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Abstract. Henstock—Kurzweil integral, a nonabsolute integral, is a natural extension of the Rie-
mann integral that was studied independently by Ralph Henstock and Jaroslav Kurzweil. This
paper will introduce the Henstock—Kurzweil-Stieltjes integral of C[a, b]-valued functions defined on
a closed interval [f,g] C Cla,b], where Cla,b] is the space of all continuous real-valued functions
defined on [a,b] € R. Some simple properties of this integral will be formulated including the
Cauchy criterion and an existence theorem will be provided.
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1. Introduction

The Henstock—Kurzweil-Stieltjes integral is a generalized Riemann—Stieltjes integral
which has properties similar to it. In the paper [9], Ubaidillah introduce the Henstock—
Kurzweil integral of functions taking values in C|a, b] through Riemann sums

S(F,D) =Y F(t:)[hi-1, hi]
D

where D = {([hi—1,hi], t;)}]~, is a tagged division of [f,g] Notion of integrals for Ba-
nach space-valued functions like Henstock integral for Banach space-valued functions,
Henstock—Stieltjes integral of real-valued functions with respect to an increasing func-
tion and Henstock—Stieltjes integral for Banach spaces were already defined by Cao [3],
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Lim [7] and Tikare [8], respectively. In this paper we change the way to define the do-
main of the function and the integrator. We shall choose first a closed interval [f, g] as
our domain and a continuous real-valued function H instead of the identity map as our
integrator.

2. Preliminaries

Throughout, we consider the space C[a,b] of all continuous real-valued functions de-
fined on [a, b]. For more details of the space C[a, b], see [2], [5] or [9].

Let [f, g] be a closed interval of Cla,b]. A division of [f, g] is any finite set {hg, h1, ...
,hn} C [f,g] such that
ho = f, hn =g and h;—1 < h;

for all i = 1,2,...,n. A tagged division of [f,g] is a finite collection {([hi—1,hi],t;) :
i = 1,2,...,n} of interval—point pairs such that {hg,hi,...,h,} is a division of [f,g]
and t; € [h;—1, h;] for every ¢ = 1,2,...,n. Each point t; is referred to as the tag of the
corresponding subinterval [h;_1, h;]. Let 6 be the null element in Cla, b], that is, (x) = 0,
for all « € [a,b]. A function § : [f, g] — Cla,b] is said to be a gauge on [f,g] if 6 < d(h)
for every h € [f, g].

Definition 1. [9] Let § be a gauge on [f,g]. A tagged division D = {([hj—1, hi],t;) : i =
1,2,...,n} is said to be o-fine if

t; € [hl;l,hi] C (ti — 5(ti),ti + 5(&))
for every i =1,2,...,n.

Theorem 1. [9] (Cousin’s Lemma) If 0 is a gauge on [f, g] C Cla,b], then there is a d-fine
tagged division of [f, g].

3. Henstock-Kurzweil-Stieltjes Integral on Cla, 0]

Let D = {([hi—1,hi],t;) : i = 1,2,...,n} be a tagged division of [f,¢] and F,H :
[f, 9] — Cla,b] be functions. We write

S(F,H; D) ZF — H(hi-1)],

called as Henstock—Kurzweil—Stieltjes sum of F' with respect to H on [f,g]. For
brevity, we write D = {([u,v],t)} for a tagged division of [f, g] and

S(F,H;D) ZF H(u)].
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Definition 2. Let F,H : [f,g] — Cla,b] be functions. We say that the function F' is
Henstock—Kurzweil—Stieltjes integrable with respect to H on [f,g] to S € Cla, b,
briefly HKXS-integrable, if for any € > 0, there exists a gauge ¢ on [f, g] such that for any
d-fine tagged division D of [f, g], we have

|S(F,H;D)— S| <e-e,

where e is the multiplicative identity in Cla,b]. The element S € Cla,b] is called
Henstock—Kurweil—-Stieltjes integral, briefly HXS-integral, of F' with respect to H
on [f,g] and is written by

g
S = (HKS) / F dH.
f

The collection of all functions which are HXS-integrable with respect to H on [f, g] is
denoted by HIS([f,g], H).

Theorem 2. (Uniqueness) If F is HKS-integrable with respect to H on [f,g], then the
HKS-integral of F with respect to H on [f,g] is unique.

Proof. Suppose that F' is HKS-integrable with respect to H on [f, g] to S € Cla, ]
and Se € Cla,b]. Let € > 0. Then there exists a gauge d; on [f, g] such that for all §;-fine
tagged division D = {([h;—1,hi],t;) :i=1,2,...,n} of [f, g], we have

\S(F, H; D) — Si| < %-e. (1)

Similarly, there exists a gauge d2 on [f, g] such that for all do-fine tagged division @@ =
{([ki=1,kil,si) :i=1,2,...,m} of [f, g], we have

IS(F.H;Q) = S| < 5 -e. 2)

Define a function ¢ : [f, g] — Cla,b] by § = ;1 A 2. Hence, by (1) and (2)
€ €
|S1 — Sa| <§'6+§'6:€'6.

This shows that S; = So. Therefore, the HXS-integral of F' with respect to H on [f, g] is
unique. ]

4. Simple Properties

Theorem 3. If F,G € HKS([f,g],H) and « € R, then
(1) Homogenity: «- F € HKS([f, 9], H) and

9

(HKS) /

9
(a'F)dH:a-(’HICS)/ FdH.
f

f
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(13) Linearity: F + G € HKS([f,g], H) and

"(F 4 G)dH = (HKS) /
f

(HKS) /

g g
FdH + (HKS) / GdH.
f f

Proof.

(i) Let € > 0. Then there exists a gauge § on [f,g| such that for any J-fine tagged
division D = {([hj—1, hi], ;) : i =1,2,...,n} of [f, g], we have

<

n g
;F(ti)[H(hi)—H(hi_l)]—(?—UCS)/f Pi| < S

Thus, for any -fine tagged division D = {([h;—1, hi],t;) : i =1,2,...,n} of [f, g]

n

S - F)(t)[H(hi) — H(hi1)] — o - (HKS) /

g
FdH ‘
i=1 f

a{ Zn;F(t")[H(h") ~ H(hiy)] — (HKS) /f ’ FdH}‘

= |a| ZF(tz)[H(h@)—H(hl1)]—(HK5)/ngH‘
i=1 f

<lolgr51e

< e€-e.

This shows that a - F' € HKXS([f,g], H) and

(a-F)dH:a-(HlCS)/ngH. O

(HKS) / ’ :

f

(13) Let € > 0. Then there exists gauge dr on [f,g] such that for any dp-fine tagged
division D = {([hi—1, hi], ;) i =1,2,...,n} of [f, g], we have

<§.e. (3)

S F()H ) — Hihir)] — (HKS) / " Fan
i=1 f

Similarly, there exists gauge dg on [f,g] such that for any dg-fine tagged division
Q = {([k‘ifla k’i]asi) =12, >m} of [f’g]a we have

m

> Gla k) ~ Hk)] - (4S) [ G

i=1

<%-e. (4)
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Define 6 = dp A dg. Then 0 is a gauge on [f,g]. Let D = {([hi—1,hil,t;) : i =
1,2,...,n} be a d-fine tagged division of [f, g]. Then D is both dr and dg-fine. By
(3) and (4),

n

S (P + G) el () ~ HOh)] = {Gs) [ Pat + Gucs) |

g
Gdﬂ}'
i=1 f

<

Z F(t)[H(h;i) — H(hi_1)] — (HKS) /fg FdH'

_l’_

n g
> Gt [H (ki) — H(hi—1)] — (HKS) / GdH‘
— f
<Sexf Z -
gretge=ce
Therefore, F' + G € HKS([f, g], H) and
9 9 9
(HKS) / (F + G)dH = (HKS) / FAH + (HKS) / GdH. 0
! f f
Theorem 4. (Linearity of Integrator) If F' € HKS([f,g], H1) N HKS([f,g], H2), then
F e HKS([f,g], H1 + H2) and
9 9 9
(HEKS) / Fd(Hy + H) = (HKS) / FdH, + (HKS) / FdH,.
f f f

Proof. Let € > 0. Then there exists gauge g, on [f,g] such that for any dp,-fine
tagged division D = {([hi_1, hi|,t;) i =1,2,...,n} of [f, g], we have

“e. (5)

DN

" F () (hi) — Hi(hi1)] — (HKS) /f " Fam,| <
=1

Similarly, there exists gauge o, on [f, g] such that for any dp,-fine tagged division Q =
{([ki=1,kil, si) :i=1,2,...,m} of [f, g], we have

m

S F(s:)[Halki) — Ha(ki 1)) — (HKS) /f ! pdm,| <
i=1

-e. (6)

DO

Define § = 0, Adm,. Then ¢ is a gauge on [f, g|. Let D = {([hi—1, hi),t;) i =1,2,...,n}
be a d-fine tagged division of [f, g]. Then D is both dg, and dp,-fine. By (5) and (6),

éF(t,)[(Hl + HQ)(hZ) — (Hl + HQ)(hi_l)] — {(HKS) /fg FdH; + (H’CS) /fg FdHQ}
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<

ZF(ti)[Hl(hi) — Hi(hi—1)] — (HKS) /fg FdH,
=1

n

| S° R () [Ha(hs) — Ha(hi 1)) — (HKS) /f ! pd,
=1

<€ +€ .
26 26—66.

Therefore, F' € HKS([f, g], H1 + H2) and

g
Fd(H, + Hy) = (HKS) /

g g
FdH, + (H’CS)/ FdH,. L]
f

f

(HKS) /

f

Theorem 5. (Additivity) Let f <r <g. If F € HKS([f,r], H) and F € HKS([r,g], H),
then F' € HKS([f, 9], H) and

(HKS) /f " PdH = (HKS) /f " PdH + (HKS) / ’ pan.

Proof. Let € > 0. Then there exists gauge d; on [f, 7] such that for any ¢;-fine tagged
division D = {([h;—1, hi], t;) : i =1,2,...,n} of [f,r], we have

€
< - -e. (7)
f 2

iF(t,)[H(hz) — H(hi—1)] — (HKS) /T FdH

Similarly, there exists gauge do on [r, g] such that for any do-fine tagged division Q =
{([kifla k1]7 SZ') ti= 1> 2> cee 7m} of [Tv g]a we have

m 9
> F(slH ()~ Hkin)) = (1KcS) [ Fart] < 5 ve. (8)
i=1 "
Define a function 0 : [f, g] — C[f, g] by
S1(h) A (r — h) ff<h<r
d(h) = { 0i(h Ar)ANda(hVr) ,if h=r or his incomparable to r
d2(h) N (h—1) yifr <h <g.

Then ¢ is a gauge on [f, g]. Let D = {([hi—1,hi],t;) : i = 1,2,...,n} be a i-fine tagged
division of [f,g]. By definition of ¢, we have r = h;, for some ig € {1,2,...,n}. Hence,
D = D; U Ds for some d;-fine tagged division D; of [f,r] and do-fine tagged division Do
of [r,g]. By (7) and (8),

iF(tz‘)[H(hi) — H(hi—y)] - {(HICS) /f FdH + (HKS) /g FdH}‘ e

T
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Therefore, F' € HKS([f, 9], H) and

(HKS) /f " FdH = (1KS) /f " PAH + (HKS) / ' pan. O

In the next theorem, we give an analogous form of Cauchy criterion for HXS —integral.

Theorem 6. (Cauchy Criterion) F' € HKS([f,g], H) if and only if for every e > 0 there
exists a gauge 0 on [f,g] such that for any d-fine tagged divisions D = {([u,v],t)} and

Q = {([v',v'],s)} of [f,g], we have

< €e-e.

— > F()HW) ~ H()]
Q

Proof. (=) Let € > 0. Then there exists a gauge 0 on [f, g] such that for any J-fine
tagged division D = {([u,v],t)} of [f, g], we have

‘%:F(t)[H(v) ~ H(w)] - (HKS) /f FdH‘ <t )
Let D = {([u,v],t)} and Q@ = {([u/,v'], s)} be any d-fine tagged divisions of [f, g]. By (9)

— > F(s)[H () = HW)]
Q

(<) By assumption, for each n € N, there exists a gauge 6, on [f,g] such that for any
dp-fine division D = {([u,v],t)} and @ = {([v/, '], s)} of [f, g], we have

— Y F()H) ~ H(u)]
Q

We may assume that {d,} is decreasing; that is, d,, > 0,41 for all n.

< €-e.

< —-e. (10)

1
n

Now, for each n € N, fix a J,-fine tagged division D,, = {([u,v],t)} of [f,g] and we
write
=Y F()[H(v) — H(u))-
Dy

Note that if m > n then 6,, > d,,; implying that every d,,-fine tagged division of [f, g] is
also a 0,-fine tagged division of [f, g]. Thus, for all m > n

= ST F()H) - Hu)| < % e.
D

_Tm|
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Hence, {r,} is a Cauchy sequence in C[a,b]. Since C[a, b] is complete, {r,} converges to
some r € Cla,b]. We claim that

g
r = (HKS) / FdH.
f
Let € > 0. Since lim r, = r in Cla, b], there exists N; € N such that for any n > Ny,

n—oo

‘rn—r‘ <e-§. (11)

By Archimedean Principle, there exists No € N such that N% < % Take N = N7 A Ns.
Define a gauge 0 : [f,g] — Cla,b] by § = dn. Let D = {([u,v],t)} be any é-fine tagged
division of [f, g]. Note that D is also dy-fine tagged division of [f, g], N > Nj and N > No.

Thus, by (10) and (11)

> F®[H() - H(u) —r| <e-e.
D
This proves our claim. O

Theorem 7. If ' € HKS([f, 9], H) and [r,s] C [f,g], then F € HKS([r,s], H).

Proof. Let ¢ > 0. By Theorem 6, there exists a gauge ¢ on [f, g] such that for any
d-fine tagged divisions D and @ of [f, g], we have

Y F®)[H(v) - H(u)] - > F)[H(v) — H(u)]| <e-e. (12)
D Q

Consider any d-fine tagged divisions P, and Py of [r,s]. If D; is any J-fine tagged division
of [f,r] and Dy is any d-fine tagged division of [s, g], then
D=DiUPiUDsy and Q = D1 U P, U Dy

are o-fine tagged divisions of [f, g] and by (12)

SO R@H©) - Hw) - S F@)[H@) - Hw)| < e-e.
P P

By Cauchy criterion, F' € HKS([r,s|, H). O

Theorem 8. Let H : [f,g] — Cla,b] be increasing, that is, H(k) < H(h) for any k < h
in [f,g]. If F € HKS([f,g], H) and F(h) > 0 for every h € [f,g], then

g
(HKS) / FdH > 6.
f
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Proof. Let € > 0. Then there exists a gauge § on [f, g] such that for any J-fine tagged
division D of [f, g], we have

' Y F(t)[H(v) - H(u)] - (HKS) /g FdH‘ <e-e. (13)
D f

Since F'(h) > 0 for all h € [f, g] and H is increasing,

S F(0)[H(v) — H(u)] > 6.
D

Therefore,
g
0 < F(1)[H(©v) - Hw) < (?—UCS)/ FdH +¢-e.
D f
Since € > 0 is arbitrary,

g9
(HKS) / FdH > 0. O
f

Theorem 9. If F,G € HKS([f, 9], H) and F(h) < G(h), for all h € [f,g], then

(HES) /

g g
FdH < (HKS) / GdH.
7 !

Proof. Define a function E on [f, g] by setting E(h) = G(h) — F(h), for all h € [f, g].
Then E(h) > 0, for all h € [f,g]. Since F,G € HKS([f,g],H), E € HKS([f,g], H) and
by Theorem 8

g
(HKS) / EdH > 0.
!

Hence,
g g g g
6 < (HKS) /f BdH = (HKS) /f (G — F)dH = (HKS) /f GAH — (HKS) /f FdH.

Therefore,

g g
(HKS) / GdH < (HKS) / FdH. O
f f

5. An Existence Theorem

A function F': [f, g] — Cla,b] is bounded on [f, ¢] if there exists K > 6 in Cla, b] such
that
|F(h)] < K, for all h € [f,g].
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A function F : [f,g] — Cla,b] is continuous at hg € [f,g], if for any € > 0 there exists
d = 0(ho) > 6 such that whenever h € [f, g| with |h — hg| < J, we have

|[F(h) — F(ho)| <e€-e.

F is said to be uniformly continuous on [f,g], if for any e > 0 there exists § > 6 such
that whenever h,h' € [f, g] with |’ — h| < 0, we have

|[F(W) = F(h)| <e-e.
If F:[f,g] — Cla,b] is uniformly continuous on [f, g|, then it is continuous on [f, g].

Definition 3. Let D; and Dj be tagged divisions of [f, g]. We say that Ds is finer than
Dy, denoted by D1 < D, if for every ([u,v],t) € Dy there exists ([u/,v'],t') € Dy such
that [u,v] C [u/,v'], and every tag in D; is a tag in Ds. For every ([u/,v'],t') € Dy,
the tagged division P = {([zi-1,zi|,t;) € D2 : [zi—1,2] C [v/,v],i = 1,2,...,n} is the
refinement of ([u/,v'],¢) in Ds.

We can easily see that if D; and Dy are tagged divisions of [f, g], then there exists a
tagged division Dy of [f, g] such that D1 < Dy and Dy < Dj.

Let D([f,qg]) be the collection of all divisions of [f,g]. For F' : [f,g] — Cla,b] and
D = {[u,v]} € D([f,g]), the variation of F' over D is given by

var(F,D) = Z |[F(v) — F(u)).
D
Note that for any division D of [f, g], var(F, D) is a continuous function on [a, b]; that is,
var(F, D) € Cla,b], for any D € D([f, g]).

Definition 4. We say that the function F': [f, g] — Cla,b] is of bounded variation on

[f, 9] if
vp =v(F;[f,g])= sup war(F,D)
DeD([f,9])

is continuous on [a, b]; that is, vp € Cla, b].
Note that for any F' : [f, g] — Cla, b, vp is a mapping from [a, b] to [0, +o0]; that is,
0 <wvp(x) < 400, forall x € [a,b].
Hence, if F': [f, g] — C[a,b] is of bounded variation, then
0 <wvp(x) < o0, forall x € [a,b].

Theorem 10. Let H : [f, g] — Cla,b] be of bounded variation. Then the variation of H
1s additive; that is, if f <r < g, then

v(H;[f,g]) = v(H;[f,r]) +v(H;[r, g]).
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Proof. Suppose that H : [f,g] — C[a,b] is of bounded variation. Let r € [f, g] and
= {hg,...,hp} be a division of [f,g]. Then D’ = {hg,...,hx_1,7 hg,..., hy} is a
refinement of D obtained by adjoining r to D. Thus

Y |H(w) = Hw)| <) [H(v)— H(u)|+ Y |H(v) — H(u)]
D D, Do

where D = {f = ho,hl,...,hk_l,T‘} and Dy = {T‘,hk,...,hn = g}. Note that D' =
D1 U Dy and that

%1: |H(v) — H(u)| < o <Z |H (v) }> = v(H;[f,r]) and

%2: |H(U) ~ | B DeSDuEvg (Z ’H ’) = ol gl
Hence,

WL al) = s (Z!H 1) < o(H; [f, 7)) + v(H; [r,g]).

On the other hand, for any Dy € D([f,r]) and Dy € D([r,g]), their union D’ =
Dy U Dy € Dy([f,9g]), where D, ([f,g]) is the set of all divisions of [f, g] with r as one of
the division points. Note that D,([f,g]) C D([f,g]). Hence,

s <Z|H )< o (Z\Hv (0)) = (s [£.a)

D'eD([f,9]) DeD([f,9])
Thus,
H:lf, H:lr, < |H(
W) Fe ) < s (3|0 - #))
< v(H;[f, g)).

Therefore, combining the two inequalities

v(H; [f,r]) +v(H; ([, g]) = v(H; [f, 9])- O

Theorem 11. (Existence Theorem) If F : [f, g] — Cla,b] is continuous and H : [f,g] —
Cla,b] is of bounded variation on [f,g], then F € HKS([f,q], H).

Proof. Let € > 0. Since H is of bounded variation, vy € Cla,b]. This means that
there exists K > 0 such that vy(x) < K for all € [a,b] . Since F' is continuous on
[f,g], for all hg € [f, g] there exists do(ho) > 6 in C[a, b] such that whenever h € [f, g] with
|h — ho| < do(ho), we have

|F'(h) — F(ho)| < €-e.
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Define a gauge 6 on [f,g] by d(h) = éoéh), for all h € [f,g]. Let

D= {([f7 hl]ﬂtl)ﬂ ([hh hg],tg), ) ([hm—lag]a tm)}

and
Q= {([fv kl]a Tl)v ([kla /€2],7“2), SRR ([k‘qfl,g],Tq)}

be d-fine tagged divisions of [f,g]. Then there exists a tagged division Dy such that
D <« Dy and Q < Dy. Now, for every ([h;—1,h;],t;) € D, f = ho,hm =g, 1 < i < m,
consider the difference

A(hi—1,hi) = F(t;) [H(hi) — H(hi—1)] = S(F, H; P;)

{0, e
j—1

is the refinement of ([h;—1, h;],t;) in Dy. Then

where

ng

A(hia,hi) =Y [F(t:) = F(sS)] [H(2") = H(2,)].

j=1

Now, stV ¢; € [hi—1,hi] C (t; — 6(ts), ti + (¢;)) which implies that

85,
t; — s\ < [hi — hioa| < O(t:).
By continuity of F at ¢;,
s — ;| < o(t;) = 50(2’5") Solts) = |F(s\)) — F(t;)]| < e-e.
So, N
INCERDE 2; [F(t:) = F(s)] [H(z") = H(,)] ‘
=

Hence, by Theorem 10, we have

i=1 i=1
= | S {Fatn - meu1 - s P} = | Y A1)
=1 =1

< Z ‘A(hi—lyhi)
i1
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M= 1]

IA
(@)
D
A/~ =
=
=
N/\
=
|
=
=
N/-\
L\/
~

IN

Thus,

S(P H:D) - S(FH:Q)| = |S(F.H:D) = S(F. H: Do) + S(F. H: Do) — S(F. H: Q)
< [S(RHiD) - S(F. D)+ [S(F. H: @) ~ S(F. i Do)
< €-e+te-e
= 2e-e.

By Cauchy criterion, F' € HKS([f,g], H). O
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