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Higher order nonlocal boundary value problems at
resonance on the half-line
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Abstract. This paper investigates the solvability of a class of higher order nonlocal boundary
value problems of the form

u(n) (t) = g(ta u(t)v ul(t) e u(n_l)(t))v a.e. le€ (07 OO)
subject to the boundary conditions

W 00) = 0 =0, i= 1,22

1
u" (o) = / u™ Y (s5)dA(s)

0

where £ > 0, g : [0,00) x R — R is a Caratheodory’s function,

A :[0,¢] — [0,1) is a non-decreasing function with A(0) = 0, A(¢) = 1. The differential operator
is a Fredholm map of index zero and non-invertible. We shall employ coicidence degree arguments
and construct suitable operators to establish existence of solutions for the above higher order
nonlocal boundary value problems at resonance.
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1. Introduction

In this paper, we study the existence of solutions for the higher order boundary value

problems.
u™ (t) = g(t,u, W/ (t)..u" (1)) ae. t € (0,00) (1)
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subject to the boundary conditions

(n—1)!

u(n—l) (0) _ gnil

w(€),uD(0)=0,i=1,2,...,n—2,

£
u™ Y (00) = / u™ Y (s)dA(s) (2)
0

where £ > 0, g : [0,00) x R" — R is a Caratheodory’s function and

A :]0,£] — [0,1) is a non-decreasing function with A(0) = 0, A(¢) = 1. The integral is
the Riemann-Stieltjes integral. Boundary value problems such as (1)-(2) with nontrivial
Kernels are called resonance problems. To the best of our knowledge higher order boundary
value problems on infinite intervals at resonance have not received much attention in the
Literature especially those with integral boundary conditions. Most papers focused on
boundary value problems at resonance on finite intervals especially for second and third
order boundary value problems. For some results in this direction see [4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 17, 18,19] and references therein. Nonlocal boundary value problems
were first studied in [3] by Bicadze and Samarskii. In a recent paper [10] Karakostas and
Tsamatos considered the following nonlocal boundary value problem.

2 (t) +q(t) f (x(1), 2 () = 0,¢ € (0,1)

1
z(0) =0,z (1) = /0 ' (s)dg(s)

under the nonresonance condition 0 = ¢g(0) < ¢g(1) < 1. They used Krasnoselskii’s fixed
point theorem in establishing existence of solutions. In [13] Lin derived existence results
for the nonlocal boundary value problem.

"

2 (t) = f(t,z(t),2 (t),t € (0,1)
1 !/
2(0) = al€).' () = [ &/ (5)dg(s)

under the resonant condition g(1) =1

The main purpose of this paper is to provide new sufficient conditions that guarantees
existence of solutions to (1)-(2). Our investigation will be based on the coincidence degree
theory of Mawhin [17].

The main motivation for this article is the recent paper of Frioui, Guezane-Lakoud and
Khaldi [7]. The authors obtained existence results for the problem

x(n) (t) = f(tw%'(t))vt S (07 OO) (3)

- 1 nl [€
29D(0)=0,i:=0,1...n—2, 2" V(c0) = gn/ (t)dt (4)

0
where f :[0,00) x R — R is a given function satisfying certain conditions. There is so
far little research with regards to (1)-(2), therefore it is important to investigate it. We
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also note that (1)-(2) is more general than (3)-(4).
In section 2, we provide some background definitions, Lemmas and the coincidence degree
theorem of Mawhin [17], section 3 will be devoted to proving the main existence results.

2. Preliminaries

In this section, we recall some background definitions and the coincidence degree the-
orem [17]. We shall also provide compactness criterion for continuous vector-valued func-
tions on unbounded domains. First, we give some background results from coincidence
degree theory.

Definition 2.1:

Definition 1. Let X and Z be real Banach Spaces. A linear mapping L : domL C X —
Z is said to be a Fredholm mapping if

(i) KerL has finite dimension.
(ii) ImL is closed and has a finite codimension.

In this case, the Fredholm index is the integer
IndL = dim kerL — codimImlL.

In this work, we shall utilise Fredholm mappings of index zero. If L is a Fredholm
mapping of index zero, then there exist continuous projections
P:X—XandQ:Z2——7
such that
ImP =ker L, kerQ = ImL and X = ker L & ker P
Z = ImL @& Im(@ and the mapping
L|gomLnker p : domL Nker P — I'mL is invertible.*

We denote the inverse of L|gomrrker p by Kp : ImL — domL Nker P. We designate the
generalised inverse of L given by Kpg : Z — domL Nker P as Kpg = Kp(I — Q).

Definition 2.2: The map ¢ : [0,00) x R® — R is L'[0, 00)-Caratheodory, if the
following conditions are satisfied.

(i) For each u € R", f(t,u) is Lebesgue measurable

(ii) For a.e. t € [0,00), there exists ¢, € L]0, 00) such that for a.e.
t € [0,00) and every u such that |u| < we have |f(t,u)| < ¢, (t).

Let X = {u € C" 1[0, 00), limy 0o e *|ul®(t)] exists, 0 <i <n — 1, ul™(t) € L']0,00)}
endowed with the norm

0<i<n—1 te[0,00)

lz|| = max <sup e_t]u(i)(t)]>
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Then X is a Banach space.
Theorem 2.1 [2]a Let F be a subset of C = {y € C([0,00)),lim;_, ) y(t) exists

that is equipped with the norm [|y[[oc = Supsejo o0 [¥(%)]
Then F is relatively compact if the following conditions hold.

(i) F is bounded in X

(ii) The functions belonging to F are equicontinuous on any compact subinterval of
[0,00)

(iii) The functions from F are equiconvergent at infinity.

The following adaptation of the above theorem will be used to establish the compact-
ness of K, (I — Q)

Lemma 2.1 [7]:
Let D C X, then D is relatively compact in X if the following conditions hold.

(i) D is bounded in X

(ii) The family W* = {1 : ¥;(t) = e *uD(t),t > 0, u € D} is equicontinuous on any
compact subinterval of [0,00) for i =0,...,n — 1.

(iif) The family W? = {¢; : ¥;(t) = e *uD(t), t > 0, u € D} is equiconvergent at infinity
fort=0,1,...,n—1.

Let Z = L0, 00) with the norm ||y|ly = [5° |y(t)|dt for y € Z. We denote ACj,c[0, 00)
as the space of locally absolutely continuous functions on [0,00). We define L to be the
linear operator from domL C X — Z with

domL = {u eX: u(”_l)(t) S AC[OC[O,OO),u(i)(O) =0,1=1,2,...,n—2
1\ 13
w0 00) = g, V) = [t )A€ 2}
0

and Lu(t) = u™(t), u € domL, t € [0,00). We define N : X — Z by setting
Nu(t) = g(t,u(t),'(t) - u""D(t)),t € [0,00)
We can then write (1)-(2) as
Lu= Nu (5)
Definition 2.3:

Definition 2. Let L : domL C X — Z be a Fredholm mapping, E a metric space and
N : E — Z be a mapping: N is said to be L-compact on E if QN : E — Z and
KpgoN : E — Z are compact on E. N is called completely continuous if it is L-compact
on every bounded F C X.
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The existence of solution to (5) will be guaranteed by the following theorem of Mawhin
[17].

Theorem 2.2 [16]: 7Let Q C X be, and L be a Fredholm mapping of index zero
and N be L-compact on ). Assume that the following conditions are satisfied.

(1) Lu # Nu for every (u,A) € [(domL\ ker L) N 08 x (0,1)
(2) Nu ¢ ImL for every u € ker L N OS2

(3) deg(QN|oankerr, 2 Nker L,0) # 0 where Q : Z — Z is a projection such that
ImL = ker Q

Then the equation Lu = Nu has at least one solution in domZL N €.

Lemma 2.2: If u("_l)(()) = (?;11)!“(5)»14(5) =1,400)=0

w1 (00 fE n=1(s)dA(s), u(0) =0, i =1,2,...,n — 2 then

(i) ker L={u€domL :u=dt" ', deR, t € (0,00)}

(i) ImL={y e Z: [ y(r)dr — [§ [3 y()dvdA(s) = 0}.

Proof:
(i) Let u € ker L, then u(™(t) = 0 for ae. t € [ 00). Since u(0) = 0 for i =
1.2....,n — 2 and using (5) we derive that u( ) = dt"!. Thus

ker L = {u € X : u(t) = dt" 1}

(ii) We next show that

ImL:{yEZ:/ ds—// T)drdA(s 0}.

We consider the problem
ut(t) = y(t), ye 2 (6)
We prove that (6) has a solution u(t) satisfying

_ 3
Mmﬂ@):“;LP%@Lumm)za szznwn2,M“%w>=/ndm”@ﬂA@)
0

If and only if
/ m—//' o) dvdA(s (1)
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Suppose (6) has a solution u(t) satisfying (5). We show that this solution satisfies (7).
From (5) we obtain

ut) = u(0)+ (“(n Y L / / / Pdm, ... dm,
u V() = WD) + /0 y(r)dr
W (0) + / “umar= | 5 [u<"—1><o> + [ vtryar] aa
= / / T)drdA(s
= ulY / / T)drdA(s

/ dT_// v)dvdA(s) = 0.

If however, (7) holds then setting

(n
u(t) = u(n—l 4 / / / (r1)dry, - ,dmy,

We conclude that u(t) is a solution of (6) satisfying (7).

and hence

Lemma 2.3 The mapping L : domL C X — Z is a Fredholm mapping of index zero
and furthermore the linear continuous projector ) : Z — Z can be defined as

Qy:h(t)[/ ds—// F)drdA(s }

eft

Jo e dA(s)
The linear operator K, : ImL — domL N ker P, the inverse of L|domL N kerp can be
defined as

t Tn T2 13 Tn T2
prz/ / / y(ﬁ),dﬁ.-.dm—/ / / y(m1)dr -+ - dm,
0 JO 0 0 0 0

where

h(t) =

with

1Kyl < Dallyla (8)
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where

D, = max |2 sup e ‘"' max ( sup e "1
te[0,00) "leisn—1 te[0,00)

Proof: For y € Z, we define the projection Qy as:

Qy = h(?) U dv—// T)drdA(s ]

—t

ht) = — S 20
) Jo e*dA(s)

where

Then we have

=@ = oo [ o] T3
= Qy

This implies that @) is a projection.
Let y1 =y — Qy i.e. y1 € ker @) then

/0 i ()dy — / ‘ / "y (F)drdA(s)
_ { / o)dv — / / P)drdA(s ]

Therefore, y; € ImL and hence Z = ImL + ImQ).
Since ImL N Im@Q = {0} we obtain Z = ImQ & ImL.
This implies that dimker L = dim Im@ = 1.

Hence, L is a Fredholm operator of index zero.

Let P: X — X be defined by

fog e *dA(s)
Jo e 3dA(s)

u(nfl) (O)tnfl

Pu= (n—1)!

We define
K, :ImL — domLNker P as

t Tn Tn 13 Tn T2
o= [ [ [ atmsinan— [ [ [ agin
0 Jo 0 0 Jo 0

39
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For y € ImL, (LKp)y(t) = [(Kpy)(t)]" = y(t) and for u € domL Nker P and noting that

u(0)=0,i=12,....,n—2

(pLyu(t) = u(t) ~ =2,

u(nfl) 0) -1 __
(n—l)(! )t t=0.

u(§) we derive

Since u € domL Nker P, Pu =
Also since u(™1(0) = (n-1)!
(KpL)u(t) = u(t)

Thus Kp = (L|domLﬁkerP)_1

FARY

e—t

e |(Kpy) (1)]

B u(n— 1) (O)tn_ 1

u(n—l) (O)é-n—l

—u(§) + =)

13 Tn T2
"dTn — / / .../ y(T)dTl . ..d']—n:|
0 JO 0

t Tn T2 13 Tn T2
< [ [ [Ciancans [T [ amidnan]
0o Jo 0 0o Jo 0
[e.e] [e.e]
< sup ettnl/ ly(s)|ds + sup ettnl/ ly(s)|ds
te[0,00) 0 te[0,00) 0
<2 sup e " Yyl
te[0,00)
For 1 <i<n—1 we have
., @ ot t e
EDIO] = | [ =9 s
i o0
< e [ Cylas
0
We therefore conclude that
|Kpyl < max |2 sup e ‘"' max sup e 0yl
te[0,00) I<isn—1 \ te[0,00)
= Dallylh (10)
where D,, = max [2 SUP;e[0,00) e 1"t maxy<j<p_1 (SUPte[O,oo) e_tt”_l_i)} 0

Lemma 2.4 If gisa Caratheodory’s function and £ C X is a bounded open subset
of X, such that domL N E # ¢ then N is L-compact, where E denotes the closure of F

Proof: Let F C X with r = sup{||u|| : v € E}. We consider K,(I — Q)N (E). Since
g :[0,00) x R" — R satisfies Caratheodory’s conditions with respect to L[0,c), there

exist a Lebesgue integrable function ¢, such that

_ _u(n—l

[Nu(?)] lg(t, u(t), /() --

J(B)] < @r(t) aue. t € (0,00)
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INulp < /0 er(B)dt = vl (11)

lovuls < [ 1@Nuts)as = [ ]h(t) [ | ). yir

_ /0 ‘ /0 (g(r (), (7) - u("_l)(T))deA(s)] ‘ dt

[ mor [T ottt ).t o
/ / l9(7, u(r),w'(7).. u(n_l)(T)”deA(s)} it

/0 Ih(t)[/0 or(T dT—l—// T)drdA(s ]d

1Bll1lllerlls + et A©] = 2ller [ l1Al]x (12)

This shows that QN ( E) is bounded. We now apply Lemma 2.1 to prove the compactness
of K,(I — Q)N(E). Let u € E then from the definition of K,(I — Q)N (u) together with
(10), (11) and (12) we derive

IN

IN

IN

[ Kp(I = Q)Null Dll(I = Q)Nully < Dy [[Nully + [|QNullx

Dullerlls + 2ller1llAl (13)
K,(I—Q)N(E) is therefore uniformly bounded in X. Let u € E and t1,t2 € [0,T], t1 < t2

with T € (0,00). We prove that K,(I — Q)N(E) is equicontinuous on every compact
subset [0, 7] of [0,00). We have

<
<

le™2 (K, (I — Q)Nu) W (tg) — e 1 (K, (I — Q)Nu) D (t1)], 0<i<n—2
/ 2[673(Kp(1 — Q)Nw) W (s)]'ds

t1
[2)
[—e *(Kp(I = Q)Nw) ) (s) + e (K (I — Q) Nu)"(5)]ds
t1
< 2| (t1 — 12) [ Kp(I = @)Nul| < 2[t1 — t2|[Dnller[ls + 2ol [[2]]1]

— 0 as t1 = 1o

For ¢ = n — 1, we obtain

2 (1 = QUN) " (1) — ™ (K (I — Q)Nw)" (1)

e 2 / 2([ — Q)Nu(s)ds — e " / 1([ — Q)Nu(s)ds
0 0

b2 t t
< —t1 _ pTl2
<[ )

(I = Q)Nu(s )!ds—k/m e " (I — Q)Nuf(s)|ds]

t1
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— 0 las t1 — to

It follows that K,(I — Q)N(E) is equicontinuous on every compact subset of [0, 00).
Next, we prove that K,(I — Q)N(E) is equicontinuous at infinity. For u € E we have

—t

_° t — )" I — u(s)ds
o [ =9 - QN

¢ ¢
] /0 (t —s)""YI — Q)Nu(s)ds

e (Kp(I = Q)Nu)(t)| =

e
(n—1)!

<efnt /OO (I —Q)Nu(s)|ds + e 't /OO |(I —Q)Nu(s)|ds
0 0

< 2e " ([Nully + |QNully) < 2e7 " [lon ]l + 2[|er[l1]|B]1]
— 0 as t — co.

Fori=1,2,...,n—1 we have

e—t

‘e—t(Kp(I—Q)Nu)(l)(t)‘ < (n—l—z)'/o (t_s)n_l_i‘(I—Q)Nu(S)’dS

ot
< etgnl- /0 (I — Q)Nu(s)|ds

< e - Q)Nul
< e llor a4 2ller [ ][Al]
— 0 as t — oo.
We conclude that K,(I — Q)N(E) is equiconvergence at oc. O

3. Existence Results

To establish the main existence results, we assume the following conditions

(R1) There exists functions a;(i = 0,1,...,n —1),b,7 € L'[0,00) and constant 6 € [0, 1)
where a;, b, : [0,00) — [0,00) are such that for all (ug,u1,...,u,—1) € R, the
following inequality is satisfied

lg(t,uo(t) - un—r (t)| < e (Za )wi(t)] + b(t)[un—1 )!9)+?“(t) (14)

(R2) There exists a constant B; > 0 such that for u € domL if u(»~D(t) > By for all
t € [0,00) we have QNu # 0

(R3) There exists a constant By > 0 such that for u(t) = dt"! € ker L, d € R with
|d| > 1 1), then either
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d-h(t) [/Ooog (v, dv" 1t d(n—1)v" 2 (n — !d) dv

- /g /SQ (7', dTn*l,d(n - 1)7'"72 coo(n— 1)!d) drdA(s) >0
0o Jo (15)

or

d-h(t) [ [y g (v,dv"d(n— 1) 2 (n— 1)ld) dv

— /E /S g (7’, dr" ™l din - 1) 2. (n — 1)!d) drdA(s) <0
0 0 (16)

Theorem 3.1: If (R1) — (R3) hold, then the boundary value problem (1)-(2) has at
least one solution in C™"~1[0, 00) provided

n—1 1
Z ailli < 3D, (17)
i=0 n

Proof: Our goal is to construct an open bounded set 2 C X that satisfies assumption
(1)-(3) of theorem 2.2.
Let 1 = {u € domL\ ker L, Lu = ANwu for A € (0,1]}.
For uw € Qi,u ¢ ker L and therefore Nu € ImL = ker ). Thus QNu = 0 and by (R2)
there exist ¢y € [0,00) such that [u(®1(ty)| < B;. We have

to 0
W=D (0)] = u("—l)(to)—/ u™ (s)ds §31+/ [Nu(s)|ds
0 0

= Bi+|[Nul (18)

For u € 4, u € domL\ ker L and hence (I — P)u € domL Nker P with LPu = 0. Thus
from (10) we obtain

I(I = P)ul| = [[KpL(I = P)ul| < Dy |[L(I = P)ully < Dpl|Luly < Dn[|[Nully — (19)
Using (18) and (19) we get

lull = | Pu+ (I = P)ul| < [[Pull + [[|(I = Pu)|| < Dylul”(0)| + Dy||Nul)y
= Dyp(B1+ [[Null1) + Dn|[Nulx
= D,Bi +2D,|Null; (20)
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Using (14) we have

wwlzéﬂwﬂ@mw%ww

[e.9]

n—1 . ) 00
<> ladle™ 1w (s)|ds + [ [b(s)|e " " ()| ds + |r(s)|ds
i=0 70 0 0

n—1

0
< D llaali [l + ], [ull® + lirlh (21)
=0

From (20) we derive

n—1
Jul < DnBi+2Dy [Z a1 1 floo 11BI11 1™ D)1 + [l
=0
n—1
< DpBi+2D, [Z il [ [l + 110l 1) + (12
=0

e, (120, S0 failly) ull < 2Du bl + DoBy + 2D,

Since 6 € [0,1) and condition (17), we conclude that there exists constant M > 0 such
that ||u|| < M. Therefore, Q; bounded.

Let Q9 ={u e ker L : Nu € ImL}.

For u € Qy, u € ker L = {u € domL : u = dt"',d € R, t € [0,00)} and QNu = 0.
Therefore from (R2) there exist o € [0,00) such that [u(*~D(to)| < By i.e, (n—1)!d < By
which implies that |d| < %.
Now for u € Q9

[[ull = |d| max ( sup e‘tl(t”‘l)“)I) < BiD,, < 0 (22)
te[0,00)

Therefore 5 is bounded in X.
If (15) holds, we set

Qs ={ueckerL: AJu+ (1—N)QNu =0} (23)

where J is the isomorphism, J : ker L — I'mQ defined by J(dt" ') = de~';d € R.
For u € Q3, u = dt"~! and from (23) we get

“Mu = (1 - NQNu

et = (1 — \h(t) [ 2 Nu(v)dv — [$ [ Nu(T)deA(s)]



REFERENCES 45

If A\=1, then d =0. Howeverif]d|>ﬁand0<)\<l

then from (15) we obtain

—Ad?e™t = (1= N)h(t)d - [/OOO Nu(v)dv — /0£ /O Nu(T)deA(s)] >0

which is a contradiction.

Similarly if Q3 = {u € ker L : =AJu + (1 — \)QNu = 0} we arrive at a similar contradic-
tion using (16). Therefore, Q23 is bounded.

Let €2 be open and bounded such that U?:lﬁi C Q. It is easily seen that assumptions (1)
and (2) of theorem 2.2 are satisfied. We now verify the third assumption. To do this, we
apply the invariance under a homotopy of the degree. We define

H(u,\) = £AJu+ (1 - N)QNu
Since U3_,Q; C Q, we have that H(u,\) # 0 for u € ker L N 0S2. Hence

deg(QN |xer Lro, 2Nker L,0) = deg(H(0,1),Q2NkerL,0)
= deg(xJ,Q2Nker L,0) #0
Therefore by theorem 2.1 Lu = Nu has at least one solution in domL N Q ie. (1) - (2)

has at least one solution in X O

4. Conclusion

This paper has established conditions for the existence of solutions for the resonant
boundary value problems (1) - (2); using coincidence degree theory. the results obtained
here are new and complements existing results for higher order boundary value problems
on infinite intervals.
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