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1. Introduction

Through the work of the Japanese mathematicians Imai and Iseki the notions of
BCK /BC1I-algebra were introduced (see [7] and [8]). Neggers and Sik introduced the
concept of B-algebra, and obtained several results (we refer the reader to [13] for more
details). In [17], Walendziak introduced a generalization of B-algebra named BF-algebra
and investigated some properties of ideals and normal-ideals in BF'-algebra and gave
some characterization of them. In [6], Georgescu and Iorgulescu introduced an exten-
sion of BCK-algebra called pseudo-BC K-algebra. Moreover, they gave the connection
of pseudo-BC K-algebra with pseudo-M V-algebra and with pseudo-BL-algebra. Dudek
and Jun introduced the notion pseudo-BC'I-algebra as a natural generalization of BC'I-
algebra and of pseudo-BC K-algebra and investigated some of their properties. They
gave some conditions for a pseudo-BCI-algebra to be a pseudo-BC K-algebra (see [4] for
more details). In [10], Jun, Kim and Neggers studied pseudo-atoms, pseudo-ideals and
pseudo-homomorphisms in pseudo-BCT-algebra. In [12], Kim and So discussed minimality
on elements in pseudo-BCI-algebra and concluded some of the properties in B-algebra.
Walendziak in [18] introduced the notion of pseudo-BC H-algebra and investigated some
properties and gave conditions to when a pseudo- BC H-algebra be a pseudo- BC'I-algebra.
The authors G. Georgescu and A. Iorgulescu in [5], and independently Rachunek in [15],
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studied a non-commutative generalization of the M V-algebra named pseudo-M V-algebra.
In [16], pseudo- B L-algebra was introduced as a generalization of BL-algebra and pseudo-
MYV -algebra and basic properties, filters, normal-filters and congruences were given. Di
Nola, Georgescu and lorgulescu, in [14], investigated pseudo-BL-algebra including def-
inition, basic properties, filters, normal-filters and congruences. Moreover, they gave
some important classes of pseudo-BL-algebra and some results concerning the pseudo-
BL-chains. In [11], Jun, Kim and Neggers introduced the notion of pseudo-d-algebra as
an extension of d-algebra and they showed that the class of pseudo-d-algebra can be in-
cluded in the class of coupled d-algebra. In [1], the authors, introduced the concept of
pseudo-B E-algebra. They studied the concepts of pseudo-subalgebra, pseudo-filter and
pseudo-upper-set and proved that every pseudo-filter is a union of pseudo-upper-sets. In
[9], Jun and Ahn studied some properties of pseudo-BH-algebra. Furthermore, they in-
troduced the concept of pseudo-complicated- B H-algebra and got some related properties.
In [3], Ciungu introduced and investigated pointed-pseudo-B E-algebra and commutative-
pseudo-B E-algebra and proved that the class of commutative-pseudo-B E-algebra and the
class of commutative-pseudo- BC'K-algebra are equivalent.

In this paper, we study the structure of pseudo-BF'/BF*-algebra. We introduce,in
the second section, the notion of pseudo-BF'/BF*-algebra and find the relation between
pseudo-BF'/ BF*-algebra with pseudo- BC K-algebra. In the third section, we study pseudo-
subalgebra, pseudo-ideal and pseudo-normal-ideal of pseudo- B F-algebra. We study pseudo-
atoms of pseudo-BF'/BF*-algebra in the last section.

We start by recalling the definitions and elementary properties related to the paper.

Definition 1. [17, Definition 2.1] An algebra (E;e,0) of type (2,0) is called a BF-algebra
if the following axioms are satisfies the following axiom, for all a,b € E:

(BF(1)) aea=0,
(BF(2)) ae0=a,
(BF(3)) Oe(aeb)=bea.

Definition 2. /2, Definition 2.3] In BF -algebra (E;e,0), we can define a binary relation
"<” on E as follows:

a<bifand onlyifaeb=0 foralla,beE.
Any BF-algebra, satisfies the properties given in the following Proposition.
Proposition 1. [17, Proposition 2.5] Let (E;e,0) be a BF-algebra, then,
(1) Oe(0ea)=a forallackE,
(2) if0ea=0eb, thena=1>b foralla,b€E,

(3) ifaeb=0, thenbea=0 foralla,becE.
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We give next the definition of pseudo- BC' K-algebra.

Definition 3. [6, Definition 3] An algebra (E;<,e,%,0) of type (2,2,0), where "<” is a
binary relation on a set E, "o” and "x” are binary operations on E and "0” is a constant
of E, is called a pseudo-BC K -algebra if the following are satisfied: Ya,b,c € F,

(pBCK (1)) (aeb)x(aec)<ceband (axb)e(axc)<cxb,
(pBCK(2)) ax(aeb) <bandae (axb) <b,

(pBCK(3)) a < a,

(pBCK(4)) 0 < a,

(pBCK(5)) a<b and b < a then a =",

(pBCK(6)) a<b< aeb=0 if and only if ab = 0.

Theorem 1. [6, Theorem 7] In a pseudo-BCK -algebra (E;<,e,x,0), for all a,b,c € E
we have

(aeb)*c=(axc)eb.

Theorem 2. [6, Theorem 8] In any pseudo-BCK -algebra (E; <, e,%,0) we have, for all
a,b,ce E:

(1) aeb<cifandonlyif axc<b,

(2) aeb<aandaxb<a.

2. Pseudo-BF'/BF*-algebra

In this section, we give a generalization of BF-algebra named pseudo-B F-algebra and
study its structure. Also, we will introduce pseudo-BF™*-algebra and find the relation
between pseudo-BF'/BF*-algebra and pseudo- BC K -algebra.

Definition 4. An algebra (E;e,%,0) of type (2,2,0) is said to be a pseudo-BF -algebra, if
the following axioms are satisfied for all a,b € E :

(pBF(1)) aea=0 and axa =0,

(pBF(2)) ae0=a and ax0 = a,

(pBF(3)) Oe(axb)=bxa and Ox(aeb) =bea.
The following examples illustrates the definition.

Example 1. Consider the group (G;+,0), where ”+7 is the usual addition. Define the

operations "e” and "x” on G by:
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aeb=(—b)+a and axb=(—b)+a for alla,b e G
then (G; e,%,0) is a pseudo-BF -algebra.

Note: It is obvious that in any pseudo-BF-algebra E if aeb = axb for all a,b € F
then F is a BF-algebra.

Example 2. Define the operations “e” and "x” on E = {0,1,2,3}, by the following Cay-
ley tables:

Table 1 Table 2
e |0 1 2 8 x| 0 1 2 38
o0 1 2 8 o0 1 2 8
111 0 38 0 111 0 1 1
212 8 0 2 212 1 0 1
318 0 2 0 318 1 1 0

Then (E;e,0) and (E;*,0) are BF-algebras (shown in [17]). It is obvious that aea = 0
and axa = 0. Moreover, ae0 = a and ax0 = a. It is direct to check that Oe (axb) = bxa
and Ox (aeb) = bea is satisfied for all a,b € E. Thus (E;e,%,0) is a pseudo-BF-algebra.

Corollary 1. Any two BF'-algebras does not necessarily construct a pseudo-BF -algebra.
Moreover, if (R;e,%,0) is a pseudo-BF-algebra then it is not necessary for both (R;e,0)
and (R;%,0) to be a BF-algebra. The following two examples proves the Corollary.

Example 3. Define the operations “e” and "x” on E = {0,1,2,3,4,5}, by the following
Cayley tables:

Table 3 Table 4
e 0 1 2 3 4 5 x| 0 1 2 8 4 &5
o0 2 1 &8 4 5 o0 1 2 &8 4 5
111 0 2 4 5 &8 111 0 8 2 1 0
212 1 0 65 3 4 212 &8 0 0 0 2
318 4 6 0 2 1 318 2 0 0 3 1
il 5 8 1 0 2 414 1 0 3 0 0
516 &8 4 2 1 0 516 0 2 1 0 0
Then (E;e,0),(E;*,0) are BF-algebras but (E;e,%,0) is not since 0o (0x1) =001 =

241x0=1.

Example 4. Let R be the set of real numbers. Define the operations "e” and "x” on R
for all a,b € R by:
a if b=0, a if b=0,
a.b: b ifa:()7 a,*b: O ifazo,a:b,

0 otherwise. bxa otherwise.
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Then (R;e,%,0) is a pseudo-BF-algebra. The algebra (R;e,0) is BF-algebra [17], but
the algebra (R;x,0) is not.

Proposition 2. If (E;e,x,0) is a pseudo-BF -algebra for all a,b € E then
(1) Oe(0ea)=a and 0x (0xa) = a,
(2) 0x(0ea)=a and 0e (0xa) =a,
(8) 0ea=0xb, implies a =b.
Proof.

(1) By (pBF(2)), (pBF(3)) and let a € E then 0e (0®a) =0e[0x(ae0)] =0 (0xa) =
ax0=aand 0x(0xa) =0x[0e(ax0)]=0%(0ea)=ae0=a.

(2) Let @ € E. By (pBF(2)) and (pBF(3)) we obtain 0 x (0 ®ea) = ae0 = a and
Oe (0xa)=ax*0=a, that is (2) holds.

(3) Let 0 ea = 0x%b, then it follows from (1) and (2) that a = 0% (0ea) = 0% (0xb) = b.

Corollary 2. In a pseudo-BF-algebra (E;e,%,0), a®b =0 does not imply bxa =0 and
similarly a b =0 does not imply bea =0. Va,be FE.

Proof. Let a,b € Eand aeb=0. Then 0 =040 =0x (a #b) = bea. Then it is not
necessary that bxa = 0. Similarly, if a x b = 0 then it is not necessary that b e a = 0.

Note: From the proof of (Corollary 2) we see that if a @b =0, then bea = 0 and if
axb=0, then bxa =0, for all a,b € F.

As in BF-algebra, a binary relation ”<” could be defined in pseudo-BF-algebra as
follows:

a<bsaeb=0axb=0 Va,be E.

Therefore we can rewrite the definition of a pseudo-BF-algebra with a binary relation
7<” as follows:

Definition 5. The algebra (E;<,e,x,0) where "<” is a binary relation on a set E, "o”
and "x” are binary operations on E and ”0” is an element of E, is said to be a pseudo-
BF-algebra if for all a,b,c € E the following axioms are satisfied:

(pBF(1’)) a<a,
(pBF(2’)) ae0<a and ax0<a,
(pBF(3’)) Oe(axb) <bxa and 0% (aeb) <bea,

(pBF(4’)) a<b< aeb=0< axb=0.
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Proposition 3. The following proposition holds in any pseudo-BF -algebra (E; <, e,x,0),:
0 <a impliesa=0 VackE.

Proof. Since 0 < a, we have 0 @ a = 0xa = 0 from (pBF(4’)). Using (Proposition 2
(1)), (pBF(1’)) and (pBF(4)) we get a=0e (0e®a) =000 =0.
Next we introduce pseudo-BF*-algebra and we find some results.

Definition 6. A pseudo-BF-algebra (E;e,%,0) is called a pseudo-BF*-algebra, for all
a,b,c € E if it satisfies the following identity:

(pBF*) (aeb)xc= (axc)eb.

We can see that any pseudo-BF*-algebra is a pseudo-B F-algebra and any pseudo-BF-
algebra satisfying (pBF™) is a pseudo- BF™*-algebra.

Example 5. In Example 1, it is straight forward to see that (G;e,%,0) is a pseudo-BF*-
algebra.

Example 6. In Example 2, (E;e,%,0) is not a pseudo-BF*-algebra, as (1e1)*2 =0x2 =
24 (1x2)el=1e1=0.

Proposition 4. Let (E;<,e,%,0) be a pseudo-BF*-algebra. The following axioms are
satisfied for any a,b,c € E:

(1) a <0 implies a = 0,
(2) ae(axb)<bandax(aeb) <b,
(3) aeb<cifand only if axc<b,
(4) 0o (aeb) = (0xa)*(0eb),
(5) 0% (a*xb) = (0ea)e(0xb),
(6) Dea=0xa.

Proof.

(1) Let a <0. Then ae0 =a*0 =0 by (pBF(4’)). Multiplying by ”a” from the right we
have Oxa = (ae0)*xa = (axa)e0 = 080 = 0 and Oea = (ax0)ea = (aea)x0 = 0x0 = 0,
using (pBF™*) and (pBF(1’)). Now, using (Proposition 2 (1)) and (pBF (1)), we get
a=0e(0ea)=0e0=0.

(2) From (pBF™), (pBF(1’)) and (pBF(4’)), we have [ae (axb)|xb= (a*xb)e(axb) =0
and [ax (aeb)]eb=(aeb)x(aeb) =0. Thus ae (axb) <band a*(aeb) <b.

(3) By (pBF*) and (pBF(4’)) we have aeb < c < (aeb)xc=0< (axc)eb=0<
axc<b.
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(4) Let a,b € E. Then by using (pBF(1’)), (pBF(4’)) and (pBF*) when needed we have
(Oxa)*x(0eb) = ([(aeb)e(aeb)]+xa)*x(0eb) = ([(aeb)xale(aeb))x(0eb) =
([(axa)ob] o (aeb))x(0eb) = ((0eb)e(aeb))x(0eb) = ((0eb)x(0eb))e(aeb) = Oe(asb).

(5) Can be proved as (4).

(6) Let a € E. From (pBF(1’)), (pBF(4’)) and (pBF*) we have O e a = (axa) e a =
(aea)*a=0*a.

Theorem 3. In a pseudo-BF*-algebra (E;<,e,x,0), we have:
a<bandb<a implya=>, foralla,beFE.

Proof. Let a < band b < athenaeb=0,axb=0and bea =0,bxa =0. By
(Proposition 2 (2)), we have a = 0% (0ea) = 0x [(axb) ®a]. By using (pBF™), (pBF(1"))
and (pBF(4’)) we get 0% [(axb)ea] =0x[(ae®a)*b] =0x(0xb). By (Proposition 2 (1)),
we get 0+ (0 xb) = b. The proof is complete.

The relation between pseudo-BC K-algebra and pseudo-BF/BF*-algebra is given in
the following theorems.

Theorem 4. Any pseudo-BCK -algebra is a pseudo-BF -algebra.

Proof. Let (E; <, e,x,0) be a pseudo-BC K-algebra. The axioms (pBF(1’)), (pBF(4’))
are clearly the axioms (pBCK (3)), (pBCK(6)). Put b = 0 in (Theorem 2 (2)) we get
ae0 < a and a*x0 < a. Then the axiom (pBF'(2’)) holds. Now, we will show (pBF'(3’)). By
(pBCK (4)) and (pBCK (6)) we get [0e(axb)|e(bxa) = 0e(bxa) = 0 and [0x(aeb)]x(bea) =
Ox(bea) =0 and so Oe(axb) < bxa and Ox(aeb) < bea. Thus F is a pseudo-B F-algebra.

Theorem 5. Any pseudo-BCK -algebra is a pseudo-BF™*-algebra.

Proof. 1t is obvious from (Theorem 4) above and by using (Theorem 1) that (aeb)*c =
(axc)eb (that is (pBF™*)). Therefore every pseudo- BC K-algebra is a pseudo- BF*-algebra.

3. Pseudo-Ideal of Pseudo-BF-algebra

In this section, we start with the definition of pseudo-subalgebra of pseudo- B F-algebra.
Then we study pseudo-ideal and pseudo-normal-ideal. We start with the following defini-
tion.

Definition 7. In a pseudo-BF -algebra (E;e,%,0), let  #S C E. Then S is said to be a
pseudo-subalgebra of E if:

aebe S andaxbe S forallabesS.
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Note: It is easy to see that if S is a pseudo-subalgebra of F, then 0 € S.

Lemma 1. In a pseudo-BF-algebra (E;e,%,0), let S be a pseudo-subalgebra of E. Then
for a,b € E we have:

(1) Ifaebe S, thenbea € S,
(2) Ifaxbe S, thenbxa € S.

Proof. For a,b€ S,let aebe Sand axbe€ S. By (pBF(3)),bea=0x(aeb). Since
0OcSand aeb e S, we see that Ox (aeb) € Sandsobea € S and bxa =0e (axb).
Since 0 € S and axb € S, we see that 0 e (axb) € S and so bxa € S.

Definition 8. In a pseudo-BF -algebra (E;e,%,0), let ¢ # 1 C E. Then we say that I is
a pseudo-ideal of E if it satisfies for all a,b € E:

(pI1) 0 €1,

(pI2) aebel,axbel andb e I impliesa € I.

Example 7. In Example 2, let C = {0,1}, A =1{0,3} and F = {0,1,2} be subsets of E.
Then C'is a pseudo-subalgebra of E, whereas F is not, as 12 =3¢ F.

Also, A is a pseudo-ideal of E, but C is not, because 31 =0,3x1=1€ C, 1€ C, but
3¢C.

Definition 9. In a pseudo-BF -algebra (E;e,,0), let I be a pseudo-ideal. We say that I
is a pseudo-normal, if for any a,b,c € E:

aeb, axbec I implies (cea)*(ceb) and (cxa)e (cxb) € 1.

Note: {0} and E are always pseudo-ideals of E. Whereas if E is a pseudo-normal,
{0} is not a pseudo-normal in general.

Lemma 2. Let I be a pseudo-normal-ideal of a pseudo-BF-algebra (E;e,%,0) and a,b €
E. Then,

(1) aeclI=00acland0*xacl,
(2) aeb,axbel =beac ] andbxacl.
Proof.

(1) Let a € I. Then by (pBF(2)) we have a =ae0 € I and so a =a*0 € I. Since [ is
a pseudo-normal-ideal, we get (0 e a)x (0 e0) and (Oxa)e (0x0) € I. By (pBF(1))
then (0ea)x0 and (Oxa)e0 € I and 0 € I from (pI1). By (pI2) we get (0ea) ,
(0%a) €l

(2) Let aeb,axbel. By (1) weget Ox(aeb),0e(axb) €. Applying (pBF(3)) we
have bea ,bxa € I.
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Proposition 5. In a pseudo-BF -algebra (E;e,%,0), let I be a pseudo-normal-ideal. Then
I is a pseudo-subalgebra that satisfies the following condition:

(pNI) Ifa € E and b€ I, then ax(aeb),ae (axb) € I.

Proof. Let a € E and b € I. By (Lemma 2 (1)), 0eb, 0xb € I. We have (ae0)*(aeb)
and (a x0) e (axb) € I as I is a pseudo-normal-ideal. By (pBF'(2)), a x (a ® b) and
ae(axb) € I. Thus (pNI) holds.

Now let a,b € I. Therefore a x (a #b), a® (axb) € I. By (Lemma 2 (2)), (a ®b) xa,
(axb)ea € I ;a € I. From (pI2) we have (aeb) , (axb) € I. Thus [ is a pseudo-subalgebra
satisfying (pN1I).

Proposition 6. In a pseudo-BF-algebra (E;e,%,0), let I be a pseudo-ideal. Then for
a,b € E whereb<a, ifa €l , we have b € I.

Proof.
Let a € I and b < a. Thus bea =0, bxa =0. By (p/1) and (pI2), we have 0 € I and
so having bea,bxacl  a el wegetbhel.

Theorem 6. In a pseudo-BF-algebra (E;e,x,0), let ¢ # 1 C E. Then I is a pseudo-ideal
of E if and only if the following hold:

(1) Foralla,byce E ,a,bel andceb<a=— cecl.
(2) Foralla,byce E ,a,bel andcxb<a=— c€l.

Proof. Let I be a pseudo-ideal of . Let a,b,c € E , a,b € I and ce b < a we have
(ceb)xa =0 € I from (pIl). Since a € I then ceb € I by (pI2). Since b € I then
¢ € I by (pI2). Thus (1) is valid. Now, let a,b,c € E , a,b € I and c*b < a we have
(cxb)ea=0¢€ [ from (pIl). Since a € I then cxb € I by (p[2). Since b € I then c € I
by (pI2). Thus (2) is true.

Conversely, suppose that (1), (2) hold. Suppose that b € I. By using (1), (2) we have
Oeb<band Oxb<b,then 0 € I. Now, let aeb,axb e I and b € I. By using (1), (2) we
have aeb < aeband axb < axb, then a € I. Therefore I is a pseudo-ideal of F.

Theorem 7. In a pseudo-BF -algebra (E;e,x,0), let I be a pseudo-subalgebra. Then I is
a pseudo-ideal of E if and only if for a,b€ E ifa €l andb ¢ I thenbea andbxa ¢ I.

Proof. Let a,b € E and let I be a pseudo-ideal of £ where a € I and b € E — 1. We
prove by contradiction. Let bea ,bxa ¢ E—1I, we have bea ,bxa € I. Since a € I then
b € I by (pI2). This contradicts the hypothesis (b € E —I). Hence bea ,bxa € E — I.
Conversely, let a € [ andbe F—1 = bea ,bxa € E— 1. Since [ is a pseudo-subalgebra,
we have 0 € I (by Definition 7). Now, assume that a,b € F, a € [ and bea ,b*xa € I.
We prove by contradiction. Let b ¢ I jie. b€ E—1I1. Thenbea ,bxa € E—1I by
hypothesis. This contradicts the hypothesis (bea , bxa € I). Hence b € I. Therefore I is
a pseudo-ideal of E.
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Proposition 7. In a pseudo-BF-algebra (E;e,x,0), let I be a pseudo-ideal. If J is a
pseudo-ideal of I, then J is a pseudo-ideal of 2 as well.

Proof. Assume that J is a pseudo-ideal of I, then 0 € J. Let b€ Jand aeb, axb € J
for any a € E. If a € I, then a € J since J is a pseudo-ideal of I. If a ¢ I ji.e. a € E — 1,
then b, aeb,axbe J C I and soa € I. Hence a € J. Thus J is a pseudo-ideal.

Proposition 8. In a pseudo-BF-algebra (E;e,%,0), let I be a pseudo-ideal. Then
Vae E ,a¢cl wehaveOe(0%a), 0x(0ea)c .

Proof. Let a € I and Oxa , 0ea € I, then 0 € I from (pIl) and (pI2). Since a € I
and 0 € I, by using (pBF (1)) we have 0 = a*a, 0 =aea € I. (By Proposition 2 (2)) we
obtain axa =[0e (0*xa)]xa,aea=[0x(0ea)lJeac . ThusOe (0xa),0%(0ea)c ]
from (pl2).

4. Pseudo-Atoms of Pseudo-BF /BF*-algebra

In this section we introduce pseudo-atoms of pseudo-BF'/BF*-algebra and prove re-
lated properties. We start with the following definition.

Definition 10. In a pseudo-BF-algebra (E;e,x,0), let 7 be an element in E. Ifa < T
implies a = 7 Va € E then we call T a pseudo-atom of E and the collection of all
pseudo-atoms of E is called the center of E and denoted by L,(E).

Theorem 8. In a pseudo-BF*-algebra (E;e,%,0) the following are equivalent for all
a,b,c,d, 7€ E:

(1) there exists a pseudo-atom T,
(2) T=ax(aeT) and T =ae(axT);

(3) (aeb)x(aeT)=Teband (axb)e(axT)=Txb;

(4) Te(axb)=bx(aer) and Tx(aeb)=be(axT),

(5) Ox(ber)=Teband 0e (bx7) =7 %b,

(6) 0x(0e7)=7 and 0 (0%7) =T,

(7) 0% (0 (rxc)) =7cand 0e (0% (rec)=Tec,

(8) cx(co(rxd) =7+d andce (cx(red)=red
Proof

(1) = (2). Assume that 7 is a pseudo-atom of F. Asa*(ae7) <7 andae(a*x7)<T
by (Proposition 4 (2)), we have 7 = a* (ae7) and 7 = a ® (a * 7).



H. M. Al-Malki, D. S. Al-Kadi / Eur. J. Pure Appl. Math, 13 (3) (2020), 498-512 508

(2) = (3). Foralla € E. By (pBF*) and (2), we have (aeb)x(aeT) = [ax(aeT)|eb = Teb
and (axb)e(ax7)=1[ae(axT) xb=Txb.

(3) = (4). Replacing b by axbin (3), we get 7o (axb) = [ae® (a*xb)|x(aeT). By (pBF¥)
and (3), we have [a® (axb)|x(aeT) = [ax(aeT) ®(axb) = bx(aeT). Also, replacing
bby aebin (3), we get Tx (aeb) = [ax(aeb)] e (axT7). By (pBF*) and (3), we
have [ax (aeb)|e(axT)=[ae (a*xT)|*x(aeb)=be (axT).

(4) = (5). Putb=0anda="0bin (4). Hence 7e(bx0) = Ox(be7) and 7x(be0) = Oe(bxT).
From (pBF(3)), then Ox (be7) =7eband O e (bx7) =7 %b.

(5) = (6). Put b=0in (5). Then it is straightforward that Ox (0 e 7) = 70 = 7 and
Oe(0x7)=7x0=7 by (pBF(2)).

(6) = (7). Forany 7,c € E. By (Proposition 4 (6)), we have 0x[0e(7%c)] = 0e[0e(Txc)| =
0e[0*(7*c)]. By (Proposition 4 (5)), then 0@ [0 x (Txc¢)] =0e[(0e7T) e (0*c)]
By (Proposition 4 (4)), we get 0o [(0e7) e (0xc)] =[0x(0e7)]x[0e(0xc)]. By
(6), then [0 x (0@ 7)] x[0® (0*c)] =7 *c. Also, by (Proposition 4 (6),(4) and (5),
respectively) and (6) we have Qe [0 x (Te¢)] =0x[0*x(Tec)]=0%[0e (T oc)] =
Ox[(0xT)*x(0ec))]=[0e(0x7) @ [0x(0ec)] =7ec. Thus (7) holds.

(7) = (8). For any ¢,d,7 € E, we have Txd =0x[0e (Txd)] =0x[(cxc) e (T*d)|] =
Ox ([ce (T *d)]*c) from (7), (pBF(1)) and (pBF*). By (Proposition 4 (5) and (6),
respectively) then Ox ([ce (T*d)]xc) = (0o [ce(Txd)])e®(0xc) = (Ox[ce(Txd)])e(0xc).
Using (pBF™*), (Ox[ce(Txd)])e (0xc) = (08 (0xc))*[ce (T *d)]. By (Proposition
4 (6)), we get (0o (0xc))x[ce(Txd)] = (0x(0xc))x[ce(Txd)]. Using (pBF(3)),
the hypothesis and (pBF(2)), respectively we have (0 x (0 x ¢)) x [c e (T x d)] =
(Ox[0e(cxk0)]) *[coe(Txd)] = (cx0)x[ce (T *d)] = cx][ce(Txd)]. Similarly
ce[cx (T ed)] =71 edis proved.

(8) = (1). Let ¢ < 7 we have ce7 = ¢x7 = 0. By (pBF(2)) we have 7 = 7 0.
Then by (8) with d = 0 we obtain 7 e 0 = ce [cx (7 ®0)]. Using (pBF(2)) we have
coefck(Te0)]=ce[cxT|=ce0=c Thus 7 isa pseudo-atom of E.

Corollary 3. In a pseudo-BF*-algebra (E;e,%,0), let T be a pseudo-atom of E. Then
Tea and Txa are pseudo-atoms, for all a € E. Hence L,(E) is a pseudo-subalgebra of E.

Proof. For a,be E,letb<Teaand b<7xathenbx(rea)=0and be(Txa)=0.
Multiplying by ”b” from the right we have (Tea)xb=0x(0e[(Tea)xb]) and (Txa)eb =
O (0%[(Txa)eb]) from (Theorem 8 (7)). By (pBF(3)) we get 0x(0e[(7oa)xb]) = Ox[bx(Tea)]
and Oe (0x[(Txa)eb]) = 0e[be(Txa)]. By the hypothesis (bx(7ea) =0 and be(7xa) = 0)
and (BF (1)) we have Ox[bx (Tea)l] =0x0=0and Oe[be (T xa)] =00 = 0. Then
Tea<band Txa <bandsob=7eaand b =7xa, thus 7 ea and 7 x a are pseudo-
atoms. By (Definition 10) we have L,(E) is the set of all pseudo-atoms of E then 7 e a
and 7 xa € L(E). Therefore L,(E) is a pseudo-subalgebra of E.
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Corollary 4. If pseudo-BF-algebra (E;e,x,0) is generated by an element g then g is a
pseudo-atom.

Proof. For g € E, suppose that g generates E and let 7 be a pseudo-atom of E. Thus
we have ¢ < 7. Then ge 7 = 0 and g x7 = 0. By (Corollary 2) we get 7 @ g = 0 and
7x g = 0. Therefore 7 < g and so 7 = ¢g. Hence ¢ is a pseudo-atom.

Proposition 9. In a pseudo-BF -algebra (E;e,x,0), let 7 € E. If {0,7} is a pseudo-ideal
then 0 # T is a pseudo-atom.

Proof. Let {0,7} be a pseudo-ideal of E and for all a € E' let a < 7 we have a @ 7 =
ax7 =0 € {0,7} from (pI1). By (pI2) we have a € {0,7}, then a = 0 or a = 7. Since
T # 0 and (pBF(1)), we get a = 7. Thus 7 is a pseudo-atom of E.

Proposition 10. In a pseudo-BF*-algebra (E;e,%,0), if a non-zero element is a pseudo-
atom of E, then any pseudo-subalgebra is a pseudo-ideal.

Proof. We prove (pI1) and (pl2). Let S be a pseudo-subalgebra of E, then 0 € S
from (Definition 7). For (pI2), let bea ,bxa € S and a € S. By (Theorem 8 (2) and
(5), respectively) we have b = a e (axb) = ae[0e (bxa)]. Since 0, bxa € S and S is a
pseudo-subalgebra of E, we obtain 0 e (bxa) € S. Soae[0e (b*a)] € S. Also, similarly
we can show it if bea € S. Then b € S. Hence the proposition is proved.

For any pseudo-BF-algebra (E; e, x,0), define the subsets K(E), V() of E as follows:
KE)={a€E: 0<a}land V(r)={a€ E: 7 <a}.

Theorem 9. In a pseudo-BF*-algebra (E;e,%,0) if T and w is pseudo-atoms then the
following hold:

(1) acV(r),beV(w), implyaebec V(rew) and axb € V(T *w),
(2) a,be V(r), impliesaxb,aebec K(E),
(8) If T # w, then we have aeb , axb e K(E),for alla € V(r) ,be V(w),
(4) a € V(w), impliesTea=Tew and T*a =T *w,
(5) If T #w, then V(1) NV (w) = ¢.
Proof.

(1) Let a € V(7), b € V(w). Then 7 < a we have Tea = 7xa =0 and w < b we have
web = wxb = 0. From (Theorem 8 (7)) we obtain (7ew)*(aeb) = [0e(Ox(Tew))|*(aed).
Using (pBF*), [0 (0% (Tew))]x(aeb) = [0 (aeb)]e[0* (T ew)]. By (Proposition
4 (6) and (4), respectively) then [0x (aeb)]e[0x(Tew)] =[0e(aeb)|e[0x(Teow)] =
[(0xa)*(0eb)]|®[0x(Tew)]|. By applying (pBF™), we get [(0xa)x(0eb)]e[0x(Tow)] =
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[(Oxa)e [0 (Tew)]]*(0ed)=[(0e[0x (T ew)])*xa]x(0eb). By (Theorem 8 (7))
we have [(0® [0 x (T ew)]) xa]x (0eb) = [(T®w)xa] «(0eb). Using (pBF*) we
get [(Tew)*a]x(0eb) = [(7*a)ew]x(0eb). From the hypothesis we have
[(Txa)ew]x(0eb) = (Dew)*(0eb). By (Proposition 4 (6) and (4), respectively) we
get (Dew)x(0eb) = (0xw)x(0eb) =0e(webd). Using the hypothesis and (pBF(1)),
respectively we get e (web) =000 =0,andso Tew < aeb. Thusaebec V(reow)
and similarly a xb € V(7 *x w).

(2) Let a,b € V(7), by (1) we have a @b € V(T eT), axb € V(r 7). Using (pBF(1))
then aeb € V(0), axbe V(0). Weget 0 <aeb,0<axb. Thenaeb,axbe K(E).

(3) Let 0 be a pseudo-atom from (Definition 10) we get a ¢ b < 0 then a ¢ b = 0. By
(Corollary 2) we get be a = 0. Using (pBF(3)) then 0 x (a#b) =0 and so 0 < a e b.
Therefore aeb € V(0) and so aeb € K(F). Similarly we can show that axb € K(FE).

(4) Let a € V(w), then w < a we have wea =0 and w*a = 0. By (Theorem 8 (3)) we
get (Tea)x(Tew)=wea=0. SoTea<T7ew. Moreover, T ®w is a pseudo-atom
by (Corollary 3). Therefore 7 ¢ a = 7 @ w. Similarly 7xa = 7 * w.

(5) We prove by contradiction. Let 7 # w and let V(7) N V(w) # ¢ then there exists
c € V(r)NV(w). From (1), we have cec € V(T ew), cxc € V(7 xw). Using
(pBF (1)) then cec=0=cxcandso 0 € V(rew), V(7 *w). Hence 7w < 0 and
T*w < 0. That is 7 e w, 7 x w are pseudo-atoms from (1), then Tew =0 =7xw
we have 7 < w. That is w is a pseudo-atom then 7 = w this is a contradiction with
hypothesis (7 # w). Thus V(1) NV (w) = ¢.

Proposition 11. In a pseudo-BF*-algebra (E;e,%,0), let 7 € E. Then T is a pseudo-
atom if and only if there is a € E such that T = 0 e a.

Proof. Let T be a pseudo-atom of E. Then 7 = 0e (0% 7), from (Theorem 8 (6)). Set
a=0x7,weget T=0eaq.
Conversely, let 7 =0 e a for some a € E. We use (Proposition 2 (2)) to have 0 e (0% 7) =
Oe(0x(0ea)) = 0ea = 7. By (Theorem 8 (6) and (1)) we conclude that 7 is a pseudo-atom.

Proposition 12. In a pseudo-BF*-algebra (E;e,x,0), the following properties hold for
any a,b,c € E:

(1) ifa<bthenceb<cea and cxb<cx*a,

(2) ifa<b,b<cthena<ce,

(3) ifaeb=c=axb thencea=cxa,

(4) (aeb)e(ceb) <aecand (axb)*(c*xb) <axc,

(5) ifa<bthenaec<becandaxc<bxc.
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Proof.

1 et a,b € £, a < b then aeb = and axb = 0. vy eorem then

L beFE b th b = 0 and b = 0. By (Th 8 (3)) th
(coeb)*x(cea)=aeb=0and (cxb)e(cxa) =a*b=0 we get ceb < cea and
cxb<cxa.

(2) Let a,b,ce E,a<band b<cwehaveaeb=0,axb=0and bec=0,bxc=0.
Also, by (1) since b < cthenaec < aeb = aec<0. By (Proposition 4 (1)) we get
aec=0andsoa<c.

(3) Let a@#b=c=axb. By using (pBF(1)) and (pBF™*) we obtain cxa = (a ®b) xa =
(axa)eb=0eb. By (Proposition 4 (6)), 0@b = 0xb. Using (pBF (1)) and (pBF*)
we have 0xb = (aea)xb=(axb)ea=cea.

(4) By (pBF™), (Theorem 8 (3)) and (pBF(1)), respectively we have [(a e b) ® (c @ b)] %
(aec)=1[(aeb)*(aec)|e(ceb)=(ceb)e(ceb)=0. Then (aeb)e(ceb) <aec.
Similarly, (a*xb) x (cxb) < ax*c.

(5) Suppose that a,b € E, a < b we have a #b = 0, a xb = 0. Using (4), we have
(aec)e(bec) <aebbut aeb=0. By (Proposition 4 (1)) then (aec)e (bec) =0
and so a e ¢ < bec. By a similar way, we can show that axc < bxc.

Theorem 10. In a pseudo-BF*-algebra (E;e,%,0), the set K(FE) is a pseudo-subalgebra.

Proof. For a,b € K(FE), we have 0 < a,0 < b, then0ea=0,0+xa =0 and 0eb =0,
0% b= 0. By using (Proposition 12 (5)) since 0 < a we get 0eb < aeband 0xb < axb.
Hence 0 < aeband 0 < axb and so aeb, axb € K(FE). Thus K(F) is a pseudo-subalgebra
of E.
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