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Abstract. In this paper, we obtain the forcing independent domination number of some special
graphs. Further, we determine the forcing independent domination number of graphs under some
binary operations such join, corona and lexicographic product of two graphs.
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1. Introduction

Let G = (V(G),E(G)) be a graph and v € V(G). The open neighborhood of v in
G is the set N(v) = {u € V(G) : wv € E(G)} and the closed neighborhood of v is
the set N[v] = N(v) U {v}. For X C V(G), the open neighborhood of X is the set
N(X) = Upex Ng(v) and its closed neighborhood is the set N[ X] = N(X)U X.

A set I C V(QG) is an independent set of Gif INN(I) = @. Aset D C V(G) is a
dominating set of G if N[D] = V(G). A set T C V(G) is an independent dominating set of
G if T is both independent and dominating set. The independent domination number v;(G)
of G is the minimum cardinality of an independent dominating set. If .S is an independent
dominating set with |S| = 7;(G), then we call S a ~;-set of G. A maximum independent
set (a-set) is an independent set of largest possible size for a given graph G. This size,
denoted by a(G), is called the independence number of G.
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Let I be a ;-set of a graph G. A subset D of [ is said to be a forcing subset for I if I is
the unique ~;-set containing D. The forcing independent domination number of I is given
by fv:(I) = min{|D| : D is a forcing subset for I'}. The forcing independent domination
number of G is given by

f7i(G) = min{ fv;(I) : I is a 7;-set of G}.

Let B be an a-set of a graph GG. A subset P of B is said to be a forcing subset for B if
B is the unique a-set containing P. The forcing independence number of B is given by
fa(B) = min{|P| : P is a forcing subset for B}. The forcing independence number of G is
given by
fa(G) = min{fa(B) : B is an a-set of G}.

Chartrand et. al [3] initiated the investigation on the relation between forcing and
domination concepts in 1997 and used the term "forcing domination number". Independent
domination under some binary operations such as corona and composition is studied by
Canoy [2]. In 2013, Larson et. al [5] investigated the forcing independence number. In
2018, Canoy et. al [1] investigated the forcing domination number of graphs under some
binary operations.

Let G and H be two graphs. The join of G and H, denoted by G + H is
the graph with vertex set V(G + H) = V(G) U V(H) and edge set
E(G+H)=EG)UEH)U{uv:u e V(G),ve V(H)}. The corona Go H of G and H is
the graph obtained by taking one copy of G and |V (G)| copies of H, and then forming the
join ({v}) + HY = v+ H", where H" is a copy of H, for each v € V(G). The lexicographic
product (or composition) G[H| of G and H is the graph with V(G[H]) = V(G) x V(H),
and (u,u’)(v,v") € E(G[H]) if and only if either uv € E(G) or w = v and u'v' € E(H).

Note that for each @ # C C V(G) x V(H), the G-projection and H-projection of
C' are, respectively, the sets Cq = {z € V(G) : (z,a) € C for some a € V(H)} and
Cu={acV(H): (y,a) € C for some y € V(G)}. Observe that any non-empty subset C
of V(G) x V(H) can be written as C' = Ugzes({z} x T,;) C V(G[H]), where S = C¢ C V(QG)
and Ty, = {a € Cy : (z,a) € C} for each x € S.

2. Known Results

Theorem 2.1. [4] For any graph G, [{7x] <7%(G) <n —A.

Theorem 2.2. [4] The independent domination number of a cycle C,, with n > 3, a path
P, with n > 1 and complete bipartite graph K, s are given by

i %i(Pn) =7%i(Cn) = (%-l;

it. vi(Kys) = min{r, s}.

Theorem 2.3. [2] Let G be a connected graph and H be any graph. Then
C C V(G o H) is an independent dominating set in G o H if and only if C N V(G)
is an independent set in G and C NV (v+ H") is an independent dominating set in v+ H"
for every v € V(G).



C. Armada, S. Canoy Jr. / Eur. J. Pure Appl. Math, 12 (4) (2019), 1371-1381 1373

Theorem 2.4. [2] Let G be a connected graph of order n and H any graph with ~;(H) # 1.
If C CV(GoH) is a minimum independent dominating set in G o H, then C NV (G) is a
mazimum independent set in G.

Theorem 2.5. [2] Let G and H be nontrivial connected graphs. A subset
C = Uges({z} x Ty) of V(G[H]), is an independent dominating set in G[H] if and
only if S is an independent dominating set in G and T is an independent dominating set
in H for every x € S.

Corollary 2.6. [2] Let G and H be nontrivial connected graphs. Then
2i(GH]) = 7i(G)vi(H).

Corollary 2.7. [2] Let G be a connected graph and K,, the complete graph of order n > 1.
Then 7 (GKn)) = %(G).

3. Main Results

The next two results follow directly from the definition of forcing independent
domination and Theorem 2.1.

Remark 3.1. Let G be a graph. Then
(1) fv(G) =0 if and only if G has a unique ~y;-set.

(17) fv(G) =1 if and only if G has at least two ;-sets and there exists a vertex which is
contained in exactly one v;-set of G.

Remark 3.2. Let G be any graph of order n. Then
0 < fv(G) <n-—A.

Theorem 3.3. Let G be a connected graph. Then f~;(G) = vi(G) if and only if for every
vi-set S of G and for each x € S, there exists y, € V(G)\S such that [S\{z}]U{yz} is a
~;-set of G.

Proof. Suppose that fv;(G) = 7(G). Let S be a v;-set of G. Then, by assumption,
vi(G) = |S| = fv(G), that is, S is the only forcing subset for itself. Let 2z € S. Since
S\{z} is not a forcing subset for S, there exists a y, € V(G)\S such that [S\{z}] U {yz}
is a ;-set of G. Conversely, suppose that every ~;-set S’ of G satisfies the given condition.
Let S be a a y;-set of G such that f+;(G) = f~;(S). Suppose further that S has a forcing
subset P with |P| < |S|, that is, S = PU K, where K ={x € S:xz ¢ P}. Pickz € K.
By assumption, there exists y, € V(G)\S such that [S\{z}]U{y.} = T is a 7;-set of G.
Hence, T'= P U R, where R = [K\{z}] U{y.}, is a y;-set containing P, a contradiction.
Hence, S is the only forcing subset for S. Therefore, fv;(G) = |S| = v(G). O

Theorem 3.4. For any complete graph K, with n > 1 vertices,

0, n=1,
1, n>1.

sz(Kn) = {
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Proof. Each vertex of K, forms a ~;-set of K, so by Remark 3.1, the result follows. [

Theorem 3.5. For any path P, with n > 1 vertices,

0, ifn=1orn=0(mod3),
fri(Pa) = .
1, otherwise.
Proof. Suppose that P, = [u1,ug, ..., u,]. By Theorem 2.2(i), v;(P,) = [§]. Note that
P, 2 Ky. Then f~;(P1) = 0 by Theorem 3.4. Next, let n > 2 and consider the following
cases:

Case 1: n = 0(mod 3)
Let S = {ug,us,us,...,up—1} = {usg—1 : k = 1,2,...,5}. Clearly, SN N(S) = @ and
|S| = [5]. Since S is the only ~;-set of Py, fvi(P,) = 0 by Remark 3.1(3).

Case 2: n = 1(mod 3)

Let S1 = {ui} U{ug : bk =1,2,...,22} So = {us} U{ugpsr : k= 1,2,..., 22} and
Spp ={ur} U{ugpr b =1,2,..., 254 U{usp : k < p < 51}, Then for all i € {1,2}
and for all k,p with k € {1,2,..., 2} and k < p < %21, SN N(S;) = @ and | S| = [2],
that is, S; and Sy, are v;-sets of P, and uz € S1\(S2 U S p). Let S be a v;-set of P, such
that ug € S. Then us € S1\S. Since S is the only v;-set containing ugz, by Remark 3.1(i),

f7i(S1) = 1= fri(P).

Case 3: n = 2(mod 3)

Then the set S1 = {u1,ug,u7, ..., up—1} ={ugkr1 : k=0,1,..., ”T_Q} is the only ~v;-set of
P, that contains uj. Since Sy = {ug, uq, u7,...,up—1} is also a 7;-set of P,, it follows from
Remark 3.1(i7) that fv;(S1) =1 = fv(Py). O

Theorem 3.6. For any cycle C,, with n > 3 vertices,

Fri(Ch) = {1, if n= 4 or n = 0(mod 3),
2, otherwise.
Proof. Suppose that C,, = [u1,us, ..., up,u1]. By Theorem 2.2(i), %(Cy) = [5]. If
n =4, then S; = {uj,us} and Sy = {ug, us} are the only ~;-sets of Cy. Since S; contains
an element which is not in Sa, f7;(S1) = f7(C4) = 1 by Remark 3.1(ii).
Next, let n > 3, where n # 4, and consider the following cases:

Case 1: n = 0(mod 3)

Let I1 = {ugr, : k = 1,2,...,%}, I, = {ugps1 : k = 0,1,...,%73}, and
I3 = {ugpy2 1 k=0,1,..., %53} Then for all j € {1,2,3}, ; N N(I;) = @ and |[;| = [2].
Thus, I7, I> and I3 are the only ~;-sets of C),. Clearly, I; contains an element which is not
in Iy and I3, by Remark 3.1(i¢), fvi(I1) = fv(Cpn) = 1.



C. Armada, S. Canoy Jr. / Eur. J. Pure Appl. Math, 12 (4) (2019), 1371-1381 1375

Case 2: n = 1(mod 3)

Then clearly, S = {u1, us}U{ugp2 : k=1,2,..., "T_Zl} is a 7;-set of C,,. Clearly, S contains
uy and us where d(uy,us) = d(us,us) = 2. Replacing any of the vertices usgi2 (k # 1)
to form another 7;-set is not possible since d(us, ug) = d(u1, up—2) = d(uggt2, Uskrs) = 3
for all k& € {2,3,..., "TJ} Since wu; is also contained in the ~;-set
S = {ur,up—1} U {ug : k = 1,2,...,25%}, no vertex of C, is contained in a unique
vi-set. Thus, fv;(S) > 2. Clearly, {uj,us} is uniquely contained in S. Therefore,
[i(8) =2 = fr(Cp).

Case 3: n = 2(mod 3)

Suppose that n = 5. The ~;-sets of C5 are S1 = {u1,us}, So = {u1,us}, S3 = {uz,uq},
Sy = {ug,us} and S5 = {us,us}. Clearly, for each u; € S; where i,j € {1,2,3,4,5},
there exists u, € V(C5)\S; such that [S;\{u;}] U {u} is a y5-set of G. By Theorem 3.3,
f7i(Cs) = 2. Now, suppose that n > 5. Then S = {u;} U{ugr : k =1,2,...,2%} is a
~i-set of Cy,. Clearly, S contains uq and ug where d(uy,u3) = 2. Since u; is also contained in
the y;-set " = {uy,ug} U{ugr : k =2,3,..., "sz}, no vertex of C), is contained in a unique
~i-set. Thus, f~;(S) > 2. Since {u1, us} is a forcing subset for S, fv;(S) =2 = fv(C,). O

Theorem 3.7. Let G and H be any graphs. Then Sy C V(G + H) is a 7;-set of G+ H if
and only if one of the following holds:

(7) So is a y;-set of G and vi(G) < vi(H)

(13) Sp is a y;-set of H and v;(H) < v(Q)
(1i1) So is either a ~y;-set of G or H, and v;(H) = v(Q).
In particular, v;(G + H) = min{~;(G),~i(H)}.

Proof. Clearly, S C V(G + H) is an independent dominating set of G + H if and only
if either S is an independent dominating set of G or S is an independent dominating set of
H. In particular, v;(G + H) = min{v;(G),vi(H)}. Hence, Sp is a ;-set of G + H if and
only if one of (i), (i7), and (4i7) holds. O

Theorem 3.8. For any graphs G and H with v;(G) = ~;(H),

1, if either G or H has a unique ;-set,
fr(G+H)=1 " )
min{ fv;(GQ), fv(H)}, otherwise.

Proof. By Theorem 3.7, v;(G+ H) = 7(G) = ~i(H). Suppose that either G or H has a
unique y;-set. W.l.o.g., suppose that G has a unique ~;-set, say S. Then by Corollary 3.7, S
and the 7;-sets of H are ~;-sets of G+ H. Clearly, for any x € S, {z} is uniquely contained
in S and not in any ;-set of G + H. By Remark 3.1(ii), fv(S) =1 = fv(G+ H).
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Suppose that both G and H have no unique ~;-sets. We may assume that
G < fvi(H). Since every ~;-set of G and H is a ~;-set of G + H,
f%( ) > fv(G + H). Now, let Sy be a ~;-set of G 4+ H such that

fv(G + H) = fv(So). If So € V(G), then Sy is a ~;-set of G. Hence,

(G + H) = fv(So) > fv(G). If Sy C V(H), then Sy is a v;-set of H. Hence,
[%(G+ H) = [7(So) = fri(H) > fv(G). Hence, in any case, fv(G+ H) = fv(G). O

Theorem 3.9. For any graphs G and H with v;(G) # ~i(H),

0, if vi(G) < vi(H) and G has a unique ~y;-set or
if vi(H) < v(G) and H has a unique ;-set,
fu(C o+ H) = S <t .
[7i(G), if vi(G) < vi(H) and G has no unique 7;-sets,
fyvi(H), if vi(H) < 7(G) and H has no unique ~y;-sets.

Proof. Suppose that v;(G) < v;(H). By Theorem 3.7, (G + H) = ~;(G). Suppose
that G has a unique ;-set, say S. Then by Corollary 3.7, S is the only ~;-set of G + H.
By Remark 3.1(i), fv(G + H) = 0. Now, suppose that G has no unique ~;-sets. By
Corollary 3.7, the v;-sets of G are also the ~;-sets of G + H. Thus, fv;(G + H) = f~i(G).
Similarly, if v;(H) < v;(G), then f~;(G + H) = 0 whenever H has a unique ~;-set, and
fvi(G+ H) = fv;(H) whenever H has no unique ~;-sets. O

The next results are direct consequences of Theorem 3.8 and Theorem 3.9

Corollary 3.10. For any graph H,

FA(E + H) = {(1) [,

Corollary 3.11. For the complete bipartite graph Ky, ,, such that n,m > 1,

Frs(Eonm) = {O’ n#m

1, n=m.

Corollary 3.12. For the generalized fan F, ,, = K, + P,,, wheren>1 and m > 2,

Fri(Fo ) = 0, if eithern <[] orn > [%5] with m = 0(mod 3),
TilEnm) = 1, if either n = [%] orn > [F] with m # 0(mod 3).
Corollary 3.13. For the fan F,, = K1 + P,, where n > 2,
0, n>3
; )= ) )
fi(Fn) {17 n<s3.
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Corollary 3.14. For the generalized wheel W, ,, = K, +C,,, wheren>1 and m >3,

0, ifn<[%F]
[vWhm) =11, if either n = [%] orn > [%] withm =4 or m = 0(mod 3),
2, ifn>[%] withm # 4 or m # 0(mod 3).

Corollary 3.15. For the wheel W,, = K1 + C,,, where n > 3,

0, n>3
1Wn = ’ ’
fri(Wn) {1’ h—3.

The following results are restatements of Theorems 2.3 and 2.4.

Theorem 3.16. Let G be a connected graph of order n and let H be any graph. Then
C C V(GoH) is an independent dominating set in GoH if and only if C = AU( U Sv)s

VeV (G)\A
where A is an independent set (may be empty) of G and S, is an independent dominating
set of HY for allv € V(G)\A.

Theorem 3.17. Let G be a connected graph of order n and let H be any graph with

vi(H) = 1. Then C is a v;-set of Go H if and only if C = AU ( U Sy) where
veV(G)\A

A is an independent set of G and Sy is a y;-set of HY for each v € V(G)\A. In particular,

vi(Go H) =n.

Theorem 3.18. Let G be a connected graph of order n and let H be any graph with
vi(H) > 2. Then C is a v;-set of Go H if and only if C = AU ( U Sy) where
veV(G)\A
A is a maximum independent set of G and Sy is a v;-set of H for each v € V(G)\A. In
particular,
%(G o H) = a(G) + [n — a(G)]vi(H).

Theorem 3.19. Let G be a connected graph of order n and let H be any graph with
vi(H)=1. Then

v(G), if H has a unique ~;-set,
f%‘(GOH>:{ (©)

n, otherwise.

Proof. Since v;(H) = 1, by Theorem 3.17, 7;(G o H) = n. Suppose that H has a unique
vi-set, say P = {x}. For each v € V(G), let P, = {z,} C V(H") be such that (P) = (P,),
where (P) is the subgraph induced by P. Let S = T UU where T is a 7;-set of G and
U={x, € V(H") : &z, € P, Vv € V(G)\T}. Clearly, S is a y;-set of G o H. Since H
has a unique ~;-set and any vertex v € V(G)\T is adjacent to a vertex in T, no element
in U can be replaced by any vertex in v + V(H") for all v € V(G)\T to form another
~v;-set of G o H. Hence, T is uniquely contained in S, that is, T is a forcing subset for S.
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Therefore, fv;(S) < |T|. Suppose that there exists B & S such that f;(S) = |B| < |T|.
Suppose that BNU # &, say w € BNU. Let v € V(G)\T such that w = z, € V(H").
Pick y € TN Ng(v) and let 77 = T\{y} and U’ = U U {zy}. Then §' =T" U U’ is a ;-set
of Go H with §" # S and B C ', a contradiction. Hence, B ¢ T. Let z € T\B and
let S, = (T\{z}) U (U U{z.}) where ({z.}) = (z) and z, € V(H?). Then S, is a 7y;-set
of GoH, S, # S and B C S,. This is a contradiction since B is a forcing subset for S.
Therefore, fv;(S) = |B| = |T| = v(G).

Now, suppose that H does not have a unique ~;-set. Let C be a ;-set of Go H and let S
be a forcing subset for C'. By Theorem 3.17, C' = AU( U Sy) where A is an independent

veV\A
set of G and S, is a 7;-set of HY for each v € V(G)\A. Suppose that S # C, say w € C\S.
Let z € V(G) such that w € V(z 4+ H?). If w = z, then w € A. Let A’ = A\{w} and let
Sw = {xw} be a y;-set of H”. Then by Theorem 3.17, C' = A" U ( U Sy) is a ~;-set of
veV\A!
Go H with C' # C and S C C'. If w # z, then S, = {w} is a y;-set of H*. Let S} = {w'}
be a ~;-set of H* with w # w’. Then C* = AU ( U Sy) U S is a y;-set of Go H
veV\(AU{z})

with C* # C and S C C*. In either case, we get a contradiction. Thus, S = C' and
f7(C) = |C| = n. Consequently, fvi(Go H)=n. O

Theorem 3.20. Let G be a connected graph of order n and let H be any graph with
vi(H) # 1. Then

F7i(Go H) = {fa(G)a lfH has a umq'ue i-set
[n — a(G)][fvi(H)], if H has no unique ~y;-sets.

In particular, f~i(Go H) =0 if G has a unique a-set and H has a unique ;-set.

Proof. Since v;(H) > 2, by Theorem 3.18, v;(G o H) = a(G) + [n — a(G)]vi(H). Let
T be a maximum independent set of G. Then |T| = «(G) and |V(G)\T| = n — a(G).
Consider the following cases:

Case 1: Suppose that H has a unique ~;-set, say R.
For each v € V(G), let R, C V(H") such that (R,) = (R).

Suppose that G has a unique a-set, say D. Then by Theorem 3.18,
C = DU( U R,) is the unique 7;-set of GoH. Thus, by Remark 3.1(4), f~vi(GoH) = 0.

veV(G)\D

Suppose that G does not have a unique a-set. Let A be an a-set of G and let D4 be a

forcing subset for A such that fa(G) = fa(A) = |Dal|. Let C = AU ( U R,). Then,
VeV (G)\A

by Theorem 3.18, C'is a v;-set of G o H. Since each HY has a unique ~;-set R,, it follows
that D4 is a forcing subset for C. Thus,

fri(G o H) < fr(C) < |Da| = fa(G).
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Next, let Cp be a ~;-set of G o H such that fv,(G o H) = fv(Cpy). Then

Co = Ap U ( U R,), where Ap is an a-set of G. Let S be a forcing subset for
vEV(G)\Ao

Cyp such that fv;(Cy) = |S|. Since each H” has a unique v;-set R, S C Ap. Since S is a

forcing subset for Cp, S must be a forcing subset for the a-set Ag. Thus,

(G o H) = fv(Co) = [S| = fa(Ao) = fa(G).

Therefore, fv;(Go H) = fa(G).

Case 2: Suppose that H does not have a unique ~;-set.
Let @ be a ~;-set of H with fv;(H) = f(Q) and let Py be a forcing subset for
Q@ with fv(Q) = |Pg|. For each v € V(G), let Q, C V(H") and Py, C @, such that
(Qv) = (@) and (Py,) = (Pg). Let Ag be an a-set of G. Then by Theorem 3.18,
Co = Ag U ( U Q) is a y;-set of Go H. Let S = U Pg,. Then S is a
veV(G)\Aq veV(G)\Ag
forcing subset for Cg. Thus,

(G o H) < fy(Cq) < 15| = [n— a(G) fri(H).

Next, let C’ be a ~;-set of G o H such that fv;(G o H) = f~,(C"). Then by Theorem
3.18, let C" = A" U ( U R,), where A’ is an a-set of G and R, is a ~;-set of HY for
VeV (GN\A!
each v € V(G)\A'. Let S’ be a forcing subset for C’ such that f+;(C’) = |S’|. Suppose
that there exists w € V(G)\A’ such that S’ N R, = S, is not a forcing subset for R,,.
Let R), be a v;-set of H* with R], # Ry,. Then C” = A" U ( U R,) UR,, is
VeV (G)\(A'U{w})
a ~y;-set of G o H with C” # C’" and S’ C C”, a contradiction. Thus, S, = SN R, is a
forcing subset for R, for each v € V(G)\A’. Note that S, # & for each v € V(G)\A'. Let

So= |J S Then
VeV (G\A!
fr(GoH)=151>1%= > |S%> > frnuH) =[r—aG)fvnH).
VeV (G\A! VeV (G)\ A’
Therefore, fvi(Go H) = [n — a(G)]f~i(H). O

Theorem 3.21. Let G and H be connected graphs. Then

fr(G), if H has a unique ~;-set,
pat) = 4TS | |
[Yi( @[ fvi(H)], if H has no unique 7;-sets.
In vparticular, fv(G[H]) = 0 if G and H have wunique ~;-sets. Also,

fri(GH]) = vi(G[H]) if fi(H) = 7i(H)-
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Proof. By Corollary 2.6, v;(G[H]) = 7i(G)~i(H). Consider the following cases:

Case 1: Suppose that H has a unique ~;-set, say R.

Let S be a vy;-set of G and let U be a forcing subset for S such that fv;(G) = fv(S) = |U|.
By Theorem 2.5, C' = S x R is a 7;-set of G[H]. Now, since U is a forcing subset for S,
U. = U x {c} is a forcing subset for C for each ¢ € R. Hence, for each ¢ € R,

f(G[H]) < fr(C) < |U| = U| = fr(G).

Let Cy = Sp x R be a v;-set of G[H] such that fv;(G[H]) = fvi(Cy). By Theorem
2.5, Sy is a y-set of G. Let Qo be a forcing subset for Cy with f~;(Co) = |Qo|- Let
Qo = Uger[{z} x Ty], where K C Sy and T,, C R for all z € K. Since @ is a forcing
subset for Cp, it follows that K is a forcing subset for Sy. Choose any x € K and a € T,.
Then Q, = K x {a} C Q. Thus,

fy(GIH]) = f7i(Co) = |Qo| = |Qal = |K| = f7i(S0) > fr(G).

Therefore, fv;(G[H]) = f~i(G). In particular, if G has a unique v;-set, then f~;(G[H]) = 0.
Case 2: Suppose that H does not have a unique ~;-set.

Let Ry be a ~;-set of H and Ty be a forcing subset for Ry such that
fvi(H) = fv(Ro) = |Tp|- Let Sp be a 7;-set of G. For each x € Sy, let T, = Ty
and R, = Rp. By Theorem 2.5, C' = Ugeg,[{z} X Ry] is a v;-set of G[H]. Then
Co = Ugzes, [{z} x Ty] = So x Tp is a forcing subset for C. Hence,

fri(GIH]) < f7i(Co) < |Col = [So x To| = i(G) fri(H).

Next, let C' = Ues[{z} x T,] be a «;-set of G[H] and let D be a forcing subset for C' such
that fv;(G[H]) = fv(C) = |D|. Then by Theorem 2.5, S is a 7;-set of G and T} is a
vi-set of H for each x € S. Let D = Uyex[{z} x E;| where K C S and E, C T, for each
x € S. Suppose that K # S, say v € S\K. Let T, be a 7;-set of H with T, # T,,. Then
C" = Uges\pyl{z} x Te] U {v} x T} is a a v;-set of G[H] and D C C’ # C, a contradiction.
Thus, K = S and since D be a forcing subset for C, FE, must be a forcing subset for T, for
each x € S. Hence,

fri(GIH]) = [D| = Y |Eo| 2 %(G) fri(H).
zEeS
Therefore, fvi(G[H]) = ~%(G)fvi(H). In particular, if fv;(H) = ~i(H), then
fr(GH]) = 7(G)yi(H) = 7(G[H]). -

Since the complete graph K, has no unique v;-sets and f~;(K,) =1 except when n =1,
the following result is immediate from Theorem 3.21.

Corollary 3.22. Let G be a connected graph and K, the complete graph of order n > 1.
Then

f’Yz(G[Kn]) = {'Yz(G)a n>1
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