuzzy normal LA-subring of an LA-ring R;.
Now

pa(—y) = palz+(-y))

maz{pa(z + (—y)), up(e2 + (—e2))}

paxp(®+ (—y),e2 + (—e2))

paxs((z,e2) + (—y, —e2))

paxB((z, e2) — (y, €2))

paxB(z,e2) V paxp(y, e2)

maz{maz{pa(z), pp(e2)}, mar{pa(y), pp(e2)}t}
pa(z)V pa(y)

A

and

pa(ry) = max{pa(ry), pp(ezes)}

pAxB(TY, e2e2)

paxs((z,e2) o (y,e2))

paxB(x,e2) V paxp(y, e2)
maz{maz{pa(z), pp(e2)}, max{pa(y), uple2)}}
pa(x) V pa(y).

I VAN (|

Similarly, we have

va(z —y) = min{va(x),va(y)} and va(zy) > min{ya(z), va(y)}.

Thus A is an intuitionistic anti fuzzy LA-subring of an LA-ring R;. Now

pa(ry) = mar{pa(ry), pp(ezez)}
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= paxB (zy, eze2)

= paxs ((w,e2) o (y,e2))
= paxs ((y,e2) o (z,e2))
= MAxB(yx,ezez)

= max{pa(yr), pp(ezez)}
= pa(yz).

Similarly, v5(zy) = vp(yx). Hence A is an intuitionistic anti fuzzy normal LA-subring
of an LA-ring R;. 2. is same as 1.

3. Direct Product of Finite Intuitionistic Anti Fuzzy Normal
LA-subrings

We define the direct product of intuitionistic fuzzy sets Ai, As,..., A, of LA-rings
Ry, Ro, ..., Ry, respectively and examine the some fundamental properties of direct product
of intuitionistic anti fuzzy normal LA-subrings of an LA-ring R; X Ra X ... X Ry,.

Let p1, p2, ---, ftn, be fuzzy subsets of LA-rings Ry, Ra, ..., Ry, respectively. The direct
product of fuzzy subsets 1, po, ..., ity is denoted by p1 X ps X ... X u, and defined by
(1 X p2 X oo X ) (@1, T2, ovy ) = man{py(x1), p2 (22) 5 ..., in () }.

A fuzzy subset pup X pg X ... X py of an LA-ring Ry X Ro X ... X R, is to be a fuzzy
LA-subring of Ry X Rs X ... X Ry if

Lo (g1 X p2 X oo X pn) (@ — y) = min{(pn X pg X oo X pp ) (@), (11 X p2 X oo X pin ) () }

2. (1 X pg X oo X pp)(2y) = min{(pu1 X po X oo X pin) (), (1 X p2 X ... X py)(y)} for
all x = (z1, 29, ..., n) , ¥y = (Y1,Y2, -+, Yn) € R1 X Ry X ... X Ry,.

A fuzzy subset pq X po X ... X i, of an LA-ring Ry X Ry X ... X Ry, is to be an anti fuzzy
LA-subring of Ry X Rg X ... X Ry if

Lo (X pg X o X p) (2 = y) < maz{(pn X p2 X oo X pan ) (@), (pa X 2 X oo X pa) (y)}

2.y X pg X oo X i (zy) < max{(py X pg X oo X ) (), (1 X pg X oo X pp)(y)} for all
T = (1,22, .., Tn) , Y = (Y1, Y2, -y Yn) € R1 X Ry X ... X Ry,.

A fuzzy LA-subring of an LA-ring Ry x Ry X ... X R, is said to be a fuzzy normal
LA-subring of Ry X Rg X ... x Ry if (1 X pg X oo X pp)(2y) = (1 X pro X oo X pin) (yx)
for all x = (z1,22,...,2n) ¥ = (Y1,Y2, -, Yn) € R1 X Rg X ... X R,,. Similarly for anti fuzzy
normal LA-subring.

Let Ay, Ao, ..., A, be intuitionistic fuzzy sets of LA-rings Ri, Ro, ..., R, respectively.
The direct product of intuitionistic fuzzy sets Aq, As..., A, is denoted by A1 x As X ... X A,
and defined by A; x Az x ... x Ay = {(, ta; x Asx..x A, (T), YA x Agx..x A, (x)) | for all
x = (z1,T2,....,on) € Ry X Ry X ... X R}, where

/«LA1><A2><...><An(:L‘17:L‘27"'7'1"%) — max{MA1($1)7uA2(x2)7"'a/'LAn(:L‘n)}
a‘nd 7A1><A2><...><An($17$27"'7$n) = min{’YAl(l‘l)aVAg(iﬁZ)a---7’7An($n)}-
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An intuitionistic fuzzy set (IFS) A1 x Ag X ... X Ay = (JA; x Ay x...x A s VAL x Agx...x Ay, ) OF
an LA-ring R; X Ry X ... X Ry, is to be an intuitionistic anti fuzzy LA-subring (IAFLSR) of
Ri X Ry X ... x R, if

1. HA1><A2><...><An(«T - y) < maaf{MAlezx...xAn(m)a MAlegx...xAn(y)}a

2. [1A; x A x An (TY) S Maz{fa; x Agx...x A, ()5 A x Ao x...x An (U) }5

3. YA xAsx..x A, (T —y) > min{'YAlegx...xAn(l')7'YAlegx...xAn(y)}a

4. YA X Ao X...X An, (553/) > min{'VAl XAgX...X Ay ('I)a YA xAsX...X Ay, (y)}7 forallz = ('Ila T2y ey l'n) » Y

(Y1,Y2y -y Yn) € R1 X Ry X ... X Ry,.

An intuitionistic anti fuzzy LA-subring A; X Ao X ... X Ay, = (1A x Ay x...x Ay » VAL X Agx...x Ay,)

of an LA-ring Ry X Ro X ... X Ry, is said to be an intuitionistic anti fuzzy normal LA-subring
(IAFNLSR) of Ry X Rg X ... X R, if
L pAy x Agx...x A, (TY) = 1Ay x Ayx..x A, (YT)

2. YA x Ao x An (TY) = VA x Ao x...x A, (yx) for all x = (x1, 22, ..., 2n) , ¥y = (Y1, Y2, s Yn) €

Ry x Ry x ... x R,.
Let A; x Ay x ... X A, be a non-empty subset of an LA-ring R = R; X Ry X ... X R,,.
The intuitionistic anti characteristic function of A = A; x Ay x ... X A, is denoted by

XArx Ao An = (Hxcayx agcan s Vxas xagx.xan ) and defined by

Oifxe A lifze A
:U’XA(J"): 11fl’¢A and’YXA('x): 01fl’¢A

[17] If Ry, Ry are LA-rings, then direct product Ry X Ry of R; and Ry is an LA-ring
with pointwise addition ‘+’ and multiplication ‘o’ defined as (a,b) + (¢,d) = (a + ¢, b+ d)
and (a,b) o (¢,d) = (ac,bd), respectively for every (a,b), (c,d) € R; x Rs. Likewise the
direct product R = x,_, R; of a family of LA-rings {R; : i € Q} has the structure of an
LA-ring with the operations of addition and multiplication defined as

a+b (a1, az,as,...) + (b1, ba, bs, ...)
= (a1 +b1,a2 + b2, as + b3, ...)
and aob = (a,a9,as,...)o (by,bs,bs,...)
= (a1b1, azbs, asbs, ...)

for all a = (al,az, ...,an),b = (bl,bz, ,bn) € R.

Lemma 5. If Ay, Ao, ..., A, are LA-subrings of LA-rings Ry, Ra, ..., Ry, respectively, then
Ay X Ay X ... X Ay is an LA-subring of an LA-ring R1 X Ry X ... X R, under the same
operations defined as in [17].

Proof. Straight forward.

Lemma 6. Let Ay, Ao, ..., Ay, be LA-subrings of LA-rings R1, Ro, ..., R, respectively. Then
Ay X Ag X ... X Ay, is an LA-subring of an LA-ring Ry X Rs X ... X Ry, if and only if the
intuitionistic anti characteristic function xa = (fy 4, Vxa) 0f A= A1 x Ag x ... X A, is an
intuitionistic anti fuzzy normal LA-subring of an LA-ring Ry X Rg X ... X R,,.
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Proof. Let A = A1 x Agx...x A, be an LA-subring of an LA-ring R; X Rs X ... X R, and
a = (al,az, ...,an),b = (bl,bz, ,bn) ERIXRox..xR,. Ifa,be A= A1 x Ay x ... x A,,
then by definition of intuitionistic anti characteristic function pu, ,(a) = 0 = pu,,(b) and
Yyala) =1=r,,(b). Since a — b and ab € A, A being an LA-subring. This implies that

fix4 (@ — D) 0=0V0=rpy,(a)Vpy,(),
fixa(ab) = 0=0V0=py,(a)V py,(b),
Yxala=b) = 1=1A1=r,(a) Ay, (D),
Yyalab) = 1=1A1=r,(a)Avy, (D)
Thus
fxala—0) < maz{uy,(a), iy, (b)},
fixa(ab) < maz{py,(a), py, (D)},
Yxala=0) = min{yy,(a), 1y, ()},
Yxalab) = min{yy,(a), vy, (b)}
As ab and ba € A, so py,(ab) = 0 = py,(ba) and vy ,(ab) = 1 = 7, (ba), ie.,

oy 4 (@b) = piy, (ba) and 7y, (ab) = 7y, (ba). Similarly, we have

Txa (a —b > min{’yXA (a)7 Txa (b)}v Txa (ab) 2 min{'YXA (a)v Txa (b)}’

)
fxala—0) < max{py,(a), iy, (0)}, pix,(ab) < maz{piy,(a), py, (0)},
)
fix 4 (ab) Pa (@), ¥y q(@b) = vy, (ba),

when a,b ¢ A. Hence the intuitionistic anti characteristic function x4 = (fty,, Vya) of
A= A; X Ay x ... Xx A, is an intuitionistic anti fuzzy normal LA-subring of an LA-ring
Ry x Ry X ... x R,,.

Conversely, suppose that the intuitionistic anti characteristic function x4 = (fy ., Vxa)
of A= A; x Ay x ... x A, is an intuitionistic anti fuzzy normal LA-subring of an LA-ring
Ry X Ry X ... X R,,. We have to show that A = A; x Ay x ... X A, is an LA-subring of an
LA-ring R; X Ry X ... X R,. Let a,b € A, where a = (a1, a,...,a,) and b = (by,be,...,by,),
by definition, we have p,, (a) = 0 = p,, (b) and 7, (a) = 1 = vy, (b). By our supposition

fxala—b) < py,(a) Vi, (b) =0V 0=0,
tixa(ab) < pya(a) Vo, (b)) =0V 0 =0,

Yeal@ =) = (@) Ay, (b) =1A1=1,
Yxalab) = (@) Ay, (b) =1A1=

Thus gy, (@ —b) =0 = iy, (ab) and v, ,(a —b) =1 = v, ,(ab), i.e., a — b and ab € A.
Hence A = A; x Ay x ... X A, is an LA-subring of an LA-ring Ry X Ry X ... X R,,.

Lemma 7. I[f A= A1 X As x ... x A, and B = By X By X ... X By, are two LA-subrings
of an LA-ring Ry X R X ... X Ry, then their intersection AN B is also an LA-subring of
an LA-ring R1 X Ro X ... X R,,.
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Proof. Straight forward.

Theorem 6. Let A= A1 x As X...xX Ay, and B = BX By X...x By, be two LA-subrings of an
LA-ring Ry X Re X...x R,. Then ANB is an LA-subring of an LA-ring Ry X Ra X ... X Ry, if
and only if the intuitionistic anti characteristic function xz = (tx,, Vxz) 0f Z = ANB is
an intuitionistic anti fuzzy normal LA-subring of an LA-ring R1 X Ra X ... X Ry,.

Proof. Let Z = AN B be an LA-subring of an LA-ring Ry X Ry X ... X R, and a =
(a1,a2,...;an),b=(b1,b1,....;b,) € RixRox...X R,,. If a,b € Z = AN B, then by definition
of intuitionistic anti characteristic function p,, (a) = 0 = 1, (b) and vy, (a) =1 = 7, (b).
Since a — b and ab € Z, Z being an LA-subring. This means that

:uXZ( _b) = OZOVOZMXZ(G)\/MXZ(b)’
= OZOVOZ,LLXZ(CL)\/,LLXZ(Z)),

x5 (ab)
Yz(@=0) = 1=1A1=",(a) Ay, (b),
’YXZ(ab) = l=1A1= ’VXZ(G) A ’VXZ(b)'
Thus
fxy(a—0) < maz{py,(a), uy,(b)},
Hxz(ab) < maz{py,(a), ty, (0)},
Yxz(a—=0) > min{vyy,(a), 1, (D)},
Yxz(@b) > min{yy,(a), vy, (b)}.

)
z
As ab and ba € Z, this implies that y,, (ab) = 0 = p,, (ba) and 7y, (ab) = 1 = 7, (ba),
i.e., fiy,(ab) = piy, (ba) and 7y, (ab) = vy, (ba). Similarly, we have

Hyz(a —b) max{fiy,(a), fix, (0)}, Hyy(ab) < maxf{py,(a), py, (b)},
Vxz (CL - b) min{’YXZ (a)v Yxz (b)}v Vxz (ab) Z min{’)/xz (a)’ Vxz (b)}’
Yxz (ab) = Vxz (ba), Vxz (ab) = Txz (ba),

when a,b ¢ Z. Hence the intuitionistic anti characteristic function xz = (tty,, Yy, ) of
Z is an intuitionistic anti fuzzy normal LA-subring of an LA-ring R; X R X ... X R,,.

Conversely, assume that the intuitionistic anti characteristic function xz = (tty,, Vxz)
of Z = AN B is an intuitionistic anti fuzzy normal LA-subring of an LA-ring R; X
Ry x ... X Ry,. Let a,b € Z = AN B, by definition, we have p,,(a) = 0 = p,,(b) and
Yz (@) =1 =",,(b). By our assumption

<
>

i (@—8) <ty (@) V iy, (B) =0V 0 =0,
fixz (ab) < z(a) V iy (b) =0V 0 =0,
Yxz(@—b) = z(a)/\%cz(b) IAT =1,
Yxz(ab) = g (@) Ay, () =1A1 =
Thus pty,(a —b) = 0 = 1y, (ab) and fyxz(a b) =1=1,,(ab), ie., a—0band ab e Z.

Hence Z is an LA-subring of an LA-ring Ry X Ry X ... X R,,.
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Corollary 4. Let {B;}icr = {Ai X Aj2 X ... X Ain}icr be a family of LA-subrings of an
LA-ring Ry X Ry X ... X R,,. Then B = NB; is an LA-subring of an LA-ring R1 X Ry X
.. X Ry, if and only if the intuitionistic anti characteristic function xB = (fyg, Vxg) Of
B = NB; is an intuitionistic anti fuzzy normal LA-subring of an LA-ring Ry X Ra X ... X Ry,.

Theorem 7. I[fA = A1 x Ay x...x A, and B = By X By X...xX B, are two intuitionistic anti
fuzzy normal LA-subrings of an LA-ring Ry X Ry X ... X Ry, then their intersection AN B
is also an intuitionistic anti fuzzy normal LA-subring of an LA-ring R1 X Ro X ... X Ry,.

Proof. Let A = A; x Ag X ... X Ay = {((a), A1 xAsx ... x A, (@), YA x Asx...xA(@)) |
for all a = (al,ag,...,an) € R Xx Ry X ... X Rn} and B = By x By x ... x B, =
{((b),,LLleB2><_._><Bn(b),’}/leB2x_..XBn(b)) | fOl“ al] b = (bl,bQ, ,bn) S Rl X R2 X ... X RTL}
be two intuitionistic anti fuzzy normal LA-subrings of an LA-ring Ry X Rg X ... X R,,. Let
Z=ANBand Z ={((2),uz(z),7vz(z)) | for all z = (z1,22,...,2n) € R1 X Ry X ... X R},
where

pz(z1,22, 0y 2n) = panB(21,22, ..., 2n)
= max{pa(z1,22, ..., 2n), pB(21, 22, -y 2n) }
and vz (21, 22, ..y 2n) = YanB(21, 22, ..y Zn)

= min{va(z1, 22, ..., 2n), YB(21, 22, ..., 2n) }-

Let z = (21, 2ny «vy 2n), W = (W1, W2, ...y wy) € R X Re X ... X R,,. Now

pz(z —w) pz(z —w) =mar{pa(z — w), up(z —w)}
{pa(z) vV pa(w)} V{up(z) v pp(w)}
pa(z) VA{pa(w) vV up(2)} V pp(w)

pa(z) VA{ps(2) V pa(w)} vV pp(w)
{pa(z) Vup(2)} VvV {pa
max{panp(z), pans(w

= max{pz(z), pz(w)}

1IN

w) V pp(w)}

(
)}

and

wz(zow) =maz{pas(zow),up(zow)}
{1a() V pa(w)} v {p(2) V ps ()}
pa(2)V {a(w) V()}V ()
a2V {(2) V pa()} V()
{ra(z) vV ps(2)} VA{pa(w) v pp(w)}
maz{fianp(2), pans(w)}

= maz{pz(z), pz(w)}.

z(z 0w)

o IA

Thus

wz (21,22, .oy 2n) — (W1, Wa, ..., wy))
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< max{pz(z1, 22, oy 2n), Pz (W1, Wa, ..., wy) }
and pz((21, 22, -, 2n) © (W1, wa, ..., wy))

< mazx{pz(z1, 29, ..., 2n), pz (w1, wa, ..., wy) }.

Similarly, we have

ryZ((217227"'7zn) - (w17w27"'7wn))
Z min{’yZ(217227"'7zn)7’YZ(/wl7w27"'7wn)}
and vz ((21, 22, .., 2n) © (W1, W3, ..., wy))

> min{yz(z1, 22, -, Zn), Yz(W1, W2, ..., wy) }

Thus Z = (uz,7z) is an intuitionistic anti fuzzy LA-subring of an LA-ring R; X R X
... X R,. Now

wz((z1,22, ...y 2n) © (W1, W3, ..., wy))
= panp(z1wi, 22wa, ..., 2wy,
maz{pa(z1wi, 20w, ..., 2wy ), LB(21W1, 22W2, ..., ZnWp ) }
max{pa(wiz1, Wez2, ..., Wn2n), kp(W121, W22, ..., Wn2n) }
= pans(wiz1, waza, ..., wpzy)

pz (w1, wa, ...;wy) o (21, 22, ...y 2n)).

Similarly

vz (21, 22, «ovy 2n) © (W1, W2, ..oy wy)) = Yz (W1, wa, ..., wy) © (21, 22, ..., 2n)).

Hence Z = AN B is an intuitionistic anti fuzzy normal LA-subring of an LA-ring
Ri x Ry X ... X R,,.

Corollary 5. If {Bi}icr = {Ain X A2 X ... X Ain}icr is a family of intuitionistic anti
fuzzy normal LA-subrings of an LA-ring R1 X Ra X ... X Ry, then B = NB; is also an
intuitionistic anti fuzzy normal LA-subring of an LA-ring Ry X Ry X ... X R,,.

Proposition 4. If an IFS A = A1 X Ay X ... X A, is an intuitionistic anti fuzzy normal
LA-subring of an LA-ring Ry X Ry X ... X Ry, then JA = (ua,fiq) (resp. QA= (F4,74)) is
also an intuitionistic anti fuzzy normal LA-subring of an LA-ring Ry X Ro X ... X Ry,.

Proof. Let Aj x Ay x...x A, be an intuitionistic anti fuzzy normal L A-subring of an LA-
ring R x RgX...x R,,. We have to show that Ay X Ao X ... X Ay = (LA x Ao x...x Ans AL x Asx...x Ay, )
is also an intuitionistic anti fuzzy normal LA-subring of an LA-ring R; X Rs X ... X R,,.
Now

ﬁAlXAQX...XAn((:E17‘T27 ,fL’n) - (y17y27 7y7l))
= 1— paxasx...xA, (1,22, .., 20) — (Y1, Y2, -, Un))
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> 1 —maz {14, x Ay x...x Ay (T15, T2, ooy Tn )y LAy x Ag k... Ay (Y1, Y25 o5 Yn) }
= min{l — pa;xAyx..xAp (T1, T2, s Tn)s L — Ay x Ay ... x An (Y1, Y25 -5 Yn) }
= MIN{TIA, x Agx...x Ay (T1, 025 s T ), Ay x Ay .. x Ay (Y15 Y25 -, Yn)
and Tig; x Ay x..x A, (T1, T2, -, Tn) © (Y1, Y2, -+, Yn))
= 1- ,UA1><A2><...><An((-T1a T2y eeny $n) o (yla Y2, 7yn))
> 1 —maw {f1a; x Ay x..x Ap (T1, 25 ooy Tr )y LAy x Ag .. x Ap (Y15 Y25 -5 Yn) }
= min{l — pa;x Ayx..x A, (T1, 22, o0y Tn)y 1T — A x Ay .. x A (Y1, Y25 s Yn) }

= min{ﬁA1 X Ao X...XAp (xla L2y -eey xn)aﬁAl XAaX...XAn (y1, Y2,y ey yn)}

Thus OA; x Ag X ... X Ap = (LA xAox...x Ans A x Ayx..x A,) IS an intuitionistic anti
fuzzy LA-subring of an LA-ring R; x Rg X ... X Ry,. Now

= A, xAoxox A, (T1, 25 s Tn) © (Y1, Y25 -, Yn)
1 — pa xAsx..xA, ((T1, 22, ..., Zn) © (Y1, Y2, -y Yn))
L — payx Ay x..x An (Y1, Y2, s Yn) © (71, T2, .o Tn))
= Ay xApx..xAn (Y1, Y2, s Un) © (21, T2, 0y Tn)).

Hence A1 x Ap X ... X Ay = (A x Ayx..x Ans A, x Agx...x A, ) 1S an intuitionistic anti
fuzzy normal LA-subring of an LA-ring R; X Ry X ... X R,,.

Corollary 6. An IFS A= Ay X As X ... X Ay, is an intuitionistic anti fuzzy normal LA-
subring of an LA-ring Ry X Ry X...X Ry, if and only if A = (ua,fig) (resp. OA = (74,74))
is an intuitionistic anti fuzzy normal LA-subring of an LA-ring R1 X Ro X ... X R,.

Theorem 8. An IFS A1 x AaX...xAp = (A, x Ay x.. x Aps VA x Az x...x A, ) 1S an intuitionistic
anti fuzzy normal LA-subring of an LA-ring Ry X Re X ... X R, if and only if the fuzzy
subsets A, x Ayx..x An ONA Y A % Ayx.. x A, aT€ anti fuzzy normal LA-subrings of an LA-ring

Ry x Ry X ... x R,,.

Proof. Let A1 X Aa X ... X Ap = (A, xAsx...x A, s YAy x Ay x...x A, ) be an intuitionistic anti
fuzzy normal LA-subring of an LA-ring R; X Rg X ... X Ry,. This implies that 14, x 4,x...x A,
is an anti fuzzy normal LA-subring of an LA-ring Ry X Ro X ... X R,,. We have to show that
YAy x Asx...x A, 15 also an anti fuzzy normal LA-subring of an LA-ring Ry x Ry X ... X Ry.
Now

Y Arx Ag . An (1, T2, o, Tn) — (Y1, Y2, - Yn))
= 1 =4, %A% x4, (21,22, .o, ) — (Y1, 92, -, Yn))
< 1 —min{va, x Ao x..x Ay (T1, T2, ooy T )y, YA x Ag X A (Y15 Y25 03 Yn) }
= ma${1 - ’YA1><A2><...><An(-T1,l‘2, ---,ﬁn), 1- 7A1><A2><...><An(yla3/27 7?/71)}
= MaT{V A, x Agx... x A (T15T25 o, Tn)s Y Ay x A x..x Ay (Y15 Y25 -0 Yn) -
and Y4, Ay x...x A, (21, T2, s Tn) © (Y1, Y25 -, Yn))
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1 =794, x Ay x.. xA, (1,22, ey ) © (Y1, Y2, ovy Un))

L — min{vA, x Ao x..x An (T1, T2, ooy T ), YA x Ag x oo A (Y15 Y25 0y Yn) }
Mar{l — YA, x Ayx..x A (T1, T2y ooy Tn )y 1 — YAy x Agxox A (Y1, Y25 -, Yn) }
MAT{Y Ay 5 Ag ... x A (T15 T2 o Tn)s Y Ay Ag .. x A (Y15 Y25 o5 Yn ) |-

Thus ¥4, x 4, x...x 4, 18 an anti fuzzy LA-subring of an LA-ring Ry X Rz X ... X R;,. Now

F Ay x Agx...x An (T, 22, 0y Tn) © (Y1, Y2, s Yn))
= 1 — YA xAsx..xA, (1, 22, s Tn) © (Y1, Y2, - Yn))
= 1 —yaxAsx...xA, (Y1, Y2, -, Un) © (21, T2, ..., )
= Ya;xAsx..xA, (Y1, Y2, s Yn) © (21, T2, ..., Tp)).

Hence 7 4, » 4, x...x 4, i an anti fuzzy normal LA-subring of an LA-ring Ry X Ry X... X Ry,.

Conversely, suppose that g, xa,x..xA, and ¥4, x a,x.. x4, are anti fuzzy normal LA-
subrings of an LA-ring Ry X Ry X ... X R,. We have to show that A; x Ay X ... X A, =
(A x Agx...x Ay VA1 x Agx...x A,,) 1S an intuitionistic anti fuzzy normal LA-subring of an LA-
ring Ry X Ry X ... X Ry,. Now

A

1- ’7A1><A2><...><An(($1,$2, ---axn) - (y17y27 ayn))

Y Arx Ag . An (1, T2, oo, Tn) — (Y1, Y2, - Yn))

MATY 47 x Agx... x Ay (T15T25 o Tn)s VA x A xo.x Ay (Y15 Y25 -3 Yn) }
max{l - '7A1><A2><...><An(1'17 X2y .euy xn), 1- ’YA1><A2><..‘><An(yla Y2, ,yn)}
L — min{ya; x Agx...x An (T15 T2, ooy T )y YAy x Ag .. x A (Y15 Y25 -5 Yn) }
and 1 — y4, x Ay x..xA, (1,22, ..., ) © (Y1,Y2, -y Yn))
WAleQX...XAn((x17x27"'7'%'7'7') ° (Y1,Y25 1 Yn))

MAT{Y A, x Ao x A (T15 825 o+, Tn) T Ay s Ag oo Ay (Y15 Y25 o3 Yn)
Mar{l — YA, x Ay x..x A (T1, 025 o0 T ), 1 — YAy x Ap .. x A (Y15 Y25 5 Un) }

T —min{ya, x Ao x...x Ap (T1, T2, ooy Tn)s YA x Ao ... x An (Y1, Y2, s Un) }-

Thus A1 X Ag X ... X Ay = (JlAy x Agx...x Ay » VA3 x Asx...x A, ) 1S an intuitionistic anti fuzzy
LA-subring of an LA-ring R; X Ry X ... X R,,. Now

1-—- ’7A1><A2><...><An((55173327 axn) o (y17y27 ayn))
= VAlegx...xAn((Ilvx%'“7$n) o (yl,yz,...,yn))
= VArxAsx..x A, (Y1925, Yn) © (21, T2, ..o, Tn))
= 1= YA x455..xA, (Y1, Y2, s Yn) © (T1, T2, .o, Tp)).

Hence Ay x Ao x ... X Ap = (J1A; x Ay x...x Ans VA1 x As x...x A, ) 18 an intuitionistic anti fuzzy
normal LA-subring of an LA-ring R} X Ry X ... X R,,.
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Theorem 9. An IFS A1 x AaX...x Ay, = (A, x Ay x.. x Aps YAy x Az x...x A, ) 1S an intuitionistic
anti fuzzy normal LA-subring of an LA-ring R1 X Re X ... X Ry, if and only if the fuzzy
subsets Ty, w Ay x..xA, ONAd YA;xAsx..xA, are fuzzy normal LA-subrings of an LA-ring
Ri X Ry X ... X R,,.

Proof. Let Ap X Aa X ... X Ay = (WA x Agx...x Ay s YA x Asx...x A, ) De an intuitionistic anti
fuzzy normal LA-subring of an LA-ring Ry x Ry X ... X R;,. This means that y4, xA,x...xA,,
is a fuzzy normal LA-subring of an LA-ring Ry x Ry X ... X R,. We have to show that
TA, x Ayx...x A, 18 also a fuzzy normal LA-subring of an LA-ring Ry x Ry X ... X R,;. Now

Toay s Agx...x A, (1, T2, oy Tn) — (Y1, Y2, -0, Un))
LI — pa, xAsx..xa, (1, 22, s Tn) — (Y1, Y2, -3 Un))

> 1 —maz{pa; x Ay x...x Ay (T1, T2, ooy Tn )y BA; x Ap .. Ap (Y15 Y25 s Yn)
= min{l — HA; X Agx.. X Ap (3717 L2y weey xn)a 1-— HAIxAsx...xAp (yl, Y2, ..ey yn)}
= MIN{TA, x Ay ... x A (T15 T2 o0y Tn)s A x A .. x Ay (Y15 Y25 03 Y )
and T, s ayx...xA, (T1, 22, s Tn) © (Y1, Y2, -, Yn))
= 1= prayxagx...xA, (1,72, ., 20) © (Y1, Y2, -+, Yn))
> 1 —maz{pa, x Asx...x An (T1, T2, ooy Tn )y Ay x Ap .o A (Y15 Y25 o Yn )

mAn{1l — LA, x Agx...x Ap (T1,T25 ey Tn )y 1 — LA, x Ao An (Y15 Y2, -3 Yn) }

min{ﬁAl X Ao X ... X An (xl, L2, -eny xn)aﬁAl X AgX...X A (y1, Y2, -1y yn)}

Thus fi4, « Ay%...x 4, 18 a fuzzy LA-subring of an LA-ring Ry X Ry X ... X R,,. Now

FAyx Apx..x An ((T1, 22, oo Tn) © (Y1, Y2, -, Yn))
= 1= f1a,xAgx...x A, (%1, 22, .o, Tn) © (Y1, Y2, -+, Yn))
= 1= pa;xasx..xA, (Y1,Y2y ooy Yn) © (T1, T2,y vy Tp))
= TAyxAgx..xAp (U1, Y25 s Yn) © (21, T2, ooy ).
Hence fi4, w4, x..x A, i @ fuzzy normal LA-subring of an LA-ring R1 x Ry X ... X R,.
Conversely, assume that 1i 4, « 4, x.. x4, a0d Y4, x Ay x...x A, are fuzzy normal LA-subrings

of an LA-ring Ry X R2X...X R,,. We have to show that A1 X AaX...X Ay, = (A x Agx...x Ans VA x Asx...x Ay, ) 1S
an intuitionistic anti fuzzy normal LA-subring of an LA-ring Ry X Ry X ... X R,. Now

L — payxAsx..x A, (T1, T2, s Tn) — (Y1, Y25 -, Yn))
= HAyxAoxox Ap (X1, 25 s Tn) — (Y1, 92, -+, Un))
> miAn{TA; x Agx..x A (T15 22, oes T ) s LAy x A xo.x Ay (Y15 Y25 -1 Yn)
= min{l — HA; X Agx... X Ap (3717 L2y weey ﬂjn)a 1- HAIxAsx...xAp (y1, Y2, vy yn)}
= 1 —mar{pa; x Ayx...x A, (T1, T2, -+, T )y Ay x Ay x...x A (Y1, Y25 -+, Yn) }
and 1 — pA, xAyx..x A, (1,22, oy Zn) © (Y1, Y2, ey Yn))
= TA,xAox...x An (T1, 225 s Tn) © (Y1, Y2, - Yn)

2 min{ﬁAl X Ag X ... X Ap, (z1,22, ..., xn)7ﬁA1 X AgX...X Ay, (Y1, Y2, s Yn) }
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= min{l — fa;x Ayx..x A (1,225 ooy Tn )y 1 — 14y x Ay x A (Y1, Y25 s Yn) }
= 1- max{,uAl XAaX...XAp (.I'l, L2y ey $n)7 HA xAgx...xAp, (yla Y2,y ey yn)}

Thus Ay x Ag X ... X Ay = (A x Ao x...x Ans VA1 x Asx...x A, ) 18 an intuitionistic anti fuzzy
LA-subring of an LA-ring R; X Ry X ... X R,,. Now

1—pa, ><A2><...><An((33175527 axn) o (y17y27 ayn))
= HAyxApx..x An (T1, 225 s Tn) © (Y1, Y25 -, Yn))
= Ay xAsx...x An (U1, Y25 oy Yn) © (21,2, 0y Tn))
= 1= pa;xasx..xA, (Y1, Y2, s Yn) © (21,22, ..., Tn)).

Hence Ay X Ao x ... X Ap = (J1A; x Agx...x Ans VA1 x As x...x A, ) 18 an intuitionistic anti fuzzy
normal LA-subring of an LA-ring R} X Ry X ... X R,,.

Proposition 5. Let A= A1 x Ay X ... x A, and B = By X By X ... X By, be intuitionistic
fuzzy sets of LA-rings R = Ry X Ry X ...X Ry, and R’ = R} x R, X ... x R}, with left identities
e = (e1,ea,....,en) and € = (eyl,eal, ..., enl), respectively. If A X B is an intuitionistic anti
fuzzy LA-subring of an LA-ring R x R/, then at least one of the following two statements
must hold.

L.opa(x) > up(€e) and ya (x) < vp ('), for all x € R.

2. () > pua e) and s () < 74 (€), for allz € .

Proof. Let A x B be an intuitionistic anti fuzzy LA-subring of an LA-ring R x R/. By
contraposition, suppose that none of the statements (i) and (i7) holds. Then we can find
a and b in R and R/, respectively such that

pa(a) < pp(e) and v4(a) > y5 (¢') .
1 (b) pra (e) and yp (b) > ya (e).

IN

Thus

I
3
IS
8
~—
=
b
S
=
os!
=
——

/’LAXB(a7 b)

IA
3
)
8
—~
=
b
o

and vaxg(a,b) = min{ya

Therefore A x B is not an intuitionistic anti fuzzy LA-subring of an LA-ring R x R'.
Hence either py (z) > pp (¢') and y4 (x) < vp (€¢'), for all z € Ry or up (x) > pa (e) and
vB () <4 (e), for all x € Ry.
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Theorem 10. Let A= A1 x Ay X...x Ay and B = By X By X ... X By, be intuitionistic fuzzy
sets of LA-rings R = Ry X Ry X ... X R, and R’ = R} x R, x ... X R}, with left identities
e = (e1,€2,....,en) and €’ = (e1/,eal, ..., enl), respectively and A X B is an intuitionistic anti
fuzzy normal LA-subring of an LA-ring R x R'. Then the following conditions are true.

L If pa(x) > pp(e') and ya (z) < yp(€)), for all x € R, then A is an intuitionistic
anti fuzzy normal LA-subring of R.

2. If up (¢') > pa(e) and yp (2') < va(e), for all 2’ € R, then B is an intuitionistic
anti fuzzy normal LA-subring of R'.

Proof. 1. Let pa () > pp(€) and v4 (z) < yp (¢’) for all z € R, and y € R. We have
to show that A is an intuitionistic anti fuzzy normal LA-subring of R. Now

pa(—y) = palz+(-y))

maz{pa(z + (=y)), us(e’ + (=€)}

praxp( + (=y), ¢ + (=€)

paxs((z,€) + (—y, —¢'))

= paxp((z,€) = (y,¢))

< paxs(x,€)V paxp(y,€)

= maz{maz{pa(z), pp(e)}, max{pa(y), pp(e’)}}
= pa(z) VvV pa(y)

and

pa(ry) = maz{pa(ry), pp(e'e)}

paxp(zy,e'e)

paxs((z,€) o (y,€))

paxB(z, 6,) V pax (Y, 6/)

maz{maz{pa(r), up(e)}, mar{pa(y), up(e)}}
pa(x) V pa(y).

1 VAN |

Similarly, we have

va(z —y) = min{va(x),va(y)} and va(zy) > min{ya(z), va(y)}.

Thus A is an intuitionistic anti fuzzy LA-subring of R. Now

pa(zy) = mar{pa(zy), pp(e'e’)}
= paxp (zy.e)
= paxs ((z.€) o (y,¢))
= paxs ((y:€) o (z,¢))
= paxp(yz,e'e)
= max{pa(yz), pp(e'e’)}
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= pa(yr).

Similarly, v5(xy) = v5(yx). Hence A is an intuitionistic anti fuzzy normal LA-subring
of R. 2. is same as 1.

Conclusion 1. Our aim is to encourage the research of associative algebraic structure by
studying a class of non-associative and non-commutative algebraic structure means LA-
ring and explored new methodological developments on LA-ring, which will be helpful in
future. The objective of this paper is to initiate the notion of intuitionistic anti fuzzy
normal subrings on LA-ring and established some imperative properties of such subrings.
We hope that in future, this concept would be a useful contribution in the theory of non-
associative algebraic structures.
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