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1. Introduction

In ternary operations, the commutative law is given by abc = cba. Kazim et al [18§],
have generalized this notion by introducing the paranthesis on the left side of this equation
to get a new pseudo associative law, that is (ab)c = (c¢b)a. This law (ab)c = (¢b)a is called
the left invertive law. A groupoid S is called a left almost semigroup (abbreviated as LA-
semigroup) if it satisfies the left invertive law. An LA-semigroup is a midway structure
between a commutative semigroup and a groupoid. Ideals in LA-semigroups have been
investigated by Protic et al [24].

In [12] (resp. [8]), a groupoid S is said to be medial (resp. paramedial) if (ab)(cd) =
(ac)(bd) (resp. (ab)(cd) = (db)(ca)). In [18], an LA-semigroup is medial, but in general
an LA-semigroup needs not to be paramedial. Every LA-semigroup with left identity is
paramedial by Protic et al [24] and also satisfies a(bc) = b(ac), (ab)(cd) = (dc)(ba).

Kamran [14], extended the notion of LA-semigroup to the left almost group (LA-
group). An LA-semigroup G is called a left almost group, if there exists a left identity
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e € G such that ea = a for all a € G and for every a € GG there exists b € G such that
ba = e.

Shah et al [25], discussed the left almost ring (abbreviated as LA-ring) of finitely
nonzero functions which is a generalization of commutative semigroup ring. By a left
almost ring, we mean a non-empty set R with at least two elements such that (R,+) is
an LA-group, (R,-) is an LA-semigroup, both left and right distributive laws hold. For
example, from a commutative ring (R, +,-), we can always obtain an LA-ring (R, ®,")
by defining for all a,b € R, a® b = b — a and a - b is same as in the ring. Although
the structure is non-associative and non-commutative, nevertheless, it possesses many
interesting properties which we usually find in associative and commutative algebraic
structures.

A non-empty subset A of R is called an LA-subring of R if a — b and ab € A for all
a,b € A. A is called a left (resp. right) ideal of R if (A, +) is an LA-group and RA C
A (resp. AR C A). A is called an ideal of R if it is both a left ideal and a right ideal of
R. A non-empty subset A of R is called an interior ideal of R if (A,+) is an LA-group
and (RA)R C A. A non-empty subset A of R is called a quasi-ideal of R if (A,+) is an
LA-group and ARNRA C A. An LA-subring A of R is called a bi-ideal of R if (AR)A C A.
A non-empty subset A of R is called a generalized bi-ideal of R if (A, +) is an LA-group
and (AR)A C A.

We will introduce the concept intuitionistic fuzzy left (resp. right, interior, quasi-, bi-,
generalized bi-) ideals with thresholds («, 8] of an LA-ring R. We will establish a study
by describing the different properties in terms of such ideals, which will be very useful for
the characterizations of regular (intra-regular, both regular and intra-regular) LA-rings in
terms of intuitionistic fuzzy left (right, quasi-, bi-, generalized bi-) ideals with thresholds

(a, A].

2. Intuitionistic Fuzzy Ideals with Thresholds («, ]

After the introduction of fuzzy set by Zadeh [31], several researchers explored on the
generalization of the notion of fuzzy set. The concept of intuitionistic fuzzy set was
introduced by Atanassov [1, 2], as a generalization of the notion of fuzzy set.

Liu [20], introduced the concept of fuzzy subrings and fuzzy ideals of a ring. Many
authors have explored the theory of fuzzy rings (for example [11, 19, 21, 22, 29]). Gupta
et al [11], gave the idea of intrinsic product of fuzzy subsets of a ring. Kuroki [19],
characterized regular (intra-regular, both regular and intra-regular) rings in terms of fuzzy
left (right, quasi, bi-) ideals.

An intuitionistic fuzzy set (briefly, IFS) A in a non-empty set X is an object having the
form A = {(z,pa(x),va(x)) : © € X}, where the functions pg: X — [0,1] and v4: X —
[0, 1] denote the degree of membership and the degree of nonmembership, respectively and
0<pa(z)+ya(x) <lforallze X [1, 2]

An intuitionistic fuzzy set A = {(x,pa(x),va(z)) : © € X} in X can be identified
to be an ordered pair (p4,74) in IX x I, where IX is the set of all functions from X
to [0,1]. For the sake of simplicity, we shall use the symbol A = (ua,7v4) for the IFS
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A= {(, pa(@),va(x)) 0 € X},

Banerjee et al [3] and Hur et al [10], initiated the notion of intuitionistic fuzzy sub-
rings and intuitionistic fuzzy ideals of a ring. Subsequently many authors studied the
intuitionistic fuzzy subrings and intuitionistic fuzzy ideals of a ring by describing the dif-
ferent properties (see [9]). Shah et al [26], have initiated the concept of intuitionistic fuzzy
normal LA-subrings of an LA-ring.

Bhakat et al [4-6], introduced the notion of (a, §)-fuzzy subgroups. It is a general-
ization of Rosenfeld fuzzy subgroups as (€, € Vq)-fuzzy subgroups. Then many authors
studied the algebraic structures by employing the idea of («, )-fuzzy subsets (for exam-
ple [7, 13, 23]). Yuan et al [30], initiated the concept of fuzzy subgroups with thresholds.
Shabir et al [28], gave the idea of fuzzy ideals with thresholds in semigroups.

Now we initiate the concept of intuitionistic fuzzy LA-subrings with thresholds («, f]
and intuitionistic fuzzy left (resp. right, interior, quasi-, bi-, generalized bi-) ideals with
thresholds (o, 5] of an LA-ring R.

An IFS A = (ua,v4) of an LA-ring R is called an intuitionistic fuzzy LA-subring with
thresholds («, 5] of R if

(1) maz{pa (z —y),a} = min{pa (), paly), 8},

(2) min{ya (z— ), (1— )} < maz{7a (2),74(), (1 — )},

(3) max{pa (zy),a}t = min{pa (), pa(y), B},

(4) min{ya (zy), (1 — a)} < max{ya(z),v4(y),(1—p)} for all z,y € R and o, B €
(0,1] such that a < .

An TIFS A = (ua,v4) of an LA-ring R is called an intuitionistic fuzzy left ideal with
thresholds («, 5] of R if

(1) maz{pa (x —y), o} = min{pa (x), paly), 8},

(2) min{a (z — 9), (1 — )} < maw{1a (2),74(»), (1 - B)},

(3) max{NA (zy) 7a} > min{:U’A (y) 7ﬁ}7

(4) min{ya (zy),(1 —a)} < max{ya(y),(1 — )} for all z,y € R and o, € (0,1]
such that o < .

An IFS A = (pa,v4) of an LA-ring R is called an intuitionistic fuzzy right ideal with
thresholds («, 5] of R if

(1) maz{pa (@ — ), a} > min{pa (z), pa(), B},

(2) min{ya (z —y), (1 — &)} < maz{ya(z),valy),(1 - B)},

(3) maw{pa (wy)a} > minfua (z), B},

(4) min{va (zy),(1 — a)} < max{ya(z),(1 —p)} for all z,y € R and «, 5 € (0, 1]
such that a < f.

An TFS A = (pa,v4) of an LA-ring R is called an intuitionistic fuzzy ideal with
thresholds (a, 5] of R if it is both an intuitionistic fuzzy left ideal with thresholds (a, f]
and an intuitionistic fuzzy right ideal with thresholds («a, ] of R.

Every intuitionistic fuzzy left (resp. right, two-sided) ideal with thresholds (o, 8] of R
is an intuitionistic fuzzy LA-subring with thresholds (a, 8] of R, but converse is not true
in general.
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Example 1. Let R = {0,1,2,3,4,5,6,7}. Define + and - in R as follows :

+ 012 34567 - 012 3 45 67
0 01 234567 000O0OOOO OO
1 20316 475 10440044090
213025 7 46 204400440
332107 6 5 4 and 300 0 0O0O0O0O0
4 456 701 23 403 3 003320
5 6 4 7 5 2 0 31 5 07700770
6 5746 1 3 0 2 6 077007 T7TO0
T 7T 6 5 43 210 703 300330

Then R is an LA-ring and A = (pa,74) be an IFS of an LA-ring R. We define

(@ =0.1,8=0.7) pa(0) = pa(4) = 0.7, pa(l) = pa(2) = pa3) = pa(5) = pa(6) =
’5?(2-: 0.1 and 74(0) = 7a(4) = 0.1, v4(1) = 74(2) = 74(3) = ya(5) = ya(6) = va(7) =
maz{pa(4l),a}t = maz{ps(3),a} =maxr{0.1,0.1} =0.1.
min{pa(4),8} = min{0.7,0.7} =0.7.
S maz{pa(d1), a} £ mindua(4), B}
and min{ya(41),(1 — )} = min{ya(3),(1 —a)} =min{0.7,0.9} = 0.7.
max{ya(4),(1—5)} = maz{0.1,0.3} =0.3.

= min{ya(41),(1 - a)} £ maz{ya(4), (1 - B)}.

Then A = (p14,74) is an intuitionistic fuzzy LA-subring with thresholds (o, 8] of R,
but not an intuitionistic fuzzy right ideal with thresholds («, 8] of R.

An IFS A = (pa,7v4) of an LA-ring R is called an intuitionistic fuzzy interior ideal
with thresholds (o, 5] of R if

(1) maz{pa(z —y), o}t = min{pa (z), pa(y), B},

(2) min{ya(z —y),(1 —a)} <maz{ya(z),7a(y), (1 - B)},

(3) maz{pa ((zy)z),a} = min{ua(y), B},

(4) min{ya ((zy)z),(1—a)} < maz{ya (y),(1-8)} forall z,y,z € Rand o, § € (0, 1]
such that o < .

An IFS A = (pa,v4) of an LA-ring R is called an intuitionistic fuzzy quasi-ideal with
thresholds («, 5] of R if

(1) maz{pa (z —y),a} = min{pa (z), pa(y), B},

(2) min{ya(z —y), (1 — @)} <max{ya(z),va(y), (1 - B)},

(3) maz{pa(e),at > min{(a o R) (x), (Ro ua) (2), B,

(4) min{ya(z), 1-a)} < maz{(ya o R) (), (Roya)(z),(1—p)} forall z,y € R and
a, 8 € (0,1] such that a < 3.

An intuitionistic fuzzy LA-subring A = (u4,v4) with thresholds («, 5] of an LA-ring
R is called an intuitionistic fuzzy bi-ideal with thresholds («, 5] of R if
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(1) maz{ua ((29)2) @} > min{ua (&), pa (2), BY,

(2) min{ya ((zy)z), (1 — a)} < max{ya(z),va(z),(1 = B)} for all z,y,z € R and
a, B € (0,1] such that o < .

An IFS A = (pa,v4) of an LA-ring R is called an intuitionistic fuzzy generalized
bi-ideal with thresholds («, 8] of R if

(1) maz{pa(z —y), o}t = min{pa (z), pa(y), B},

(2) minfya (z — ), (1 - a)} < maz{ya (z),7a(y), (1 - B)},

(3) maz{pua ((zy)z),a}t = min{pa (), pa(2), B},

(4) min{va ((zy)z),(1 — @)} < maz{ya(x),v4(2),(1 — B)} for all z,y,z € R and
a, f € (0,1] such that a < S.

Let A = (pa,v4) and B = (up,vB) be two intuitionistic fuzzy sets of an LA-ring R,
then the product of A and B is denoted by Ao B = (4 o up,v4 ©vp) and defined by:

n
V. n {/\?:1{#,4(%) A /LB(bz>}} if z = Z a;b;, a;,b; € R
(naopp)(z) = = n
0 if 75 Z a;b;
=1
(A e VI {raa) VB0 e = Y aibi, aibi € R
x:yz aib; i1
and (yaoqyp)(z) = =1 .
1 if x # Z a;b;
=1

Let A = (1a,7v4) be an IFS of an LA-ring R and «, 8 € (0, 1] such that o < §. We
define an intuitionistic fuzzy set A of R as follow: (,uA)g(m) = (pa(z) A B) V a and
(ya)a(x) = (ya(z) V (1 = B)) A (1 — a) for all z € R,

Let A = (ua,v4) and B = (up,yp) be two intuitionistic fuzzy sets of an LA-ring R.
We define intuitionistic fuzzy sets A /\g B, A \/?Y B, A og Band A —§ B of R as follows:

(a Ao pB)(@) = {(paAps)(@)AB}Va

and (ya Vo v8) (@) = {(vaVys)(@) V(1 =B)}A(1—a).
(paVhug)(@) = {(paVus)(x)AB}Va

and (va A5 yp)(x) = {(vaAvB)(@)V(1-B)}A(1-a).
(paol up)(@) = {(paops)(@)AB}Va

and (14 o8 15)(@) = {(va078)(@) v (1— )} A(1—a).

(pa =5 uB)(@) = {(pa—ps)(@)AB}Va
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and (va4 —o78)(z) = {(a—7B)@) V(L -BH}A 1L~ a),

for all x € R.
Now we are giving the central properties of such ideals of an LA-ring R, which will be
very helpful for further sections.

Lemma 1. Let A and B be two intuitionistic fuzzy sets of an LA-ring R. Then the
following properties holds.

(1) ANS B= A5 A BE.

(2) AVE B=ASv BE.

(3) Aol B> AS o BS.

n
If every element z of R is expressible as = ) a;b;, then A o B=AoBE
i=1
If x4 = (fty4> Vx4 ) is an intuitionistic characteristic function of A, then (x A)éﬁ is defined
as

if A if A
(i) ={ DRESH and )i ={ G

Lemma 2. Let R be an LA-ring. Then the following properties hold.

(1) (Aol B) ol C = (C i B) on A,

(2) (A o B) o (c o D)= (A ol ) ol (B ol D) for all intuitionistic fuzzy sets A, B,C
and D of R.

Proof. Let A = (ua,va),B = (uB,v8) and C = (uc,yc) be intuitionistic fuzzy sets
of an LA-ring R. We have to show that (A4 o B) ob C = (c o B) b A. Now

((Aof B)og O)(z) =

In same lines, we can prove (2).

Proposition 1. Let R be an LA-ring with left identity e. Then the following assertions
hold.

(1) Aol (B ol C)=1B ol (A ol ),

(2) (Aob B) ol (C ol D)= (Dol B)ob (Col A,

(3) (Aol B)ol (C ol D) = (Do5C)ol (Bob A) for all intuitionistic fuzzy sets A, B,C
and D of R.

Proof. Same as Lemma 2.
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Theorem 1. Let A and B be two non-empty subsets of an LA-ring R. Then the following

conditions hold.
(1) x4 x5 = (xaB)a.
(2) x4 Vaxs = (XauB)a.
(3) x4 Aa xB = (xanB)a-

Proof. Straight forward.

Theorem 2. Let A be a non-empty subset of an LA-ring R. Then the following properties
hold.

(1) A is an LA-subring of R if and only if x4 is an intuitionistic fuzzy LA-subring
with thresholds (c, B] of R.

(2) A is a left (resp. right, two-sided) ideal of R if and only if x A is an intuitionistic
fuzzy left (resp. right, two-sided) ideal with thresholds (c, 8] of R.

Proof. (1) Let A be an LA-subring of an LA-ring R and z,y € R. If z,y ¢ A, then by
definition of intuitionistic characteristic function py ,(z) =0 = py,(y) and vy, (z) =1 =

Yxa(y). Thus

mian{ iy, (), x4 (Y)} = min{ iy, (2), s (v), B}
Hox 4 (x—y) > mm{NXA ($)a#XA(y)aﬂ}

maz{py, (x —y), ot = min{uy, (z), py 4 (v), B}
min{MXA (v), Hx a (y)} = min{uXA (z), Hox 4 (), B}
fixa (@y) = min{py, (), px 4 (v), B}

maz{py, (y), o} > min{py, (), py, (v), B}

by (T —y)

and piy , (2y)

b4 v 4

Similarly, we have

min{yy, (z —y), (1 —a)} < maz{yy,(®), 7. (), (1 - B)}
and min{yy, (zy), (1 — )} < maz{yy, (@), 1va (y), (1 = B)}.
In same lines, we have
maz{piy,(z —y), o} = min{py, (2), 1y, (y), B}
maz{py, (zy), 0} > min{py, (), iy, (v), B}
min{yy,(z —y), (1 —a)} < maz{yy, (2), 1. (), (1 = B},
min{yy, (zy), (1 —a)t < maz{y, (), 7. (¥), (1 = B)},

when x,y € A. Hence the intuitionistic characteristic function y 4 of A is an intuition-
istic fuzzy LA-subring with thresholds (o, 8] of R.

Conversely, suppose that the intuitionistic characteristic function y 4 of A is an intu-
itionistic fuzzy LA-subring with thresholds («, 5] of an LA-ring R. Let z,y € A, then by

definition piy, () =1 = py, (y) and vy, () = 0 = vy, (). Since

maz{py,(x —y),a} > min{uy, (), uya(y), B} = B,
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maz{ iy, (zy),a} > min{uy, (), pya(y), B} = B,
min{yy,(r —y), (1 —a)} < maz{yy, (@), 1, (y), (1 -B8)} =1-5,
min{y,(zy), (1 —a)} < maz{yy,(2), 1, (y), 1= B)} =1-5,

XA being an intuitionistic fuzzy LA-subring with thresholds («, 5] of R. Thus

maz{iin (@ —y)a} > F and maz{uy,(zy),a} > B.
min{yy,(r —y), (1 —a)} < 1—p8and min{y,(zy),(1 -—a)} <1-4.
This implies that py , (z —y) =1 = py, (zy) and 1y, (z —y) = 0=y, (zy), ie., x —y
and zy € A. Hence A is an LA-subring of R.

(2) Let A be a left ideal of an LA-ring R and z,y € R. If y ¢ A, then by definition of
intuitionistic characteristic function ., (y) = 0 and ~,,(y) = 1. Thus

fxa(@y) > pya(y) = min{uy, (y), B}

fixa(zy) = min{py, (v), B}

maz{py, (zy), o} = min{py, (y), 5}

Yxa(y) = maz{yy, (y), (1 — B)}

Yxa(@y) < maz{yy,(y), (1 - B)}

min{yy, (7y), (1 — @)} < maz{yy,(y), (1 - B)}.

and vy, (zy)

don el

Similarly, we have

maz{py, (zy),al = min{puy, (y), B},
mm{%m (-I'y), (1 - Oé)} < mal‘{PVXA(y)v (1 - B)}a
when y € A. Therefore the intuitionistic characteristic function x4 of A is an intu-
itionistic fuzzy left ideal with thresholds («, 3] of R.
Conversely, assume that the intuitionistic characteristic function x4 of A is an intu-

itionistic fuzzy left ideal with thresholds («, 8] of an LA-ring R. Let y € A and z € R,
then by definition p, , (y) =1 and 7, (y) = 0. Since

max{py,(2y), ap = min{py,(y), B} = B,
min{yya(2y), (L =)} < maz{yy,(y), (1 =B} =1-7,

XA being an intuitionistic fuzzy left ideal with thresholds («, 8] of R. Thus

maz{jy,(2y), a} > B and min{yy,(2y), (1 —a)} <1 - 4.

This implies that p, , (2y) = 1 and vy, (zy) = 0, i.e., zy € A. Therefore A is a left ideal
of R.

Remark 1. (i) A is an additive LA-subgroup of R if and only if xa is an intuitionistic
fuzzy additive LA-subgroup with thresholds («, 8] of R.

(ii) A is an LA-subsemigroup of R if and only if xa is an intuitionistic fuzzy LA-
subsemigroup with thresholds (c, 8] of R.
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Theorem 3. Let A be an IFS of an LA-ring R. Then the following assertions hold.

(1) A is an intuitionistic fuzzy LA-subring with thresholds («, B] of R if and only if
Aol AC AY and A -5 A C AL

(2) A is an intuitionistic fuzzy left (resp. right) ideal with thresholds (o, 8] of R if and
only if R og AC Ag (resp. A og R C Ag) and A —Q AC Ag.

Proof. (1) Suppose that A = (ua,7v4) is an intuitionistic fuzzy LA-subring with
thresholds (cv, 8] of an LA-ring R and o € R. For Aob A C AJ. If (Aob A)(x) = 0, then
obvious A og AC Ag, otherwise we have

(naoh pa)(@) = {(paopa)(@)AB}Va
(Vamsory ab AN {124 (@) A gia (0)}}) A B}V a
< {(Vamsr, an AN A (@)} A B}V a

= {(pa(@) A B}V a= (1) (x).
= paol pa C (ua)s-

o~

Similarly, we have y4 og Y4 2 ('YA)g. Thus A og AC Ag.
Now for A —ﬁ AC Ag. If (A —2 A)(z) = 0, then obvious A —Q AC Ag, otherwise we
have

(na =5 pa)(@) = {(pa—pa)(@)ABYVa

Vaso e AN {1 (@) A pa (003}) A BV @
Vaesi e b AN (0= 0)}) A B}V a

= {(al@) AB}IV @ = (1) (@),

= pa—npa C (pa)s-

Similarly, we have 4 —§ YA 2 (M)Q. Thus A —5 AC Ag.
Conversely, assume that AogA - Ag and A—gA C Ag. Let z,y € R such that a = xy.
Now

max{pa(zy),a} = max{pa(a),at = max{min{ua(a), 5}, a}

(1a)a(a) = (pa of pa)(a) = {(na o pa)a) A B}V a
= {(Vamsr, o AN {a (@) A pa (0)}}) A B}V
{(pa(z) Apa(y)) ABYV o

(pa(z) Apa(y)) A B =min{pa(x),pa (y), B}
= maz{pa(zy), a} > min{pa(z), pa (y), 6}

v

Similarly, we have min{ya(zy), (1 — &)} < maz{ya(z),va(y),(1 — B)}. Now we set
a=x—1y and

maz{pa(r —y),ap = maz{pa(a),a} = maz{min{pa(a), 5}, o}
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#i(@) = (pa =5 1a)(@) = {(a = pa)(a) A B}V o
{(Vamsory e v AN {4 (a0) A ua (B)}}) A B}V a
{(a() Apua (9) A B}V @

(ka(@) A pa(y) A B =min{pa(z), pa(y), B}
maa{pa(w —y),a} = min{jia(), ja (v) , B}

Similarly, we have min{ya(z —y), (1 —a)} < maz{ya(x),v4 (y), (1 —5)}. Hence A is
an intuitionistic fuzzy LA-subring with thresholds («, 5] of R.

(2) Assume that A is an

intuitionistic fuzzy left ideal with thresholds («, /] of an

LA-ring R and z € R. If (R o A)(x) = 0, then obvious R of A C AJ, otherwise we have

(Rog pa)(a) =

{(Ropa)(z) ABIVa

Vaesi an AN (R (0) A ia (0)}}) A B}V a
Voo ab A= {1 A pa (bi)}}> AB}Va
Ve=sn | agb {1104 (bz')}) AB}V a
Vaesran ANt (aib)}) A B}V a

(na(z) AB)V a = (1) (x).
RS pua C (1a)s

{
{
{
{

(
(
(
(

Similarly, we have R og YA 2 (WA)Q. Thus R og AC Ag.
Conversely, suppose that R og AC Ag. Let y, z € R such that x = yz. Now

maz{pa(yz), o}

Y

=

max{pa(z),a} = max{min{ua(z), 5}, a}
(1a)a(@) > (RS pa)() = {(Ropa)(z) A B}V a
{(Vems, b ANS (R (@) A pa (01}) A B}V a
(R(y) Apa(2)) AB)V o

(LA 1 () A B = mindpua (=), B
max{pa(yz),at > min{pa (2), B}

Similarly, we have min{v4(yz), (1 — a)} < maz{ya (z),(1 — B)}. Therefore A is an
intuitionistic fuzzy left ideal with thresholds (a, ] of R.

Lemma 3. If A and B are two intuitionistic fuzzy LA-subrings (resp. (left, right, two-
sided) ideals) with thresholds («, 5] of an LA-ring R, then A A2 B is also an intuitionistic

fuzzy LA-subring (resp. (left,

Proof. Let A = (ua,v4)

right, two-sided) ideal) with thresholds (o, ] of R.

and B = (up,vp) be two intuitionistic fuzzy LA-subrings

with thresholds («, 8] of an LA-ring R. We have to show that AAS B is also an intuitionistic
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fuzzy LA-subring with thresholds («, 8] of R. Now

maz{(pa Ny i) (x — y), o}

maz{{{(pna A pp)(x —y) A B}V a}, a}
{(a A is)(z —9) A B}V a

{pal@ —y) App(z —y) AB}V

{pa(@) A paly) Aps(z) Aps(y) ABYY

{na(z) A (@) A pay) A ps(y) ABYY a

{(ua A ) (@) A (pa Aps)(y) ANBABABYV a
{((ua A pp)(@) AB) A ((ma A ps)(y) AB)ABYV a
({(ma A pp)(@) ABYV o) AN({(pa A up)(y) ANBYV a) A (BV a)
(na A 1) (@) A (ma A 1B)(y) A B

= min{(pa A pB) (@), (pa AL 1B)(Y), B}

[ (| AV

Thus maz{(pa Ao pa)(z —y), o} > min{(ua N pp)(@), (a AS 1) (y), B}. Similarly,
we have maz{(ua NS up)(zy), ot > min{(pa AS ps)(z), (ra A 1B) (), B}. In same lines
we have min{ (14 VA 15)(z — 9), (1 — @)} < maz{ (va VA 15)(@), (v VA 1) (1), (1 — B)}

and min{(va Va v8)(wy), (1 = @)} < maz{(74 Va 18)(2), (74 Va 18)(), (1 = A}
Hence A AL B is an intuitionistic fuzzy LA-subring with thresholds (v, 8] of R.

Lemma 4. If A and B are two intuitionistic fuzzy LA-subrings with thresholds («, 8] of an
LA-ring R, then Aol B is also an intuitionistic fuzzy LA-subring with thresholds («, 5] of
R.

Proof. Suppose that A = (u4,74) and B = (up,yp) are two intuitionistic fuzzy LA-
subrings with thresholds («, ] of an LA-ring R. We have to show that A ob B is also an
intuitionistic fuzzy LA-subring with thresholds ( ,B] of R. Now

B

(aof pp)® = (na oa uB) oh (1A of 1)
= (paoh pa) o (up o) pp) € (1a)i of (1B)a = paoh s
and (y4 05 v8)° = (404 7B) o5 (va©°f 7B)
= (ya©olva)oh (VB ol B) 2 (va)a ©8 (vB)a = va °5 V8-
Since up g,uB - (,uB) and vB gfyB D (73)5, B = (up,yp) being an intuitionistic

fuzzy LA-subring with thresholds («, 5]. This implies that u 4 ol (LB —QMB) Cpua og,uB and

’YAOg(’YB—g’YB) D YARYB, i€y HACAIE—afiAnE C A in and YACLYE—aYA0RYE 2
vA o ~vB. Therefore A of B is an intuitionistic fuzzy LA-subring with thresholds («, 3] of
R.

Remark 2. If A is an intuitionistic fuzzy LA-subring with thresholds («, 8] of an LA-ring
R, then A ol A is also an intuitionistic fuzzy LA-subring with thresholds («, 5] of R.
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Lemma 5. Let R be an LA-ring with left identity e. Then every intuitionistic fuzzy right
ideal with thresholds (c, 5] of R is an intuitionistic fuzzy ideal with thresholds («, 8] of R.

Proof. Suppose that A = (pa,7v4) is an intuitionistic fuzzy right ideal with thresholds
(a, B] of an LA-ring R and z,y € R. Thus

max{pa (vy),a}t = max{pa ((ex)y),a} = max{pa ((yx)e),a}

> min{ua (yx), B} > min{pa (y), 5}
and min{ya (zy),(1 —a)} = min{ya((ex)y),(l —a)}
= min{ya ((yr)e),(1 - )}

yx), (1= B)} <maz{ya(y),(1 - P)}.

Therefore A is an intuitionistic fuzzy ideal with thresholds (a, 8] of R.

IA
3
Q
8

>

b

Lemma 6. If A and B are two intuitionistic fuzzy left (resp. right) ideals with thresholds
(v, B] of an LA-ring R with left identity e, then A of B is also an intuitionistic fuzzy left
(resp. right) ideal with thresholds (c, 8] of R.

Proof. Let A = (a,v4) and B = (ua,7v4) be two intuitionistic fuzzy left ideals with

thresholds (a, ] of an LA-ring R. We have to show that A of B is also an intuitionistic

fuzzy left ideal with thresholds («, 3] of R. Since, ua ol 1B -8 LA ol up C pia ol up and

YA Og YB —g YA Og YB 2 YA og vp by the Lemma 4. Now

ROj (paofup) = (Roj R) o (MA oa 1)
= (Robpa) ol (R Oa 1) C pa o g

and Rof (yaolvp) = (Rof R)o 5 (7A ol 7B)
= (Rof~ya)ol (RO} vB) 27408 B

Hence Aol B is an intuitionistic fuzzy left ideal with thresholds («, 5] of R. Similarly,
we can prove for right ideals.

Remark 3. If A is an intuitionistic fuzzy left (resp. right) ideal with thresholds («, 5] of
an LA-ring R with left identity e, then AogA is an intuitionistic fuzzy ideal with thresholds

(a, B8] of R.

Lemma 7. If A and B are two intuitionistic fuzzy ideals with thresholds («, 5] of an
LA-ring R, then A ofg BCA /\g B

Proof. Let A = (ua,v4) and B = (up,vyp) be two intuitionistic fuzzy ideals with
thresholds («, 5] of an LA-ring R and =z € R. If (A b B)(xz) = 0, then obvious A B BC
A /\g B, otherwise we have

(aog up)(@) = {(paous)(x)AB}Va
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= {(Vamsr, AN L () A s (B0}}) A B}V a
< (Ve AN i (@ibi) A g (aibi)}}) A BYV @
= (Vo= a1 L4 A i) (@ibi) 1) A BV @

= {(pa App) (@) ABYV a = (na A pp) ().

= pa ol pup C pa A pp.

Similarly, we have y4 og YB 2 YA \/g ~vp. Hence A og BCA /\§ B.

Remark 4. If A is an intuitionistic fuzzy ideal with thresholds («, 8] of an LA-ring R,
then Ao A C AL

Lemma 8. Let R be an LA-ring. Then A BBCANB for every intuitionistic fuzzy
right ideal A with thresholds («, §] and every intuitionistic fuzzy left ideal B with thresholds

(a, B8] of R.

Proof. Same as Lemma 7.

Theorem 4. Let A be a non-empty subset of an LA-ring R. Then the following conditions
are true.

(1) A is an interior ideal of R if and only if x 4 s an intuitionistic fuzzy interior ideal
with thresholds (c, B] of R.

(2) A is a quasi-ideal of R if and only if x o is an intuitionistic fuzzy quasi-ideal with
thresholds (c, B] of R.

(3) A is a bi-ideal of R if and only if x 4 is an intuitionistic fuzzy bi-ideal with thresholds
(a, B] of R.

(4) A is a generalized bi-ideal of R if and only if x A is an intuitionistic fuzzy generalized
bi-ideal with thresholds (o, ] of R.

Proof. Let A be an interior ideal of an LA-ring R, this implies that A is an additive
LA-subgroup. Then x4 is an intuitionistic fuzzy additive LA-subgroup with thresholds
(a, 8] of R by the Remark 1. Let z,y,a € R. If a ¢ A, then by definition of intuitionistic
characteristic function p, ,(a) = 0 and 7, , (a) = 1. Thus

> piyy(a) = min{py, (), B}
= ya((za)y) > minfuy, (a), B}
= maz{py, ((a)y), a} > min{uy,(a), B}.

fix 4 ((za)y)

Similarly, we have min{vy, ,((za)y), (1 — @)} < maz{vy,(a),(1 — B)}. In same lines,
we have

maz{p,,((za)y),a}t > min{p,,(a),B}
and min{yy,((za)y), 1 —a)} < maz{y,(a), (1= B)},
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when a € A. Hence the intuitionistic characteristic function y 4 of A is an i ntuitionistic
fuzzy interior ideal with thresholds («, ] of R.

Conversely, suppose that the intuitionistic characteristic function y 4 of A is an intu-
itionistic fuzzy interior ideal with thresholds («, 5] of R, this means that x4 is an intu-
itionistic fuzzy additive LA-subgroup with thresholds («, 5] of R. Then A is an additive
LA-subgroup of R by the Remark 1. Let ¢t € (RA)R, so t = (za)y, where a € A and
x,y € R. Then by definition p, ,(a) =1 and 7, , (a) = 0. Since

min{py,(a), B} = 5
max{VXA(a)a (1 - /8)} =1- ﬁ’

X4 being an intuitionistic fuzzy interior ideal with thresholds (e, 8] of R. This implies

that fiy,(za)y) > B and 1, (za)y) < 1— B, thus py, ((za)y) = 1 and jiy, ((za)y) =
0, i.e., (za)y € A. Hence A is an interior ideal of R.

(2) Let A be a quasi-ideal of R, this implies that A is an additive LA-subgroup. Then
XA is an intuitionistic fuzzy additive LA-subgroup with thresholds («, ] of R by the
Remark 1. Let x € R and « ¢ A, then x ¢ RA or © ¢ AR. If v ¢ RA, then definition of
intuitionistic characteristic function (R o py,)(z) =0 and (Ro~,,)(z) = 1. Thus

maz{py,(@),a} > 0=min{(uy, o R) (2),(Ropy,) (2), 8}
and min{r, (2), (1 - a)} < 1=maz{(3, o R) (@), (Row,) @), (1 - A)).

If x € A, then

maz{py, (za)y), a}

>
and min{yy, ((za)y), (1 - a)} <

maz{p, (@)} = 12 min{(uy, o R) (@), R oy, (x), 5}
and min{y,, (@), (1 - @)} = 0<maz{(1y, o R) (@), Rop, (@), (1-8)}.

Therefore the intuitionistic characteristic function x4 of A is an intuitionistic fuzzy
quasi-ideal with thresholds («, 5] of R.

Conversely, assume that the intuitionistic characteristic function x4 of A is an intu-
itionistic fuzzy quasi-ideal with thresholds («, 3] of R, this means that y4 is an intu-
itionistic fuzzy additive LA-subgroup with thresholds («, 5] of R. Then A is an additive
LA-subgroup of R by the Remark 1. Let x be an element of AR N RA, this means that
x € AR and RA. Since

maz{py,(v), 0 = min{(py, o R)(z), (R o py,)(x), B}
= min{(fix, © Hxr) (@), (Hyr © By a) (@), B}
= min{fix 5 (2), fixpa (), B} = B.
~ maa{jiy, (@)} > .

Similarly, we have min{vy,(z),(1 —a)} <1 — 3, thus py,(z) = 1 and v, (z) = 0,
i.e., x € A. Therefore A is a quasi-ideal of R.

(3) Let A be a bi-ideal of R, this implies that A is an LA-subring of R. Then x4
is an intuitionistic fuzzy LA-subring with thresholds (a, 8] of R by the Remark 1. Let
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z,y,a € R.If z,y ¢ A, then by definition of intuitionistic characteristic function p, , (x) =
Pxa(y) =0 and vy, (z) = x4 (y) = 1. Thus

fxa((@a)y) = py, (2) A iy (y) = min{py, (), pya (v), B}
= iy, (a)y) = min{py, (), py 4 (v), B}
= maz{py, ((va)y),at > min{uy, (), py, (), B}

Similarly, we have min{y, , ((za)y), (1 — )} < max{yy, (), 1y, (v), (1 — B)}. In same
lines we have

maz{fi , ((xa)y),

a} > min{py, (), pya(y), B}
and min{vy,((za)y), (1 —a)} <

maz{yy, (), 1xa(y), (1 = B)},

when x,y € A. ence the intuitionistic characteristic function x4 of A is an intuitionistic
fuzzy bi-ideal with thresholds («, 5] of R.

Conversely, suppose that the intuitionistic characteristic function y 4 of A is an intu-
itionistic fuzzy bi-ideal with thresholds («, 5] of R, this means that x4 is an intuitionistic
fuzzy LA-subring with thresholds («, 5] of R. Then A is an LA-subring of R by the Re-
mark 1. Let ¢t € (AR)A, so t = (za)y, where z,y € A and a € R. Then the definition

fixa(®) = piy 4 (y) = 1 and 7y, (2) = 7, (y) = 0. As

maz{py, ((za)y),a} >
and min{yy, ((za)y), (1 —a)} < maz{y, (@), 7, (y), (1 -} =1-6,

X4 being an intuitionistic fuzzy bi-ideal with thresholds (e, 5] of R. This implies that

tya ((za)y) > B and vy, ((za)y) < 1 — 3, thus py, ((za)y) =1 and py, ((za)y) =0, ie.,
(za)y € A. Hence A is bi-ideal of R. Similarly, we can prove (4).

Theorem 5. Let A = (ua,v4) be an IFS of an LA-ring R. Then A is an intuitionistic
fuzzy interior ideal with thresholds («, 5] of R if and only if (R ol A) B R C AL and
A-JAC AL

Proof. Suppose that A = (u4,7v4) is an intuitionistic fuzzy interior ideal with thresh-
olds (v, 8] of an LA-ring R and z € R. If ((Ro3 A)oh R)(z) = 0, then obvious (Ro3 A)ob R C
AL Otherwise there exist a;, b;,¢;,d; € R such that x = Yo agb; and a; = > ¢id,.
Since A is an intuitionistic fuzzy interior ideal with thresholds («, 8] of R, this implies that

maz{pa((cidi)bi), o} = min{pa(di), B} and min{ya((cidi)bi), (1-a)} < maz{ya(di), (1-
B)}. Now

(R f pa) o B)(@) = {((Ro a) o R)(x) A B}V a
= {(Vemsp, an NS {(R 0 a) (@) AR (5i)}}) A B}V a
= (Voo an AN {(R 0 a) (@) A1) A BY Ve
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{(Vams, a ANE1 (B0 ia) (@)}) A B}V @
{(Vomsmy an N1 (Ve et ANS (R () A pa (d)}})}) A BV @
{(Vomsry a1 (Varmsoy et AN (LA i (@)1} )}) A BV a
= {(Vems, andAND (Voms, e AN (4)})}) A B}V a
{(vx S edop AN A (di)}) A BYV @
{(Vos
{u
(

< (Voo feuton AN 14 (esd) B)}) A B}V @
= i w}va: ()3 (@)
= (Rof pa)ol R C (1a)s.

Similarly, we have (R ol v4) o R D (v4)5. Hence (R o A)oh R C A5,
Conversely, assume that (R ol A) SR C AP and z,y, 2 € R such that a = (zy)z. Now
maz{pa((ry)z), a} = max{min{pa((zy)z), b}, a}
maz{min{pua(a), B}, o} = (na)a(a)

((Rog pa) oq R)(a) = {((Ro pa) o R)(a) A B}V a
{(Vazssp o AN {(R 0 a) (@) AR (5)}}) A B}V @
{((Ro pua) (zy) AR (2) A B}V a

{((Ropa) (zy) N1)ABYV = {(Ropa)(zy) NS}V a
{(Vaymsp, cut AN {R (a) A pa (0)}}) A BV a
{(R(@) Apa) ABYVa={1Apa(y)ABIVa

= pa(y) A B =min{pa(y), B}

= mar{pa((zy)z),a}t = min{pa(y), B}

AV

v

—~

Y

Similarly, we have min{ya((zy)z), (1 — a)} < max{ya(y), (1 — B)}. Therefore A is an
intuitionistic fuzzy interior ideal with thresholds («, 5] of R.

Theorem 6. Let A = (ua,va) be an intuitionistic fuzzy LA-subring with thresholds
(a, B] of an LA-ring R. Then A is an intuitionistic fuzzy bi-ideal with thresholds (o, B] of
R if and only if (Aol R)oh A C AP

Proof. Same as Theorem 5.

Theorem 7. Let A = (ua,va) be an IFS of an LA-ring R. Then A is an intuitionistic
fuzzy generalized bi-ideal with thresholds («, 5] of R if and only if (A ol R) 0B AC AL and
A5 ACAL

Proof. Same as Theorem 5.



K. Nasreen et al. / Eur. J. Pure Appl. Math, 12 (3) (2019), 906-943 922

Lemma 9. If A and B are two intuitionistic fuzzy bi- (resp. generalized bi-, quasi-,
interior) ideals with thresholds (c, B8] of an LA-ring R, then ANE B is also an intuitionistic
fuzzy bi- (resp. generalized bi-, quasi-, interior) ideal with thresholds (o, 8] of R.

Proof. Let A = (pua,v4) and B = (up,ys) be two intuitionistic fuzzy bi-ideals with
thresholds («, 8] of an LA-ring R. We have to show that AAS B is also an intuitionistic fuzzy
bi-ideal with thresholds («, 5] of R. Since A and B are intuitionistic fuzzy LA-subrings
with thresholds (a, 8] of R, then A A2 B is also an intuitionistic fuzzy LA-subring with
thresholds (¢, 8] of R by the Lemma 3. We have to show that maa:{(uA/\g,uB)((xa)y), a} >

min{ (pa /\gﬂB)(w)7 (1a /\g,uB)(y),B} and min{(vya ngyg)((wa)y), (1—a)} <mazx{(va Ve
v8)(@), (v4 Va v8)(y), (1 — B)}. Now

maz{(pa Ny ps)((za)y), a}

maz{{{(pa A pp)((za)y) A B} V a}, a}

{(wa A pp)((za)y) A B}V

{ra((za)y) A up((za)y) A B}V a

{pa(@) A paly) A pp(e) App(y) ABYV a

{pa(@) Aps(z) Apaly) Aps(y) A B}V

{(pa A pp)(@) A (pa Apg)(y) ABABABIV a
{((pa A puB) (@) AB) A ((na A pB)(y) AB) A B}V a
({(pa A ) () ABYV @) A ({(1a A pB)(y) ABYV a) A(BV )
(A NG ) (@) A (1a A ns)(y) A B

= min{(ua A ) (@), (a NS 1) (), B}

| (| I A2

Thus maz{(pa Ad 1p)(za)y), o} > min{(ua A3 ug) (@), (ua A2 ug)(y), B}. Similarly,
we have min{(ya Va v8)((za)y), (1 — @)} < maz{(ya Va y8)(@), (va Va 18)(), (1 - B)}.
Hence A A B is an intuitionistic fuzzy bi-ideal with thresholds («, ] of R.

Lemma 10. If A and B are two intuitionistic fuzzy bi- (resp. generalized bi-, interior)
ideals with thresholds (o, B8] of an LA-ring R with left identity e, then A og B is also an
intuitionistic fuzzy bi- (resp. generalized bi-, interior) ideal with thresholds (o, 5] of R.

Proof. Let A = (pua,v4) and B = (up,yg) be two intuitionistic fuzzy bi-ideals with
thresholds (a, 8] of an LA-ring R. We have to show that A of B is also an intuitionistic
fuzzy bi-ideal with thresholds («, 8] of R. Since A and B are intuitionistic fuzzy LA-
subrings with thresholds (a, 8] of R, then Aof B is also an intuitionistic fuzzy LA-subring
with thresholds (a, 8] of R by the Lemma 4. Now

((a o8 pp) o R) o (na ol up) = ((paob up) ol (Rl R)) ol (1ol up)
= ((wa ol R) ol (up o R)) ol (1ol up)
= ((pa ol R) o5 pa) ol ((up ol R) oL 1up)
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C (ua)l of (up)d = pa o us.

Similarly, we have ((v4 og YB) og R) og (va og YB) 2 VA og ~vB- Therefore A og B is an
intuitionistic fuzzy bi-ideal with thresholds (a, f] of R.

Lemma 11. FEvery intuitionistic fuzzy ideal with thresholds (., 5] of an LA-ring R is an
intuitionistic fuzzy interior ideal with thresholds («, 5] of R. The converse is not true in
general.

Proof. Let A = (14,74) be an intuitionistic fuzzy ideal with thresholds («, 5] of an
LA-ring R and z,y,z € R. Thus

min{#A (xy) 7/3} > min{MA (y) 75}
maz{vya (zy), (1 —B)} < max{va(y), (1 —5)}.

Hence A is an intuitionistic fuzzy interior ideal with thresholds («, ] of R.

max{pa ((xy)z), o}

>
and min{ya ((9)2), (1 - a)} <

Proposition 2. Let A = (ua,v4) be an IFS of an LA-ring R with left identity e. Then A
is an intuitionistic fuzzy ideal with thresholds («, 5] of R if and only if A is an intuitionistic
fuzzy interior ideal with thresholds («, 5] of R.

Proof. Suppose that A = (ua,7v4) is an intuitionistic fuzzy interior ideal with thresh-
olds («, ] of an LA-ring R and z,y € R. Thus

maz{paley).a}) = maz{ua((ex)y),a} > min{ja(), 8}
and min{ya(zy), (1 - a)} = min{ya((ex)y), (1 - a)} < maz{ya(x), (1 - A)}.

So A is an intuitionistic fuzzy right ideal with thresholds («, 8] of R. Therefore A is
an intuitionistic fuzzy ideal with thresholds («, 8] of R by the Lemma 5. Converse is true
by the Lemma 11.

Lemma 12. Every intuitionistic fuzzy left (resp. right, two-sided) ideal with thresholds
(a, B] of an LA-ring R is an intuitionistic fuzzy bi-ideal with thresholds («, 5] of R. The
converse is not true in general.

Proof. Assume that A = (14,74) is an intuitionistic fuzzy right ideal with thresholds
(a, B] of an LA-ring R and x,y, z € R. Thus

maz{pa ((zy)z),a} > min{pa(zy), B} > min{pa (z), B}
and maz{pa((zy)z),a} = maz{pa((2y)z), o}
> min{pa(zy), 8} > min{pa(z), 8}

This implies that maz{pua((zy)z), a} > min{pa(z), pa(z), f}. Similarly, we have

min{ya((zy)z), (1 — a)} < maz{ya(z),74(2), (1 - B)}.
So A is an intuitionistic fuzzy bi-ideal with thresholds («, 5] of R.
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Lemma 13. Ewvery intuitionistic fuzzy bi-ideal with thresholds (o, 5] of an LA-ring R is
an intuitionistic fuzzy generalized bi-ideal with thresholds (cv, B] of R. The converse is not
true in general.

Proof. Obvious.

Lemma 14. Every intuitionistic fuzzy left (resp. right, two-sided) ideal with thresholds
(o, B] of an LA-ring R is an intuitionistic fuzzy quasi-ideal with thresholds («, 5] of R.
The converse is not true in general.

Proof. Let A = (ua,7v4) be an intuitionistic fuzzy left ideal with thresholds («, 5] of
an LA-ring R. Thus

maz{pa(z),a} > min{(Ropa)(z), B}
> min{(pa o R)(z), (R o pa)(x), B}
and min{ya(z),(1 —a)} < maz{(Roya)(z),(1-p)}
< maz{(ya o R)(x), (Roya)(x),(1 - F)}.

Hence A is an intuitionistic fuzzy quasi-ideal with thresholds («, 8] of R.

Proposition 3. Every intuitionistic fuzzy quasi-ideal with thresholds («, 5] of an LA-ring
R is an intuitionistic fuzzy LA-subring with thresholds (c, 8] of R.

Proof. Suppose that A = (u4,7v4) is an intuitionistic fuzzy quasi-ideal with thresholds
(a, B] of an LA-ring R. Since g ol wa C pa o8 R and A o na C Rob 14, this implies that
A oguA C ua og R/\Rog pa C (,uA)g. Similarly we have, v4 og YA D YA og R\/RogryA D
(v4)5. Therefore A is an intuitionistic fuzzy LA-subring with thresholds (a, 8] of R.

Proposition 4. Let A = (ua,v4) be an intuitionistic fuzzy right ideal with thresholds
(o, 8] and B = (up,vyB) be an intuitionistic fuzzy left ideal with thresholds (c, 5] of an
LA-ring R, respectively. Then A /\§ B is an intuitionistic fuzzy quasi-ideal with thresholds

(a, B8] of R.

Proof. We have to show that A/\gB is an intuitionistic fuzzy quasi-ideal with thresholds
(o, 8] of an LA-ring R. Since

max{(pa Ny pp) (@ — y), o}
> min{(ua N 1) (@), (na NS 1B) (), B}
and min{(va Vi v8)(z — y), (1 — )}
< maz{(ya Vi v8)(x), (va Vi vB) (W), (1 — B)},

by the Lemma 3 and

((ma A5 pg) of R) A (R b (na NS 1ig))



K. Nasreen et al. / Eur. J. Pure Appl. Math, 12 (3) (2019), 906-943 925

C (paol R)A (RS up) C (na)s A (uB)s = pa A pp
and ((va V2 vB) o R) V (R o5 (va V5 vB))
D (yaol R)V(REvp) D (va)h vV (vB)a = va AL vB.

Thus A A2 B is an intuitionistic fuzzy quasi-ideal with thresholds (a, 8] of R.

Lemma 15. Let R be an LA-ring with left identity e, such that (xre)R = xR for all x €
R. Then every intuitionistic fuzzy quasi-ideal with thresholds (o, 5] of R is an intuitionistic
fuzzy bi-ideal with thresholds («, 5] of R.

Proof. Assume that A = (ua,7v4) is an intuitionistic fuzzy quasi-ideal with thresholds
(a, 8] of an LA-ring R. This implies that A is an intuitionistic fuzzy LA—subring with
thresholds (a, 5] of R. We have to show that (p40a R) oBusC (HA) and (40 R) oByaD
(v4)a- Now

(ha ol R) o pa € (Rol R)of sy C RO g
and (ua o R)ol ua C (uaof R)ol R=(uaol R) o} (e} R)
= (pnaole)ol (Rof R) C (uaofe)of R
(1) o RS = pa o) R
= (Aol R) b pia C pa o RARO pa C (na)l

Similarly, we have (4 og R) o Y4 2 (fyA) So A is an intuitionistic fuzzy bi-ideal with
thresholds («, 8] of R.

Proposition 5. If A and B are two intuitionistic fuzzy quasi-ideals with thTesholds (o, B] of

an LA-ring R with left identity e, such that (ze)R = xR for all x € R, then A ol B is an
intuitionistic fuzzy bi-ideal with thresholds («, 8] of R.

Proof. Let A and B be two intuitionistic fuzzy quasi-ideals with thresholds («, 8] of an
LA-ring R, this implies that A and B be two intuitionistic fuzzy bi-ideals with thresholds
(a, 8] of R, by the Lemma 15. Then A og B is also an intuitionistic fuzzy bi-ideal with
thresholds («, ] of R by the Lemma 10.

3. Regular LA-rings

In this section, we characterize regular LA-rings by the properties of intuitionistic
fuzzy left (right, quasi-, bi-, generalized bi-) ideals with thresholds («, 8]. An intuitionistic
fuzzy ideal A = (p4,7v4) with thresholds (a, 5] of an LA-ring R is an intuitionistic fuzzy
idempotent with thresholds («, 5] of R if A og A= Ag.

Lemma 16. Every intuitionistic fuzzy right ideal with thresholds (c, 3] of a reqular LA-
ring R is an intuitionistic fuzzy ideal with thresholds («, B] of R.
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Proof. Suppose that A = (14,74) is an intuitionistic fuzzy right ideal with thresholds
(a, B] of R. Let z,y € R, this implies that there exists a € R, such that x = (za)x. Thus

maz{pa(ry),a} = maz{pa(((za)z)y), ot = mar{pa((yz)(za)), a}
> min{pa(yz), B} = min{pa(y), 8}
and min{ya(zy), (1 —a)} = min{ya(((za)z)y), (1 —a)}
= min{ya((yz)(za)), (1 — o)}

IN

maz{ya(yr), (1 — )} < maz{va(y), (1 - B)}.

Hence A is an intuitionistic fuzzy ideal with thresholds («, 8] of R.
Lemma 17. Every intuitionistic fuzzy ideal with thresholds (o, 8] of a regular LA-ring R
is an intuitionistic fuzzy idempotent with thresholds («, f].

Proof. Assume that A = (ua,7v4) is an intuitionistic fuzzy ideal with thresholds
(a, ] of R and A og AC Ag. We have to show that Ag CA og A. Let x € R, this means
that there exists a € R such that x = (za)z. Thus

(aof pa)(@) = {(naopa)@)AB}Va
= {(Voms, a AN {4 (@) A pa (50)}}) A B}V @

> {{pa(za) ANpa ()} ABYHV

= (pa(wa) Vo) A(pa(@)Va)A(BVYa)
> (pa (@) AB)Apa(@)AB=pa(z)Ap
= (pa(@) AB)Va=(ua)i(x).

= (pa)5 C pa ol pa.

Similarly, we have (VA)Q D va og ~v4. Therefore A8 — A og A.

Remark 5. FEvery intuitionistic fuzzy right ideal with thresholds («, ] of a reqular LA-ring
R is an intuitionistic fuzzy idempotent with thresholds (v, 3.

Proposition 6. Let A = (ua,v4) be an IFS of a reqular LA-ring R. Then A is an
intuitionistic fuzzy ideal with thresholds («, 5] of R if and only if A is an intuitionistic
fuzzy interior ideal with thresholds («, 5] of R.

Proof. Consider that A = (uu4,7v4) is an intuitionistic fuzzy interior ideal with thresh-
olds («, 3] of R. Let z,y € R, then there exists an element a € R, such that z = (za)x.
Thus

maz{pa(zy), a} = maz{pa(((za)z)y),a}
= maz{pa((yz)(za)), o} = min{pa(z), 5}
and min{ya(zy),1 — )} = min{ya(((za)z)y), (1 —a)}
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= min{ya((yr)(za)), (1 - a)}
< max{ya(z), (1 - B)}.

Consequently A is an intuitionistic fuzzy right ideal with thresholds («, 8] of R. So A
is an intuitionistic fuzzy ideal with thresholds (a, 8] of R by the Lemma 16. Converse is
true by the Lemma 11.

Remark 6. The concept of intuitionistic fuzzy (interior, two-sided) ideals with thresholds
(a, B] coincides in regqular LA-rings.

Proposition 7. Let R be a reqular LA-ring. Then (A ol R)AN (R o A) = AP for every
intuitionistic fuzzy right ideal A with thresholds («, 3] of R.

Proof. Suppose that A = (ua,7v4) is an intuitionistic fuzzy right ideal with thresholds
(a, ] of R. This implies that (A b R)N(R ol A) C AP because every intuitionistic fuzzy
right ideal with thresholds («, 5] of R is an intuitionistic fuzzy quasi-ideal with thresholds
(a, 8] of R by the Lemma 14. Let = € R, this implies that there exists a € R, such that
x = (za)x. Thus

(ma ol R)(@) = {(naoR)()AB}Va

= {(Vemsr AN (i () A RBOY) A B}V a
{{a (wa) A R (@)} A B}V a = {pa (za) A B}V a
(114 (2a) V@) A (BV @) > (s (2) A B) A B

= pa(@)AB=(ua(x)AB)Va=(ua)l(x).
= (1a)s Cpaol R

A\

Similarly, we have (ua)2 C Rob pa, ice., (1a)a C (paoh R) A (RoS jua). In same lines,
we have (v4)5 2 (va o8 R)V (R ~4). Hence (Ao R) A (R A) = A,

Lemma 18. Let R be a reqular LA-ring. Then A EB=ANB for every intuitionistic
fuzzy right ideal A = (a,v4) with thresholds («, 5] and every intuitionistic fuzzy left ideal
B = (up,vB) with thresholds (o, 5] of R.

Proof. Since A BB C AN B, for every intuitionistic fuzzy right ideal A = (pua,v4)
with thresholds («, 5] and every intuitionistic fuzzy left ideal B = (up,yp) with thresholds
(ar, B] of R by the Lemma 8. Let x € R, this means that there exists a € R such that
x = (za)z. Thus

(14 o) 1B)(x)

({10 uB)() A B} V @
= (Vo AN i (@) A s (0)}}) A B}V a
{{pa () A pp ()} A B}V a

(1 (@) V @) A (3 (2) V @) A (BV )

v
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> (ua(x) AB)App(x)Ap
pa (@) A pp (x) A B = (pa App) (x) A B
= {(paApB) (@) ABYV a=(ua A pp)(x).

= pa A2 pp C pa ol pp.

Similarly, we have ’}/A\/g’yB ) fongyB, ie., A/\gB - AogB. Therefore AogB = A/\gB.

Lemma 19. Let R be an LA-ring with left identity e. Then Ra is the smallest left ideal
of R containing a.

Proof. Let z,y € Ra and r € R. This implies that * = ria and y = rsa, where
r1,r9 € R. Now

xr—y = ma—rea=(r;—7r2)a € Ra
and re = r(ria) = (er)(ria) = ((ra)r)e = ((r1a)(er))e
= ((re)(ar))e = (e(ar))(rie) = (ar)(rie)

= ((rie)r)a € Ra.

Since a = ea € Ra. Thus Ra is a left ideal of R containing a. Let I be another left ideal
of R containing a. Since ra € I, where ra € Ra, i.e., Ra C I. Hence Ra is the smallest left
ideal of R containing a.

Lemma 20. Let R be an LA-ring with left identity e. Then aR is a left ideal of R.

Proof. Straight forward.

Proposition 8. Let R be an LA-ring with left identity e. Then aR U Ra is the smallest
right ideal of R containing a.

Proof. Let z,y € aR U Ra, this means that x,y € aR or Ra. Since aR and Ra both
are left ideals of R, so x —y € aR and Ra, i.e., x —y € aR U Ra. We have to show that
(aRU Ra)R C (aRU Ra). Now

(aRURa)R = (aR)RU(Ra)R = (RR)aU (Ra)(eR)
Ra U (Re)(aR) = RaU R(aR)

= RaUa(RR) C RaUaR = aRU Ra.
= (aRURa)R C aRU Ra.

N

Since a € Ra, i.e., a € aR U Ra. Let I be another right ideal of R containing a. Since
aRe€IRC I and Ra= (RR)a= (aR)Re€ (IR)RCIRCI,ie., aRURa C I. Therefore
aR U Ra is the smallest right ideal of R containing a.
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Theorem 8. Let R be an LA-ring with left identity e, such that (xe)R = xR for all x € R.
Then the following conditions are equivalent.

(1) R is a regular.

(2) ANEB = Ao B for every intuitionistic fuzzy right ideal A with thresholds (c, 8] and
every intuitionistic fuzzy left ideal B with thresholds («, 5] of R.

(3) Cff = (C og R) og C for every intuitionistic fuzzy quasi-ideal C with thresholds
(o, 8] of R.

Proof. Consider that (1) holds and C' = (uc,v¢) be an intuitionistic fuzzy quasi-
ideal with thresholds («, 5] of R. This implies that (C o R) ob C C CF, because every
intuitionistic fuzzy quasi-ideal with thresholds («, ] of R is an intuitionistic fuzzy bi-ideal
with thresholds («, 8] of R by the Lemma 15. Let x € R, then there exists an element
a € R such that x = (za)z. Thus

fic oq R) 0 ’BMC)(UC)

MCOR)OMC)( )AB}Va

Vaesi s AN ({0 © B) (90) A i (ai)}}) A B}V a
{(no o R) () A po ()} A B}V a
(e 0 R) (za) V@) A (o (2) V ) A (B V @)
(e o R) (wa) V @) A o (@) A B

("
(
(
= (Voums, mon AN {110 (mi) A R (na)}}) V @) A o (@) A B
(
(
(

/_\

{(
{
{

Y

Y

{nc(x) A R(a)} vV a) A pe(x) A B
{pe(@) N1}V a) A pc(z) A B

e (x)Va)Auc( )N B

= pc(x)NB=(u ()AB)VQZ(Mc)g(w)-
= (Mc)g_(ﬂc ol R) o pc.

Similarly, we have (v0)a 2 (vo oh R) o v¢. So C4 = (C b R) o C, i.e., (1) implies
(3) . Suppose that (3) holds. Let A be an intuitionistic fuzzy right ideal with thresholds
(a, 8] and B be an intuitionistic fuzzy left ideal with thresholds («, 5] of R. This implies
that A and B be intuitionistic fuzzy quasi-ideals with thresholds («, 5] of R by the Lemma
14,50 A A2 B be also an intuitionistic fuzzy quasi—ideal with thresholds (cv, B] of R. Then
by our supposition, A AS B ((A A B ) o R) o (A A2 B B)C (A o R) ob B C Aol B,
i.e., AN B C Aol B. Since Aob BC ANA B, so Aoy B = A/\ﬁB ie., (3) = (2). Assume
that (2) is true and a € R. Then Ra is a left ideal of R containing a by the Lemma 19
and aRU Ra is a right ideal of R containing a by the Proposition 8. This means that xrq
is an intuitionistic fuzzy left ideal with thresholds («, 5] and x4rURe iS an intuitionistic
fuzzy right ideal with thresholds («, 8] of R, by the Theorem 2. Then by our assumption

XaRURa N XRa = XaRURa O X Ras 1-€., (X(aRURa)ﬂRa)g = (X(aRURa)Ra)g by the Theorem 1.
Thus (aRURa)NRa = (aRURa)Ra. Since a € (aRURa)NRa, i.e., a € (aRURa)Ra, so a €
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(aR)(Ra) U (Ra)(Ra). This implies that a € (aR)(Ra) or a € (Ra)(Ra). If a € (aR)(Ra),
then a = (a)(ya) = ((va)e)a = (en)a)a)a = (((ay)e)aa = ((ae)(ay))a = (a((zel)a
for any z,y € R. If a € (Ra)(Ra), then (Ra)(Ra) = ((Re)a)(Ra) = ((ae)R)(Ra) =
(aR)(Ra), i.e., a € (aR)(Ra). Therefore a is a regular, i.e., R is a regular. So (2) = (1).

Theorem 9. Let R be an LA-ring with left identity e, such that (ze)R = xR for all x € R.
Then the following conditions are equivalent.

(1) R is a regular.

(2) A = (A ol R) ol A for every intuitionistic fuzzy quasi-ideal A with thresholds
(a, 8] of R.

(3) Bf = (B o R) B for every intuitionistic fuzzy bi-ideal B with thresholds («, ] of
R.

(4) ol = (C ol R) e, for every intuitionistic fuzzy generalized bi-ideal C with
thresholds («, 8] of R.

Proof. (1) = (4), is obvious. (4) = (3), since every intuitionistic fuzzy bi-ideal with
thresholds («, 5] of R is an intuitionistic fuzzy generalized bi-ideal with thresholds (e, 3] of
R by the Lemma 13. (3) = (2), since every intuitionistic fuzzy quasi-ideal with thresholds
(o, B] of R is an intuitionistic fuzzy bi-ideal with thresholds («, 8] of R by the Lemma 15.
(2) = (1), by the Theorem 8.

Theorem 10. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is a regular.

(2) A AST = (A ol I) b A for every intuitionistic fuzzy quasi-ideal A with thresholds
(a, B] and every intuitionistic fuzzy ideal I with thresholds (o, B] of R.

(3) BALT = (Bob I) ol B for every intuitionistic fuzzy bi-ideal B with thresholds
(a, B] and every intuitionistic fuzzy ideal I with thresholds (o, B] of R.

(4) C /\§ I=(C og I) og C for every intuitionistic fuzzy generalized bi-ideal C with
thresholds (o, B] and every intuitionistic fuzzy ideal I with thresholds (o, 5] of R.

Proof. Suppose that (1) holds. Let C' = (uc,yc) be an intuitionistic fuzzy generalized
bi-ideal with thresholds («, 5] and I = (ur,~yr) be an intuitionistic fuzzy ideal with thresh-
olds (a, 8] of R. Now (C o I) ol C C (RoBI)oh RC I8 RC I and (Col 1)olC C
(CoB R)EC CClie., (ColI)ohCCClANIE=CALIL Let « € R, this implies that
there exists a € R such that x = (za)x. Now za = ((za)z)a = (az)(xa) = z((az)a). Thus

(10 0F 1) oF pr)(x)

(10 ) o e)(@) A B} Va

{(Vamsi, pad N (50 0 ) () A e (@) }1}) A B}V a
{

(

Y

{(no o pr) (xa) A pc (2)} A B}V @
(e o pur) (za) V a) A (pc (2) Vo) A (B YV a)
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((no o pr) (xa) Vo) A pc(x) A B

(Vaumsr, mend AN Lt (mi) A s (1) }1}) V @) A o) A B

({re(@) A pr((az)a)} V o) A pc(z) A B
(

>

= (uc(z)Va) A (ur((az)a) Vo) A pc(x) A B
> po(z) A (NI(JJ)/\ﬁ)AMC(l’)/\ﬁ

= pc(@) Apr(x) A B = (uc Awpr)(x) A B

= {(puc Apr)(x )/\B}V@_(Mc/\ﬁm)( ).
= pc NS ur € (pe ol i) of pe-

Similarly, we have 'yc\/ﬁfyl D (’ycog/y[)ogﬂyc. Therefore C/\gf = (CogI)OQC, ie, (1) =
(4). Since (4) = (3) and (3) = (2). Assume that (2) holds. Then AAS R = (Aol R)oh A,
where R itself is an intuitionistic fuzzy two-sided ideal with thresholds (a, ] of R, i.e.,
AS = (Ao R) o A. Hence R is a regular by the Theorem 8, i.e., (2) = (1).

Theorem 11. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is a regular.

(2) A /\3 D C D og A for every intuitionistic fuzzy quasi-ideal A with thresholds
(v, B8] and every intuitionistic fuzzy right ideal D with thresholds («, 8] of R.

(3) BAS D C Do B for every intuitionistic fuzzy bi-ideal B with thresholds (e, B] and
every intuitionistic fuzzy right ideal D with thresholds («, 5] of R.

(4) CASD C DB C for every intuitionistic fuzzy generalized bi-ideal C with thresholds
(a, B] and every intuitionistic fuzzy right ideal D with thresholds (o, 3] of R.

Proof. (1) = (4), is obvious. It is clear that (4) = (3) and (3) = (2) . Assume that (2)
holds, this means that D /\2 A=A /\2 DCD og A, where A is an intuitionistic fuzzy left
ideal with thresholds («a, 8] of R. Since D o'g ACD /\g A, s0D /\g A=D og A. Therefore
R is a regular by the Theorem 8, i.e., (2) = (1).

Theorem 12. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is a regular.

(2) A /\§ D /\g L C(A og D) og L for every intuitionistic fuzzy quasi-ideal A with
thresholds («, f], every intuitionistic fuzzy right ideal D with thresholds («, B] and every
intuitionistic fuzzy left ideal L with thresholds (o, ] of R.

(3) B/\'gD/\gL C (B og D) ogL for every intuitionistic fuzzy bi-ideal B with thresholds
(o, B], every intuitionistic fuzzy right ideal D with thresholds («, B] and every intuitionistic
fuzzy left ideal L with thresholds (o, B] of R.

4) C ANIDAN L C (C ol D) b L for every intuitionistic fuzzy generalized bi-ideal
C' with thresholds («, 8], every intuitionistic fuzzy right ideal D with thresholds («, B] and
every intuitionistic fuzzy left ideal L with thresholds (c, 8] of R.
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Proof. Consider that (1) holds. Let C' = (uc¢, v¢) be an intuitionistic fuzzy generalized
bi-ideal with thresholds («, ], L = (pr,vz) be an intuitionistic fuzzy left ideal with
thresholds (a, 5] and D = (up,yp) be an intuitionistic fuzzy right ideal with thresholds
(ar, B] of R. Let © € R, then there exists an element a € R such that x = (za)z. Now

ro=
za = ((za)x
(

(ax)a =

I
=

I
8

Thus

(e o 1) of pr)(x)
((uc opp)opr)(x) AB}V a

Va=y1 lpth{ i1 {(nc o pup) (pi) A pr (qﬂ}}) AB}Va

(
{
{(
H{(pc opp) (za) App (2)} A BV a
(1
(

v

(e o pp) (wa) Vo) A (pr (z) Vo) A (BV a)
(e o pp) (wa) V o) A pp(z) A B

(Veamssiey mon AN L6 (ma) A i (na)}}) V@) A () A B
(

(

(

{uc((@m)z) A pp(xe)} VvV a) A ur(z) A B
pe((xm)z) V a) A (pp(ze) V a) A pr(z) A S
pe (@) A pe(z) AB) A (pp(x) AB) A pr(z) A
= po(x) App(x) Apr(x) A B

= (uc() App(a) Apn(z) AB)V a = (uc Ny pp Ny ) ().
= pc N up N g € (ue o) s

V
B
o UD) Oq ML

Similarly, we have 7(;\/57,3 \/gfyL D (fycogfyD)ogyL. Hence C/\'gD/\gL C (CogD)ogL,
ie., (1) = (4). It is clear that (4) = (3) and (3) = (2). Assume that (2) holds. Then
A /\g R/\g LC(A og R) og L, where A is an intuitionistic fuzzy right ideal with thresholds

(a, B] of R, i.e., AN L C AP L. Since Al L C A/\gL, thus Aol L = AN L. So R is
regular by the Theorem 8, i.e., (2) = (1).

4. Intra-regular LA-rings

In this section, we characterize intra-regular LA-rings in terms of intuitionistic fuzzy
left (right, quasi-, bi-, generalized bi-) ideals with thresholds («, f].



K. Nasreen et al. / Eur. J. Pure Appl. Math, 12 (3) (2019), 906-943 933

Lemma 21. Every intuitionistic fuzzy left (right) ideal with thresholds (c, 8] of an intra-
reqular LA-ring R is an intuitionistic fuzzy ideal with thresholds («, 5] of R.

Proof. Suppose that A = (ua,v4) is an intuitionistic fuzzy left ideal with thresh-
olds (a,f] of R. Let z,y € R, this implies that there exist a;,b; € R, such that z =
Z?:1<az‘1'2)bi. Thus

maz{pa(zy),a} = maz{pa(((a;z®)b ) ), o}

= maz{pa((ybi)(aiz?)), a}
> min{pa(ai(zz)), B} = min{pa(zz), 5}
> min{pa(z), 8}

and min{ya(zy),(1 —a)} = min{ya(((aiz?)b;)y), (1 —a)}
= min{ya((ybi)(aiz?)), (1 — @)}
< maz{ya(ai(zx)), (1 - B)}
< maz{ya(zz), (1 - B)} < maz{ya(z), (1 - F)}.

Hence A is an intuitionistic fuzzy ideal with thresholds (a, 8] of R.

Lemma 22. Let R be an intra-reqular LA-ring with left identity e. Then every intu-
itionistic fuzzy ideal with thresholds («, 8] of R is an intuitionistic fuzzy idempotent with
thresholds (c, 3].

Proof. Assume that A = (pa,74) is an intuitionistic fuzzy ideal with thresholds
a, ] of R and A og AC AB Let x € R, this means that there exist a;,b; € R, such that
=>"" (a;z*)b;. Now

z = (a;z®)b; = (ai(xx))b; = (x(a;x))b;
= (z(aix))(ebi) = (ze)((aix)bi) = (air)((ze)bi).

(o

(paoh pa)(@) = {(paopa)(@)ABIVa
= {(Vems poa AN L () A (a)}}) A B}V a

> {{pa (@) Apa ((ze)bi)} A B}V a

= (pa (@) Va)A(pa((ze)b) Va) A (BV )
> (na(x) AB) A (pa(x) AB)AB

= pa(@)AB=(ua(z)AB)Va=(ua)i(z).
= (na)y C pa ol pia.

Similarly, we have (7,4)5 D4 og ~va. Therefore AE =A og A.
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Proposition 9. Let A be an IFS of an intra-regular LA-ring R with left identity e. Then A
is an intuitionistic fuzzy ideal with thresholds (a, 5] of R if and only if A is an intuitionistic
fuzzy interior ideal with thresholds («, 5] of R.

Proof. Consider that A = (ua,7y4) is an intuitionistic fuzzy interior ideal with thresh-
olds (o, ] of R. Let z,y € R, then there exist elements a;,b; € R, such that z =
> (a;z*)b;. Thus

maz{pa(ry),a} = mar{pa(((@iz?)bi)y), a} = maz{ua((ybi)(aiz?®)), o}
= maz{pa((ybi)(ai(zz))), a} = maz{pa((ybi)(z(aix))), o}
= maz{pa((yz)(bi(air))), o} = min{pa(z), 5}.
= maz{pa(zy), o} = minfpa(z), 5}
Similarly, we have min{vya(zy), (1 —a)} < mazx{ya(x),(1— )}, i.e., A is an intuition-

istic fuzzy right ideal with thresholds (a, 8] of R. Therefore A is an intuitionistic fuzzy
ideal with thresholds («, ] of R by the Lemma 21. Converse is true by the Lemma 11.

Remark 7. The concept of intuitionistic fuzzy (interior, two-sided) ideals with thresholds
(a, B] coincides in intra-reqular LA-rings with left identity.

Lemma 23. Let R be an intra-reqular LA-ring with left identity e. Then B /\g A C
Aol B for every intuitionistic fuzzy left ideal A = (ua,va) with thresholds («, 5] and
every intuitionistic fuzzy right ideal B = (up,yp) with thresholds (o, B] of R.

Proof. Suppose that A = (114,74) is an intuitionistic fuzzy left ideal with thresholds
(o, B] and B = (up,7vp) is an intuitionistic fuzzy right ideal with thresholds (e, ] of R.
Let € R, this implies that there exist a;, b; € R such that z = Z?zl(aimQ)bi. Now

z = (a;z?)b; = (ai(xx))b; = (x(a;x))b;
= (z(aiw))(ebi) = (ze)((aiz)bi) = (aiz)((ze)bi).
Thus
(raogpp)(@) = {(paoup)(@)AB}Va
= (Ve AN L (0) A i (a)}}) A B}V @

> {{palaiz) A pp ((ze)bi)} A B}V o
= (pa(aix)Va)A(up ((ze)b) Va)A(BVa)
> (pa (@) AB) A (up (2) NB)A B

pia (@) App () AB = pp () Apa(z) A B
{(u A pa)(x) A B
{(B A pa) (2) A BYV @ = (up NS pa)(@).

= up A2 pa C pa o pp.

Similarly, we have yp \/5 YA 2 YA og vp. Hence B /\ﬁ ACA og B.
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Theorem 13. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is an intra-regular.

(2) BASAC AJLB for every intuitionistic fuzzy left ideal A with thresholds («, 5] and
every intuitionistic fuzzy right ideal B with thresholds («, 5] of R.

Proof. (1) = (2), is true by the Lemma 23. Assume that (2) holds and a € R. Then
Ra is a left ideal of R containing a by the Lemma 19 and aR U Ra is a right ideal of R
containing a by the Proposition 8. This means that y g, is an intuitionistic fuzzy left ideal
with thresholds («, 8] and X4rURre iS an intuitionistic fuzzy right ideal with thresholds
(a, B] of R, by the Theorem 2. By our assumption X.rURa A2 XRa € XRa ol XaRURas 1-€.,
(X(GRURG)QRG)Q - (X(Ra)(aRuRa))’g by the Theorem 1. Thus (¢ RURa)NRa C Ra(aRURa).
Since a € (aRU Ra) N Ra, i.e., a € Ra(aR U Ra) = (Ra)(aR) U (Ra)(Ra). This implies
that a € (Ra)(aR) or a € (Ra)(Ra). If a € (Ra)(aR), then

(Ra)(aR) = (Ra)((ea)(RR)) = (Ra)((RR)(ac))
= (Ra)(((ee)R)R) = (Ra)((aR)R)
= (Ra)((RR)a) = (Ra)(Ra) = ((Ra)a)R
)

Thus a € (Ra?)R. If a € (Ra)(Ra), then obvious a € (Ra?)R. So a is an intra regular.
Therefore R is an intra-regular, i.e., (2) = (1).

Theorem 14. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is an intra-regular.

(2) A AST = (A ol I) b A for every intuitionistic fuzzy quasi-ideal A with thresholds
(a, B] and every intuitionistic fuzzy ideal I with thresholds (o, B] of R.

(3) BALT = (B ol I) ol B for every intuitionistic fuzzy bi-ideal B with thresholds
(a, B] and every intuitionistic fuzzy ideal I with thresholds (o, B] of R.

(4) C /\g I=(C og I) og C' for every intuitionistic fuzzy generalized bi-ideal C' with
thresholds (o, B] and every intuitionistic fuzzy ideal I with thresholds (o, ] of R.

Proof. Consider that (1) holds. Let C = (uc,7v¢) be an intuitionistic fuzzy gen-
eralized bi-ideal with thresholds («, 8] and I = (us,7s) be an intuitionistic fuzzy ideal
with thresholds (a, 8] of R. Now (C o8 I) o C C (RS T) o2 R C IS R C If and
(CoBT)oB CC(CER)ECCCE, thus (Cob TV 0B CCCENIE=CAST. Let z € R,
then there exist elements a;, b; € R such that x = Z?zl(ain)bi. Now

r = (@ 2)bz (ai(zz))b; = (z(a;z)
bi(aix) = bi(ai((az®)b;)) = bi((asz®)(ad
= (aiw )(szZ) (a;z Q)dz (ai 2)(edi = (die)(z"a;)
(mia;) = ! :

= m(2%a a;) = 22 (m;a;
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= (ze)(xl;) = z((xe)l;).
Thus

((ne of pr) o pe)(x)

{((nc o pr) o pe)(@) A B}V a

= (Vo pua AN (e 0 ) (i) A pic (@) }}) A B}V @
{{(nc o ur) (bi(aix)) A e (2)} A B}V a

(e o ) (bi(ai)) V &) A (e (2) Vo) A (BV a)

(nc o ) (bi(ai)) V &) A pe () A B

Vo=, men AN (e (ma) A pr (ni)}}) V@) A (@) A B
{ne(x )/\m(( e)l)} V a) Apc(x) A B

ne (@) V a) A (ur((ze)li) v @) A pc(z) A B

= pe(@) A (pr(@) A B) A pc(z) A B

= po(@) Apr(x) AB = (pe Apr)(x) A B

— {(ue Apn)(@) ABYV @

= (e NS pr)(z).
= e Ny pr C (ue o

Y

K3

(
(
(
(
(

B

a:U’I) 8

O HC-

Similarly, we have y¢ VA v 2 (Ve ol 1) ol ~vc. Hence C AT = (C ol I) ol C,ie.,
(1) implies (4). It is clear that (4) = (3) and (3) = (2). Suppose that (2) holds. Let A
be an intuitionistic fuzzy right ideal with thresholds (a, 8] and I be an intuitionistic fuzzy
two-sided ideal with thresholds («, 5] of R. Since every intuitionistic fuzzy right ideal with
thresholds («, 5] of R is an intuitionistic fuzzy quasi-ideal with thresholds (¢, 8] of R by
the Lemma 14, This implies that A is an intuitionistic fuzzy quasi-ideal with thresholds
(a, ] of R. By our supposition A /\éi I=(A og I) og AC (R og I) og ACIT og A, ie.,
AN T CTIob A SoRisan intra-regular by the Theorem 13, i.e., (2) = (1).

Theorem 15. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is an intra-regular.

(2) ANSL C LB A for every intuitionistic fuzzy quasi-ideal A with thresholds (c, 5] and
every intuitionistic fuzzy left ideal L with thresholds (c, 8] of R.

(3) B /\g LCL og B for every intuitionistic fuzzy bi-ideal B with thresholds (o, B] and
every intuitionistic fuzzy left ideal L with thresholds (c, 8] of R.

(4) C’/\g LC Log C for every intuitionistic fuzzy generalized bi-ideal C' with thresholds
(a, B8] and every intuitionistic fuzzy left ideal L with thresholds («, ] of R.

Proof. Suppose that (1) holds. Let C' = (u¢,y¢) be an intuitionistic fuzzy generalized
bi-ideal with thresholds («, 8] and L = (ur,7r) be an intuitionistic fuzzy left ideal with
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thresholds (a, 8] of R. Let x € R, this implies that there exist a;,b; € R such that
z =" (a;2%)b;. Now z = (a;(zz))b; = (x(a;z))b; = (b;(a;x))z. Thus

(ur 05 po)(@) = {(ur o po)(@) ABYV a
{(Vems, poa AN L (00) A s (a)}) A BYV a

> {ur (bi(aiz)) A pc (2)} ABYV
= (ur (bi(aiz)) V a) A (pe () Va) A (BV a)
> (pr(z) AB) A pc (z) A B

= pr (@) Apc (@) AB = pc (x) Ap (z) A
= (ucApr)(x)AB
= {(uc Apr) (@) ABYV a = (uo Aj pr)(x).

= pc NS pr C pr ol uc.

Similarly, we have ¢ VA YL 2 YL ol ~v¢. Hence CASLCLOE C,i.e., (1) implies (4). It
is clear that (4) = (3) and (3) = (2). Assume that (2) holds. Let A be an intuitionistic
fuzzy right ideal with thresholds («, 3] and L be an intuitionistic fuzzy left ideal with
thresholds («, 8] of R. Since every intuitionistic fuzzy right ideal with thresholds («, 3] of
R is an intuitionistic fuzzy quasi-ideal with thresholds («, 3] of R, this means that A is an
intuitionistic fuzzy quasi-ideal with thresholds («a, 5] of R. By our assumption, A /\g LC
Lo A. Hence R is an intra-regular by the Theorem 13, i.e., (2) = (1).

Theorem 16. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is an intra-regular.

(2) A /\3 L /\g D C (L og A) og D for every intuitionistic fuzzy quasi-ideal A with
thresholds («, B8], every intuitionistic fuzzy left ideal L with thresholds («, 5] and every
intuitionistic fuzzy right ideal D with thresholds («, 5] of R.

(3) BASLASD C (L ol B) SD for every intuitionistic fuzzy bi-ideal B with thresholds
(o, B], every intuitionistic fuzzy left ideal L with thresholds (o, 5] and every intuitionistic
fuzzy right ideal D with thresholds (o, 8] of R.

(4) C /\g L Ag D C (L og ) og D for every intuitionistic fuzzy generalized bi-ideal
C' with thresholds («, ], every intuitionistic fuzzy left ideal L with thresholds («, 5] and
every intuitionistic fuzzy right ideal D with thresholds (a, 8] of R.

Proof. Assume that (1) holds. Let C = (uc,y¢) be an intuitionistic fuzzy generalized
bi-ideal with thresholds (a, (], L = (ur,~r) be an intuitionistic fuzzy left ideal with
thresholds («, 8] and D = (up,yp) be an intuitionistic

fuzzy right ideal with thresholds («, 8] of R. Let x € R, this means that there exist
ai,b; € R such that x = > ', (a;2?)b;. Now

x = (aj(zx))b; = (z(a;x))b; = (bi(a;x))x
and bz(azw) = bz(az((aZmQ)bZ)) = bl((CLZQ?Z)(aZbZ))
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bi((aixQ)c,-) = (aiwz)(bici) = (aixQ)di
= (ai(zx))d; = (x(a;z))d; = (d;(a;iz))z.

Thus

((r oF pe) o5 pp)(x)
{((ur o pe) o pp)(x) A B}V a

= (Vo pua AN {1 0 110) (90) A pp (@) }}) A B}V @
(s 0 o) (i) A up (2)} A B}V a

(ur o pe) (bi(aiw)) V o) A (up (z) Va) A (B V a)

(1, © ) (bilaia)) vV @) A (@) A B

Vo) =5y men AN (i (i) A i (ni)}}) V @) A () A B
[ (dilai)) A pe(@)} v a) A up(e) A B

pr(di(aiz)) vV a) A (pc(z) V a) A pp(x) A B

pL(x) A B) A pe() A pp(x) A B

= pn(@) Ape(@) App(x) AB = (up A pc A pp)(x) A B

= {(pc ApL App)(x) ABEV a

= (uc NSz AL pp)(z).
= pe N pL Ny pp C (pr o

v

v

v

(
(
(
(
(
(

B

a:U'C) 8

Oa UD-

Similarly, we have ,uc\/g,uL\/g,uD ) (uLoguC)oguD. Hence CASLASD C (LogC)ogD
ie., (1) implies (4). Since (4) = (3) and (3) = (2). Suppose that (2) holds. Then
A /\5 R /\'2 DC(R og A) og D, where A is an intuitionistic fuzzy left ideal with thresholds
(o, B] of R, i.e., A A2 D C Aol D. Therefore R is an intra-regular, i.e., (2) = (1).

5. Regular and Intra-regular LA-rings

In this section, we characterize both regular and intra-regular LA-rings in terms of
intuitionistic fuzzy left (right, quasi-, bi-, generalized bi-) ideals with thresholds («, 5].

Theorem 17. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is both a regular and an intra-regular.

(2) Every intuitionistic fuzzy quasi-ideal with thresholds (., 5] of R is an intuitionistic
fuzzy idempotent with thresholds (o, B].

Proof. Suppose that R is both a regular and an intra-regular. Let A = (ua,7v4) be
an intuitionistic fuzzy quasi-ideal with thresholds («, 8] of R.Then A be an intuitionistic
fuzzy bi-ideal with thresholds («, ] of R and A B AC AL Tetz e R, this implies
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that there exists a € R such that x = (za)x, and also there exist a;,b; € R such that
z =" (a;z*)b;. Now
x = (xa)x
za = ((a;z°)b;)a = (ab;)(a;x?) = cila;(zx))

= ci(z(aiw)) = z(ci(air)) = x((eci)(aix))

= z((zai)(cie)) = w((wai)d;) = z((dia;)x)

= z(liz) = li(zz) = (el;)(zx) = (zx)(l;e)

= (zz)m; = (miz)z.

miz = mi((a;z?)b;) = (a;22)(msb;) = (as(zx))n,

= za= (mz)r = (zw;)T.

Thus
(a0 pa)(@) = {(naopa)(@)AB}Va
= {(Vems pea N L4 () A i (a)}}) A B}V a
> {{ra ((zwi)z) Apa ()} ABYV a
= (pa ((zw)z) V a) A (pa (z) Va) A BV a)
> (pa (@) Apa(z) AB)Apa(z)AB
= pa(x)AB = (pa(z) A )Va:(/m)g(w)-

B

= (,UA)E C pa Oy PA.

Similarly, we have (fyA)ﬁ D ya ol ~v4. Hence Al = A8 A. Conversely, assume that
every intuitionistic fuzzy quasi-ideal with thresholds («, 5] of R is an intuitionistic fuzzy
idempotent with thresholds (o, 5]. Let a € R, then Ra is a left ideal of R containing a by
the Lemma 19. This implies that Ra is a quasi-ideal of R, so xR, is an intuitionistic fuzzy
quasi-ideal with thresholds («, 8] of R by the Theorem 4. By our assumption (x Ra)ﬁ =
YRa 95 X Ra = (X(Ra)(Ra))ﬁ, i.e., Ra = (Ra)(Ra). Since a € Ra, i.e., a € (Ra)(Ra). Thus a
is both a regular and an intra-regular by the Theorems 8 and 13, respectively. Hence R is
both a regular and an intra-regular, i.e., (2) = (1).

Theorem 18. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is both a regular and an intra-reqular.

(2) A NBCALB for all intuitionistic fuzzy quasi-ideals A and B with thresholds

(a, 8] of R.
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(3) ANE B C AoB B for every intuitionistic fuzzy quasi-ideal A with thresholds (o, B] and
every intuitionistic fuzzy bi-ideal B with thresholds («, 5] of R.

(4) A AN2BC AL B for every intuitionistic fuzzy bi-ideal A with thresholds («, ] and
every intuitionistic fuzzy quasi-ideal B with thresholds (a, B] of R.

(5) A A2 B C Aol B for all intuitionistic fuzzy bi-ideals A and B with thresholds
(a, 8] of R.

(6) AN B C Aol B for every intuitionistic fuzzy bi-ideal A with thresholds (o, B] and
every intuitionistic fuzzy generalized bi-ideal B with thresholds (o, ] of R.

(7) A/\gB C AogB for every intuitionistic fuzzy generalized bi-ideal A with thresholds
(a, B] and every intuitionistic fuzzy quasi-ideal B with thresholds (a, ] of R.

(8) A/\gB C AogB for every intuitionistic fuzzy generalized bi-ideal A with thresholds
(e, B] and every intuitionistic fuzzy bi-ideal B with thresholds (o, 5] of R.

(9) A /\g BCA og B for all intuitionistic fuzzy generalized bi-ideals A and B with
thresholds (o, 8] of R.

Proof. Assume that (1) holds. Let A = (ua,v4) and B = (up,yp) be two intuitionistic
fuzzy generalized bi-ideals with thresholds («, 5] of R. Let x € R, then means that there
exists an element a € R such that x = (za)z, and also there exist elements a;,b; € R such
that = Y"1 (a;2?)b;. Since x = (za)xr = ((zw;)z)x by the Theorem 17. Thus

(naohpp)(x) = {(uaopus)(z)AB}Va
= A (Vamsr, pa AN {pa (00) A i (ai)}}) A B}V @
> {{pa ((zw)z) App ()} ABYV @
= (pa((zw)z) Vo) A (up (z) Va) A (BVa)
> (pa(x) Apa(@)AB)App(z) A
= pa (@) Apup (@) AB = (uaApp) (@) AB
= {(paAps) (@) AB}Va
= (pa NG pB)(@).
= pa A B C pa o) .

Similarly, we have v4 \/’3 YB 2 YA og ~vp. Therefore A /\g BCA og B, i.e., (1) implies
(9). It is clear that (9) = (8) = (7) = (4) = (2) and (9) = (6) = (5) = (3). Suppose
that (2) holds. Let A be an intuitionistic fuzzy right ideal with thresholds («, 8] and B
be an intuitionistic fuzzy left ideal with thresholds («a, 8] of R. Since every intuitionistic
fuzzy right ideal with thresholds («, 8] and intuitionistic fuzzy left ideal with thresholds
(a, B] of R is an intuitionistic fuzzy quasi-ideal with thresholds («, 5] of R by the Lemma
14. By our supposition, A /\5 BCA og B. Since A og BCA /\g B,so A /\g B=A o’g B,
i.e., R is a regular. Again by our supposition, A ANMB=BAN AC B A, ie, Ris
an intra-regular. Therefore R is both a regular and an intra-regular, i.e., (2) = (1). In
similar way, we can prove that (3) = (1).
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Theorem 19. Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R is both a regular and an intra-regular.

(2) A A2 B C (A b B) A (B ol A) for every intuitionistic fuzzy right ideal A with
thresholds (o, B] and every intuitionistic fuzzy left ideal B with thresholds («, 8] of R.

(3) AN B C (A0S B) A (BOL A) for every intuitionistic fuzzy right ideal A with
thresholds (cv, B] and every intuitionistic fuzzy quasi-ideal B with thresholds («, 5] of R.

(4) A Al B C (A ol B) A (B o A) for every intuitionistic fuzzy right ideal A with
thresholds (o, B] and every intuitionistic fuzzy bi-ideal B with thresholds (o, 5] of R.

(5) AANS B C (Aol B) A (Bol A) for every intuitionistic fuzzy right ideal A with
thresholds (o, B] and every intuitionistic fuzzy generalized bi-ideal B with thresholds (cv, f]
of R.

(6) ANSB C (Aol B)A(Boh A) for every intuitionistic fuzzy left ideal A with thresholds
(a, B] and every intuitionistic fuzzy quasi-ideal B with thresholds («, 8] of R.

(7) ANSB C (Aol BYAN(Bob A) for every intuitionistic fuzzy left ideal A with thresholds
(a, B] and every intuitionistic fuzzy bi-ideal B with thresholds (o, B] of R.

(8) ANSB C (Aol BYA(Bob A) for every intuitionistic fuzzy left ideal A with thresholds
(a, B8] and every intuitionistic fuzzy generalized bi-ideal B with thresholds (c, 8] of R.

(9) A ASB C (Aol B)A (B o A) for all intuitionistic fuzzy quasi-ideals A and B with
thresholds (o, 8] of R.

(10) AAS B C (Aol B) A (Boh A) for every intuitionistic fuzzy quasi-ideal A with
thresholds (o, B] and every intuitionistic fuzzy bi-ideal B with thresholds (o, 5] of R.

(11) A NI B C (A ol B) A (B b A) for every intuitionistic fuzzy quasi-ideal A with
thresholds (o, B] and every intuitionistic fuzzy generalized bi-ideal B with thresholds (v, (]
of R.

(12) ANSB C (A ol B)AN(B ol A) for all intuitionistic fuzzy bi-ideals A with thresholds
(a, B8] and B with thresholds (o, 8] of R.

(13) ANSB C (Aol B)A(Bob A) for every intuitionistic fuzzy bi-ideal A with thresholds
(a, B] and every intuitionistic fuzzy generalized bi-ideal B with thresholds (c, 8] of R.

(14) A NS B C (A o B) A (B of A) for all intuitionistic fuzzy generalized bi-ideals A
and B with thresholds («, 8] of R.

Proof. Consider that (1) holds. Since A /\§ BCA og B and A /\g B CB og A for
all intuitionistic fuzzy generalized bi-ideals A and B with thresholds («, 5] of R by the
Theorem 18. Hence AN B C (Aob B)A(Bob A), ie., (1) = (14) . It is clear that (14) =
(13) = (12) = (9) = (6) = (2), (14) = (11) = (10) = (9), (14) = (8) = (7) = (6) and
(14) = (5) = (4) = (3) = (2). Suppose that (2) holds. Let A be an intuitionistic fuzzy
right ideal with thresholds («, 5] and B be an intuitionistic fuzzy left ideal with thresholds
(a, B] of R. By our supposition A A2 B C (A o B) A (B o A)CB ol A, ie., Ris an
intra-regular. Again A /\g BC (A og B)A (B og A)CA og B. Since A og BCA /\g B, so
ANSB=A08 B, i.e., R is a regular. Hence R is both a regular and an inta-regular, i.e.,
(2)= ().
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