EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 13, No. 5, 2020, 1131-1148

ISSN  1307-5543 — www.ejpam.com
Published by New York Business Global

Special Issue Dedicated to
Professor Hari M. Srivastava
On the Occasion of his 80th Birthday

Applications of Lacunary Sequences to develop Fuzzy
Sequence Spaces for Ideal Convergence and Orlicz
Function

Kuldip Raj!, S. A. Mohiuddine??3*

L School of Mathematics, Shri Mata Vaishno Devi University, Katra 182320, J&K, India

2 Department of General Required Courses, Mathematics, Faculty of Applied Studies, King
Abdulaziz University, Jeddah 21589, Saudi Arabia

3 Operator Theory and Applications Research Group, Department of Mathematics, King
Abdulaziz University, Jeddah 21589, Saudi Arabia

Abstract. In the present paper, we introduce and study ideal convergence of some fuzzy sequence
spaces via lacunary sequence, infinite matrix and Orlicz function. We study some topological and
algebraic properties of these spaces. We also make an effort to show that these spaces are normal
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1. Introduction and preliminaries

The concept of ordinary convergence of a sequence of fuzzy numbers was introduced
by Matloka [18] and proved some basic theorems for sequences of fuzzy numbers. Later
on Nanda [28] introduced sequences of fuzzy numbers and studied that the set of all
convergent sequences of fuzzy numbers forms a complete metric space. Recently, Nuray
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and Savag [30] studied statistical convergence and statistically Cauchy for sequence of
fuzzy numbers. They proved that a sequence of fuzzy numbers is statistically convergent
if and only if it is statistically Cauchy. Initially the idea of I-convergence was introduced
by Kostyrko et al. [15]. A lot of developments have been made in this area, one may refer
to the articles (see [1-4, 10, 11, 16, 19, 23, 37]).

Let X be a non empty set. Then a family of sets I C 2% (power set of X) is said to
be an ideal if I is additive i.e U;,Uy € I = Uy UUs € Zand Uy € I,Uy C Uy = Uy € 1.
A non empty family of sets G C 2% is said to be filter on X if and only if ® ¢ G, for
Uy,U; € G we have Uy NUs; € G and for each Uy € G and Uy C Us implies Us € G. An
ideal I C 2% is called non trivial if I # 2%X. A non-trivial ideal I C 2% is called admissible
if {{z} :2x € X} C I. A non-trivial ideal is maximal if there cannot exist any non-trivial
ideal J # I containing I as a subset.

A fuzzy number u is a fuzzy set [42] on the real axis, i.e., a mapping u : R — [0, 1]
which satisfies the following conditions:

(i) w is normal, i.e., there exist an zp € R such that u(zg) = 1;

(ii) w is fuzzy convex, i.e., for z,y € Rand 0 < A < L, u(Az+ (1 —X)y) > min[u(z), u(y)];
(iii) w is upper semi-continuous;
)

(iv) the closure of the set supp(u) is compact, where supp(u) = {x € R : u(z) > 0} and
it is denoted by [u]".

Let L(R) denotes the set of all fuzzy numbers. The a-level set of a fuzzy real number u,
for 0 < o < 1 denoted by u® is defined as [u]® = {z € R : u(z) > a}, for a = 0 it is the
closure of the strong 0 cut (i.e. closure of the set {t € R: u(t) > 0}).

For each r € R, 7 € L(R) is defined by

o)L ift =y
’”(t)_{o, if £ 0.

Define a map d : L(R) x L(R) — R by

d(z,y) = sup {max{[uf — o}, [u§ —v§[}},
a€(0,1]

where u® = [uf,ug] and v® = [v%,vS]. In this case, (L(R),d) is a complete metric space.
The additive identity and multiplicative identity in L(R) are denoted by 0 and 1, respec-
tively.

An Orlicz function M : [0,00) — [0,00) is convex, continuous and non-decreasing
function which also satisfy M (0) =0, M(x) > 0 for x > 0 and M(x) — oo as z — oo. If
convexity of Orlicz function is replaced by M (z +y) < M(z) + M(y), then this function
is called the modulus function and characterized by Nakano [27] and followed by Ruckle
[33] and others. An Orlicz function M is said to satisfy Ag-condition for all values of w,
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if there exists R > 0 such that M (2u) < RM(u),u > 0. Lindenstrauss and Tzafriri [17]
used the idea of Orlicz function to define the following sequence space

EM:{Q:EUJ: E M(M><oo, forsomep>0}
p
k=1

which is called as an Orlicz sequence space. The space ¢y is a Banach space with the

norm oo
l|z]| = inf{p >0 ZM(@) < 1}.
k=1 P

An increasing non-negative integer sequence 6 = (i,.) with i9 = 0 and h, = (i, —i,—1) —
00 as 7 — oo is known as lacunary sequence. The intervals determined by 6 are denoted
by I, = (iy—1,i,] and the ratio i, /i,—1 will be denoted by ¢,. Freedman et al. [7] defined
the space Ny in the following way:

1
Ny = {:1: = (zg): lim — Z |z — L| =0 for some L}.
" kel,

T

Fridy and Orhan [8] defined and studied the idea of lacunary statistical for sequence of real
number. Nuray [29] and Mursaleen and Mohiuddine [25] defined this notion, respectively,
for sequences of fuzzy numbers and in the setting of intuitionistic fuzzy normed space.
Most recently, Mohiuddine and Alamri [20] defined the notion of weighted lacunary equi-
statistical convergence and, as an application, proved some approximation theorems.

In [14] Kizmaz introduced the notion of difference sequence spaces and studied £ (A),
¢(A) and cyp(A) which has been recently used to define statistical convergence [12, 21].
Further this notion was generalized by Et and Colak [6] by introducing the spaces £ (A™),
c(A™) and ¢o(A™). Later on, another type of generalization of the difference sequence
spaces is due to Tripathy and Esi [39] who studied the spaces {0 (A,), ¢(A,) and co(A,).
Recently, Esi et al. [5] and Tripathy et al. [40] have introduced a new type of generalized
difference operators and unified those as follows: Let v, m be non-negative integers, then
for Z a given sequence space, we have

Z(A)) ={x = (zp) € w: (Aj'xy) € Z}

for Z = ¢, c and fo, where A2 = (AMxy) = (A" 1oy, — A" 1201) and AVzy = 2y, for
all k € N, which is equivalent to the following binomial representation

m
ATJ}k = Z(—l)Z ( T? > Thtvi-
=0
Taking v = 1, we get the spaces oo (A™), ¢(A™) and ¢o(A™) studied by Et and Colak [6].
Taking m = v = 1, we get the spaces (o (A), ¢(A) and ¢y(A) introduced and studied by
Kizmaz [14]. For more details about sequence spaces (see [9, 31, 32, 34, 36, 38, 41]) and
references therein.
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Let A and n be two sequence spaces and A = (a,;) be an infinite matrix of real or
complex numbers a,j, where n,k € N. Then we say that A defines a matrix mapping
from X into 7 if for every sequence x = (x1)72, € A, the sequence Az = {A,(x)}72, the
A-transform of z, is in 7, where

oo
Ap(z) = amear (n €N). (1)
k=0
By (A,n), we denote the class of all matrices A such that A : A\ — n. Thus, A € (\,n) if
and only if the series on the right-hand side of (1.1) converges for each n € N and every
T E N
The matrix domain A4 of an infinite matrix A in a sequence space A is defined by

A ={x = (z) : Az € \}. (2)

The approach constructing a new sequence space by means of the matrix domain of a
particular limitation method has recently been employed by several authors (see [35]).

Kumar and Kumar [16] defined the notion of ideal (or, I-) convergence for sequence
of fuzzy numbers and recently studied by Mursaleen and Mohiuddine [26] in probabilistic
normed spaces (see also [22]).

Definition 1. A sequence X = (Xy) of fuzzy numbers is said to be I-convergent to a fuzzy
number Xo, if for every € > 0 such that

{keN:E(Xk,XO) Z&"} el.

The fuzzy number X is called I-limit of the sequence (X) of fuzzy numbers and we write
I-lim Xk = Xo.

Definition 2. A sequence X = (Xi) of fuzzy numbers is said to be I-bounded if there
exists M > 0 such that B
{keN:d(X;,0)>M}el.

Definition 3. Let = (k,) be lacunary sequence. Then a sequence (Xy) of fuzzy numbers

1s said to be lacunary I-convergent if for every € > 0 such that {7“ eN: % Z d( Xy, X) >

kel
e} € 1. We write Ip-lim Xj, = X.

Definition 4. Let Er be denote the sequence space of fuzzy numbers. Then Er is said
to be solid (or normal) if (Yy) € Er whenever (X3) € Ep and d(Yy,0) < d(Xy,0) for all
ke N.

Example 1. (i) If we take I = Ir = {A C N : A s a finite subset }. Then Ip is a
nontrival admissible ideal of N and the corresponding convergence coincide with the usual
convergence.

(i) If we take I = Is = {A C N: §(A) = 0}. where §(A) denote the asymptotic density of
the set A. Then Is is a non-trival admissible ideal of N and the corresponding convergence
coincide with the statistical convergence.
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Lemma 1. [2/] If d is a translation invariant metric. Then
(i) d(X +Y,0) < d(X,0) + d(Y,0),
(17) d(AX,0) < |Ald(X,0), [N > 1.

Lemma 2. A sequence space Ef is normal implies Er is monotone. (For the crisp set
case, one may refer to Kamthan and Gupta [13]).

Lemma 3. [15] If I C 2V is a mazximal ideal then for each A € N, we have either A € T
orN\Ael.

2. Some fuzzy sequence spaces

Throughout the paper w!" denote the class of all fuzzy real-valued sequences. By N
and R we denote the set of natural and real numbers respectively. Let I be an admissible
ideal of N and € = (i) be lacunary sequence. Suppose p = (pi) is a bounded sequence
of positive real numbers, u = (ug) be a sequence of nonzero, nonnegative real numbers,
A = (ank) an infinite matrix and M = (M}) be a sequence of Orlicz functions. In this
paper, we define the following sequence spaces as follows:

wp[A, M, p,u, AT

- Pk
1 d(up A™ X, X,
:{(mk)€wF1V5>O,{n,TEN:hZank!ksMk< (kA" X, 0)>] Z&}EI,

p

for some p > 0,5 >0 and Xg € L(R)},

wé(F) [Aa Mapa u, Afum](]

- — Pk
1 d(upA™X
— {(xk) e wl :ve >0, {n,r EN: — Z Ak [k‘sMk <M>] > a} el,

" kel, p
for some p > 0 and s > O},

wg[Aa Map> u, AT]OO

- — Pk
1 d(up A™X
= {(xk) e wl: sUp - Z Gk [ksMk <W>] < 00, for some p >0
n,r r P
kel,

and s > 0},
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and

wy A, M, p,u, AT

= Pk
d(up A" X, X
Z{(a:k)ewF:EIK>Osuchthat {n,reN E ank[k S M, ( (up AT X, o))]

k‘GIr P

EK}EI, forsomep>0and320}.

Example 2. Let X;(I) =1 fork=21, ¢=1,2,3.....

g(l—Z)—Fl for l e [—2]“2_3,2],
otherwise, Xy (l) =
—E1—-2)+1 for L€ [2,2£E3]

For instance take m = v = 1, then the a—level sets of (Xy) and (AXy) are

(L1 k=29,
Xk = { 2-2(1-a),2+2(1—a)] otherwise.
and
{ [-1-3(1—a),~1+3(1—a) k=21,
[AX]™ = [1—%(1 a), 1+ 2(1—a)] k+1=24.
(3 + m)( - 1), (2 + k+1)(1 a)] otherwise.

Let A= (C,1), the Cesaro matriz, M(z) =z, s=0, u= (ug) =1, p= (px) = 1,
forallk e N, p=1 and 0 = 2", we have

Supzank[ <M>>]<OO

p
Thus, (Xy) € wh[A, M,p,u, AT but (Xy) is not an Ideal convergent.
Let us consider a few special cases of the above sequence spaces:

(i) If My(z) = = for all kK € N, then we have
Wl LA, M, p,u, AT = wh P A, 0, AT, wh A M, p,u, ATl = wl P[4,
U,Av ]07 Wy [AvMapaua Av ]oo = Wy [Aapvua A’u ]oo and wg( )[Aanpv u, AU ]oo
= wé(F)[A7pvu7 AZR]OO

(ii) If p = (pr) = 1, for all k, then we have
wy (A, M, p,u, A7) = wy T[4, M, u, AT, wg A, M, p,u, Ao = wy T[4,
Mo, Ao, wE[A, M, p,u, A™so = wi [A, M, u, AT and wp" )[A,M,p,u, AT
= w4, M, u, AT
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(iii) If we take A = (C,1), i.e., the Cesaro matrix, then the above classes of sequences
are denoted by wg(F) [w, M, p,u, A"], wé(F) [w, M, p,u, Ao, wk'[w, M, p,u, AT
and
we( )[w, M, p,u, Al"| o respectively.

(iv) If we take A = (ank) a de la Vallée-Poussin mean, i.e.,

)\i, itkel,=[n—X\+1,n];
ank = " .
0, otherwise.

where ()\,) is a non-decreasing sequence of positive numbers tending to co and
Ant1 < Ap + 1, Ay = 1, then the above classes of sequences are denoted by

wy "M, p,u, AT,
/\( )[M,p,u, A™o, wi M, p,u, AT and w/I\(F) [M, p, u, A" respectively.

(v) If I = Ir then we obtain

wg‘l:A7'M7p7 u’ AUm]

— Pk
1 d(up AT X, X,
— {(g;k) cwh - lim - > am [kSMk< (up A X, 0))] — 0, for some
n,r—o0 1%

[A, M, p,u, A""]
- Pk
AT X, X
= {(:ck) cw lim Z ank[ (d(uk v Tk 0)>] =0, for some
n'f‘-ﬂ)o r EI p
p>0 and s > O},
[A, M, p,u, AT]
- —\ 1Pk
AMmX
— {(:pk) ewl: lim Z ank[ M, <d(uk”k’0)>] < 0o, for some
n,r—oo h kEIT p

p>0 andsEO}.
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(vi) If I = I is an admissible ideal of N, then

wh ™[4, M, p,u, A

- Pk
1 d(up A X, X
_{(mk)EwF:V5>O,{n,reN:h E ank[k_sMk< (s Up k) 0)>] 26}

" kel

€ Is, for some p>0,5s>0 and Xg € L(R)},

wé(F) [Av M7 p,u, AT]O

- —\ 1Pk
1 AMmX
:{(xk)GwF:V5>O,{n,reN:hZank[k_sMk<w>] Zs}

" kel,

€ I;, for some p > 0and s > 0},

and

wi ™A, M, p,u, AT

- Pk
1 d(up A™ X, X

=< (xg) € w’ : 3 K > 0such that { n,r e N: — E ank | K5 M, (ur A5 X, Xo)
hr kel P

ZK}GL;, forsomep>0and320}.

The following inequality will be used throughout the paper. Let p = (pi) be a sequence
of positive real numbers with 0 < py < sup, pr = H and let D = max {1, 2H*1}. Then,
for the factorable sequences (ay) and (bg) in the complex plane, we have

Jax + b < Dl + by, 3

Also |ag[P* < max {1, ]a|"} for all a € C.

The main purpose of this paper is to introduced and study some lacunary I-convergent
sequence spaces of fuzzy numbers by using an infinite matrix and a sequence of Orlicz
functions in more general setting. We also make an effort to study some properties like
linearity, paranorm, solidity and some interesting inclusion relations between the spaces
wg(F) [A, M, p,u, AT, wé(F) [A, M, p,u, Ao, wg[A, M, p,u, Al"| o and wé(F) [A, M, p,u,
AN oo
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3. Main Results

In the current section we study some topological properties and some inclusion relations
between the sequence spaces which we have defined above.

Theorem 1. Let M = (My,) be a sequence of Orlicz functions, p = (pr) be a bounded se-
quence of positive real numbers and u = (ug) be a sequence of strictly positive real numbers.

Then the spaces wg(F) [A, M, p,u, AT], w I(F [A M, p,u, Ao and we )[A,./\/l,p,u, AT

are linear spaces over the complex field C

Proof. We shall prove the result for the space we( )[A M, p,u, Al]p only and others
can be proved in the similar way. Let X = (Xj) and Y = (Y%) be two elements in

wg(F) [A, M, p,u, AT"]g. Then there exists p; > 0 and pa > 0 such that
} 1

r - —\ 7Pk
1 o (dwAT XD
A;:{n,reN:mZankk Mk(wﬂ >
}e[.

P1
Let o and (8 be two scalars. Then by using the inequality (3) and continuity of the function
M = (My), we have

— — Pk
s d(oup AT Xy + BupATY, 0
hlrzank[k Mk( (ouy, K+ Bur Ay ))]

= [@lp1 + [Blp2

IR

and

| ™

B — — Pk
1 s d(up A%, 0)
B;:{n,reN.hZankk Mk< >

" kel, P2

— —. Pk
d(uprA™X
< D Zank S bl B Pt VA M
r i |0401 + |5l p1
— m — Pk
T D Z . ‘5| k‘_sMk d(ukAU Yk,O)
he & lalpr + |B]p2 p2
- —\ 7Pk
AT X
ot v e (P
" kel, 1
- — Pk
d(urA™Y
+ DK Zank ST A RLUEYRIUR T I
" kel, p2

H H
— I Bl
where K = max {1’ <a|p1+/3|pz> ) Ialpl+|ﬁ|pz) }

From the above relation we obtain the following:
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Pk
L1 —s d(aup AT X+ Bup ATY,0)
{””" EN: o Dker, Gk [’“ Mk( falor 118102 >] > 5}

— — Pk
1 d(up AT X
C {n,reN:DKZank [kMk<(uk”kO)>] 25}
hr P1 2
kel,
1 d(up A™Yy, 0) e
U Snr €N:DE— Y ap [k M [ =220 >-%el.
hr kel P2 2

This completes the proof.

Theorem 2. Let M = (My) be a sequence of Orlicz functions, p = (pr) be a bounded se-
quence of positive real numbers and uw = (ug) be a sequence of strictly positive real numbers.

Then the spaces wg(F) [A, M, p,u, AT"], wé(F) [A, M, p,u, AT"]p and wé(F) [A, M, p,u, Al oo
are paranormed spaces with the paranorm ga defined by

1

= — Pe\ H
. pn 1 s d(up A Xy, 0
gA(X):mf{(p)H : <hZank !k‘ Mk<(kpk)>] ) <1, for somep >0

" kel,

ands>0,n=1,2,... TEN}
where H = max{1,sup pi}.
k

Proof. Clearly, ga(—X) = ga(X) and ga() = 0. Let X = (Xj) and Y = (Y%) be two
elements in wé(F) [A, M, p,u, AT]g. Then for every p > 0 we write

r - _ Ph

1 _ d(up Ay Xy, 0)
A = | = ‘M| —————— <
1 {P>0 <hT2ankk k:( p >] ) <

r — — Pk
(1 o [ d(urATY;,0)
AF{M.(hzam Mk(p)] ) .

" kel

|-
—
——

and

=
—
—

Let p1 € Ay and py € Ag. If p = p1 + p2, then we get the following

(th Zkeh A [k‘sMk (d(“kAvm();k+Yk)»0))>] )
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1 d(up A7Y%, 0
p2 . Z ank kfsMk (uk v k'? 0) .
pr+p2\ he I P2

hi Z QAnk [ksMk <d(UkAUm(Xk 4 Yk)70)>]pk -

Thus, we have

" kel, P
and
IAX +Y) = inf{(p1+p2)F : p1 € Ay, pg € A}
< inf{(p) " :p1 € A} +inf{(p2) # : po € Ap}

ga(X) + ga(Y).

Let t* — t, where tJ*, t € C, and let ga(X]" — X}) — 0 as m — oo. To prove that
ga(tP X" —tXy) — 0 as m — oo. Let t, — t, where ¢, t € C, and ga (X" — Xi) — 0 as
m — oo. We have

r — — Pk
1 d(ur AT X}, 0
A3 = >0:— Y an |k My (B’ X, 0) <1
hr kel, L Pk

and

r - — Dk
1 d(upA™Y,
A4:{p§€>0:h2ank kﬁ\@(W)] §1}.

k

If pr, € A3 and p) € A4 then by inequality (3) and continuity of the function M = (Mj),
we have that

_ d(up AT (t™ X —tX,0))
s v k
k" M, ( [t 4 T,

d(up ATt XT —tX},),0 dup A™(tX;, —tX,0
S kfsMk (U’k’ v ( k /k’) ) 4 kfsMk (uk‘ v ( k ; ))
[t — tlp + |t]p), L™ — tlpk + [t]p),
™ — t]p 0, d(up AT X, 0)
L™ — tlp + |t]p), Pk
N It[ ), s, d(up AT (X" — Xi),0)
[t — tlpk + |t]p), P

From the above inequality it follows that

J m{ymym __ n) Pk
hi Zank[k_SMk<d(ukAv (tmXT tX),O))] <

- o7~ tlo + 1116,
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and consequently,

ga(tP Xy +tX) = if{([tf" — tlpx + [tlo}) T < pr € Az, pf € Ag}
En n . £n
< |t —tlpy inf{(pk)% o € Ag}+ [tlph inf{(p}) T < pl, € Au}
< max{t], |t|7 yga (X[ — Xp).

Note that ga(X}") < ga(X™) + ga(X]* — X™), for all k € N. Hence, by our assumption
the right hand tends to 0 as m — oo. This completes the proof.

Theorem 3. Let M = (My) be a sequence of Orlicz functions, p = (px) be a bounded
sequence of positive real numbers,

(i) Let 0 < infpy, < p, <1. Then
wy 1A, M, pu, AT € wg A M, u, AT, wy A M, pu, ATy € wp A, M,
'LL,AT]O.

(ii) Let 1 < py < suppy < oo. Then
wy A, Mo, AT € wg 1AM, AT, wy (A M u, ATy € wy' (A, M, p,
u, A;n]o

Proof. (i) Let X = (X) be an element in wg( )[A M, p,u, AT"]. Since 0 < infp;, <
pr < 1 we have

= Z a k[ M, (d(ukAZnijXo )] Z " k[ (d(ukAUka,Xo)>rk‘

" kel, P " kel, p

Therefore,

{n,r eN: h% Zkeb Ank [k_sMk (d(u’“Ag;Xk’XO)>] > E}

= m Pk
- {n,rEN Za"k[ (d(ukA”pXk’X0)>] 25} el

" kel

The other part can be proved in the same way.
(ii) Let X = (X}) be an element in wé(F) [A, M, u, AT"]. Since 1 < pp, < suppg < 0o. Then
for each 0 < € < 1 there exists a positive integer ng such that

d(up AT Xy, X
* Z Ak | k™7 My, (kA5 Xi Xo) <e <1 forall n>nyg.
" kel P

This implies that

Z Qank [ (d(UkAvak’ XO))]M < hi Z Qnk [k_sMk (dkavak? XO))] .

kEIr
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Therefore, we have

B Pk
(e B o (o).

1 s d(up AT X, X
C{n,rGN:hZank[k Mk<(k b 0)>

" kel p

>€}€I.

The other part can be proved in the similar way. This completes the proof.

Theorem 4. Let X = (X}) be a sequence of Fuzzy numbers, M = (My,) be a sequence of
Orlicz functions, p = (px) be a bounded sequence of positive real numbers and u = (uy) be
a sequence of strictly positive real numbers. Then

wp 1A, M, p,u, Ao € wh 1A, M, p,u, AT C wh A, M, p,u, AT .
. . I(F) m I(F) - .
Proof. The inclusion w," '[A, M, p,u, Al"lg C w," '[A, M,p,u, A}'] is obvious. Let

X =(Xy) € wé(F) [A, M, p,u, AT"]. Then there is some fuzzy number Xy, such that

— m Pk
hi Z Ank lk‘_sMk <d<UkAv Xk,XO))] > e,

" kel, P

Now, by inequality (3), we have

d 0 Pk = Pk
1 mx 1 m
L aw [k_sMk<w>] <D o [k_sMk (d(umv Xk,xo)ﬂ

" kel, kel, p
1 d(Xo,0)\ |
+ D— Z Ak | k75 My, D207 .
hr kel, p

This implies that X = (Xj) € w}'[A, M, p, u, AT]. This completes the proof.
Theorem 5. Let M = (My) and S = (Sk) be a sequence of Orlicz functions. Then
wy ™A, M, p,u A7) 1wy AL pu, A7) © g P4 M+ S,pu, AT

Proof. Let X = (X) € wé(F) [A, M, p,u, AT] ﬂwg(F) [A,S,p,u, AY'] using the inequal-

ity (3), we have

_ Pk
iy Lker, Gnk [k‘S(Mk + Sk) (d(ApXX))]

— — Pk
A" X, X, A" X, X
—— (d(uk o Xk, o)) - (d(Uk o X, 0))]

= hizank

" kel, P P
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— Pk
1 o du AT X, X
. D{hZank[k Mk(u i 0))]

" kel, P
1 & d(ur AT Xy, Xo) ) 17
1 ks kAL Xk, Xo _

Thus, X = (Xi) € wg(F) [A, M + S, p,u, AT"]. This completes the proof.

I(F) m I(F) m
Theorem 6. The sequence spaces wy *[A, M,p,u, AT'lg and wy" '[A, M, p,u, AT'|« are
normal as well as monotone.

Proof. We give the proof of the theorem for wé(F) [A, M, p,u, AT"]p only. Let X =
(Xi) € wy ™A, M, p,u, A"y and Y = (Yi) be such that d(Vi,0) < d(X},0) for all
k € N. Then for given € > 0 we have

Pk
> 5} el,
again the set

1 s d(up AT Xy, 0
B {n,reN;hzank[k M(M>

1 d(upA7Y,,0) ) |7
Blz{n,TEN:hzank[k_sMk<lc;]{:’)] Za?}gB

" kel P
" kel
H _ I(F) m I(F)
ence, By € I andso Y = (Y3) € w, '[A, M,p,u, A7']p. Thus, the space w, ’'[A, M,

p,u, Ao is normal. Also, from the Lemma 2, it follows that wé(F) [A, M, p,u, AT is
monotone. This completes the proof.

Theorem 7. If I is not maximal ideal then the space wg(F) [A, M, p,u, A""| is neither
normal nor monotone.

Example 3. Let us consider a sequence of fuzzy numbers

o —1<i<,
Xp(l) =< 1<1<3,
0 otherwise.

If m = 0, then A'X, = 1. Let A = (C,1), the Cesaro matriz, M(z) = x, u =
(ug) =1, s =0, p = (pg) = 1, for all k € N, p = 1 and § = 2" then we have
(Xg) € wé(F) [A, M, p,u, AT"]. Since I is not mazimal by Lemma 3, their exist a subset K
of N such that K ¢ I and N — K ¢ I. Let us define sequence Y = (Yy) by

Y, — X ke K
=Y o0 otherwise.
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Then, (Yy) belongs to the canonical pre image of the k-step spaces ofwé(F) [A, M, p,u, AT].
But Yy, ¢ wg(F) [A, M, p,u, AT"]. Hence, wé(F)[A,M,p,u, AT is not monotone. There-
fore, by Lemma 2, wé(F) [A, M, p,u, AT"] is not normal.

Theorem 8. If I is neither maximal nor I = Ir then the spaces wé(F) [A, M, p,u, A"
and wg(F) [A, M, p,u, Al']o are not symmetric.

Example 4. Let us consider a sequence of fuzzy numbers

1 —2k+1 [ €2k —1,2F],
Xi(l) = —1+2k+1 l €2k, 2k + 1],
0 otherwise.

If m = 1,v = 1, then AT'X}, = AXy. Let A = (C,1), the Cesaro matriz, M(x) = 22,
u=(ug) =1,s=0,1=15,p= (px) =1, for all k € N and § = 2". Thus, we have
(Xg) € w!(F) [A, M, p,u, A"]. But the rearrangementY = (Yy) of the sequence space (Xy)
1s defined as

Y, = {Xl,X4,X2,X9,X3,X16,X5,XQ5,X6, }

This implies that (Yy) € wg(F) [A, M, p,u, AT"]. Hence, wg(F) [A, M, p,u, AT"] is not sym-

metric. Similarly, wé(F) [A, M, p,u, Ao is not symmetric.

Theorem 9. The spaces wé(F) [A, M, p,u, AT"] and wé(F) [A, M, p,u, Al"|o are not con-
vergent free in general.

Example 5. Let us consider a sequence of fuzzy numbers

oo —1<i<y,
Xe()=4q % 1<1<3,
0 otherwise.

If m = 0, then A'X, = 1. Let A = (C,1), the Cesaro matriz, M(z) = x, u =
(ug) =1, s =0, p = (px) = 1, for all k € N and p = 1 then we have (Xi) €
w! A, M, p,u, AT, Let Yi(l) = + for all k € N. Then (V) € wé(F)[A,./\/l,p,u, A

(

But Xy, = 0 does not imply Y, = 0. Hence, wé F) [A, M, p,u, AT"] is not convergent free.

Similarly, wg(F) [A, M, p,u, Ao is not convergent free.
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