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Abstract. We present three ¢-Taylor formulas with g-integral remainder. The two last proofs
require a slight rearrangement by a well-known formula. The first formula has been given in
different form by Annaby and Mansour. We give concise proofs for g-analogues of Eulerian integral
formulas for general g-hypergeometric functions corresponding to Erdélyi, and for two of Srivastavas
triple hypergeometric functions and other functions. All proofs are made in a similar style by using
g-integration. We find some new formulas for fractional g-integrals including a series expansion.
In the same way, the operator formulas by Srivastava and Manocha find a natural generalization.
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1. Introduction

1.1. General

The aim of this paper is to continue the investigation of single and multiple ¢-hypergeometric
series in the spirit of our book [9] and our paper [12] on the g-Lauricella functions. The
fractional g-integrals and direct computations of g-integrals lead to similar results. We
refer to previous papers with respect to convergence regions. By quoting Erdélyi and Feld-
heim, we have managed to save these hypergeometric formulas from oblivion; our proofs of
their formulas are quite similar, although these authors never wrote down their proofs. In
the same style, Charles Cailler in 1920 [3], [20, p. 242] and Kampé de Fériet in 1922 [19, p.

DOI: https://doi.org/10.29020/nybg.ejpam.v13i5.3755

Email address: thomas@math.uu.se (T. Ernst)

https://www.ejpam.com 1241 © 2020 EJPAM All rights reserved.



T. Ernst / Eur. J. Pure Appl. Math, 13 (5) (2020), 1241-1259 1242

26] published a hypergeometric formula and a fractional integral formula, respectively. We
will g-deform the latter formula, and show that it is a special case of an operator formula
by Srivastava and Manocha [23, p.289 (18)]. Instead, Koschmieder [20, p. 252], for the
first time, published a formula with a double Eulerian integral for a fractional derivative
of a double hypergeometric series times power functions. By a standard procedure we are
able to prove a g-analogue of Koschmieders formula. In the end, we use a generalization
of the g-binomial theorem to find a g-analogue of an operator formula by Srivastava and
Manocha [23, p.306].

This paper is organized as follows: In section 1.1 we prove the three ¢g-Taylor formulas
by using g-integration by parts. Erdélyi formulas and fractional g-integrals are dicussed in
section 1.1. Finally, in section 7?7 we consider similar, more complicated formulas in the
spirit of Srivastava and Manocha [23]. \section{Threeg-Taylor formulas In a recent paper
[2] Annaby and Mansour have found two ¢-Taylor formulas with g-integral remainder: [9,
(8.90)] and a formula similar to (2). We are going to prove (2) and two other g-Taylor
formulas which use the two types of ¢g-addition. All proofs use g-integration by parts. To
be able to work freely, we consider functions in Cl[z]]. We use the following definition.

Definition 1.

n—1
Pog(z,a) = [[(@+ag™), n=1.2,.... (1)
m=0
A different form of the following theorem, without remainder, occurred in Al-Salam,
Verma [1, 2.2] [2, p. 480 4.6].

Theorem 1. Let 0 < |g| < 1 and let f be n times q-differentiable in the closed interval
[a,x]. Then the following generalization of Jackson’s formula holds for n =1,2,...:

3

= (-1)*q"C)Pyy(a, ~2)

z) = N
0 =3 o (DE ) (ag™*)+ )
r (_1\n—1 *(g) —r
L e e e
Proof. We use g-integration by parts We start with
F@) = @)+ [ DufDyalt — ) dy0), ®)

which follows from the definition of ¢-integral. At the next step we obtain

F@) = @)+ st e =] 5= [ - oDl de. @

We proceed with
-1 t=x

{q2}q! (2 — 2t(1 + q) + q22) .

F(2) = f(a) + Dyf(ag™ )z — a) - [Dﬁf(m?)

z _ q_SPQ,q(t, —x)
+ [ Db == ),
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In the third step we obtain
1

f(z) = f(a) — qu(aq_l)PLq(a, —x) + Dgf(aq_Q)WPQ,q(a, —z)+
q!
_ 6)
Pyt -0)] [ Ps (1, 1) (
D3 f tq—?»)q?%q’} _/ Dif(tg L 23T g gy,
ot ET R O B
We can continue this process forever.
We are going to use the following formula in the last proofs:
Theorem 2. von Grison [22, S. 36] 1814, [9, 2.19].
m m n
S0 (") ol = ™
n
n=0 q

Our next aim is to find ¢-Taylor expansions with ¢-integral remainder for formulas
corresponding to Nalli-Ward and Jackson respectively. These formulas are (18) and (22).
We first prove preliminary lemmata (8) and (13), and then show by (7) that these are
equivalent to the formulas we want to prove.

Lemma 1.

k
Flz®gy)=F(z)+ Y {i{} (—1)k+1g 2) DE Pz @qy)+
k=1 M 8
o g =" d ®
- q,t[ (z ®q1)] mg 2) dg(1).

Proof. The proof is very straightforward, at each step we only use integration by parts.

We start with y

(z ©qy)" = 2™ + D [(z ©q )] Dt (t) dg(t), 9)

which follows from the definition of g-integral. At the next step we obtain

_ y
(z Dq y)"=a"+ [Dq,t (€ Dq )™ t]i;g - /t—O th;t (@ Dq )™ dq(t)- (10)
We proceed with

2 t=y
(2 Bq )™ = 2™ + YDy (x Bq y)™) [Ds,t (@ @ )] 2
{2}4' t=0 (11)
Yy 342
+ [ Dl @0 0)") oy date).
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In the third step we obtain

2
(#8qy)™ =™ +yDqy(w G4 y)™ = D6217y [(z ®qy)™] {q;qu-
3z m ¢’ t:y_ _—— T q5t3
Dy [(z @qt)™] {3}(]!}):_0 | Dol ®at)"] ey B dy(t).

We can continue this process forever.

Lemma 2.

k k
F(zB,y)=Fx)+ Y {:} '(_1)k+1q(2)D§yF(az B, y)+
k=1 7
Y _+\n—1 "
" Dy ras, ) L

Proof. The proof is almost the same as the previous one. We start with

@By ="+ [ Dyl By )| Dyelt) dyte),

which follows from the definition of g-integral. At the next step we obtain

@y )" ="+ Dy (@ By "1~ [ atDE [0, 0" dy ).

We proceed with
qt2 t=y

(08" =" 4 uDyy (e By ™) [, (e o) ]
y D3 - - q3t2
+ L, [(2 By 1)"™] 21

In the third step we obtain

dy(t).

m m m 2 m qy2
(z By y)" =a™+ qu,y(x B, y)™ — Dq7y (@ B, y) ] {2}q!+
m 3t3 Yy m 6t3
Dbl ] = [ DLl

We can continue this process forever.

1244

(16)

(17)

Theorem 3. Compare with the Nalli-Ward q-Taylor formula [9], which is obtained by

letting n — oo.

F(xr®qy) = Z{k} 'Dk’F

"D (P e, )

o DRl 00 g )

(18)
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Proof. We show that this is equivalent with (8). By putting F'(z) = 2™ it would suffice
to prove that

> o = 3 g e (1)

This is equivalent to the formula

Z {n}q {m —n+ 1}, 2™ Z {k}q 1)kt ('5){m — k4 1}y,

{m k}q m—r—
2:{m TR

By equating the corresponding exponents for x and y, and thus putting n = m — [ we
obtain

(20)

3

(4 Vmorg o= (=0 C m— k4 1}y {m— k! 1)
{n}q! a 1 {k}q! {m —k — i}

After simplification we see that this is equivalent to (7) for the special case u = 1.

T

Theorem 4. Compare with the second Jackson q-Taylor formula, which is obtained by
letting n — oo.

F(x By y) = Z |q Dk F(z)+
= (22

7n1n
tﬂgﬁAF@Ewnéﬁﬂggqﬂ%u»

Proof. We show that this is equivalent with (13). By putting F(z) = 2™ it would
suffice to prove that

A T 1415 pE m
q\2’ D]z Dy, (x By y)™. (23)
; {n}q! ! Z {k}q !
This is equivalent to the formula
m n m k
Y (n) m—n Y k+1
{m—n+1}, 4022 (=) {m —k+ 1}
2 oy W= 2 gy q
m—k
{m — k}! k-l (24)
2 T — k— 1},1{1},]

QE(I{:Q—k:—I—k:(m—k—l)Jr(m_k_l>2_(m_k_l)>.

2
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By equating the corresponding exponents for x and y, and thus putting n = m — [ we
obtain

{141} Ly n gttt mzl DR UYm —k+ 1}, {m— k)
{n}q! 1 {k}q! {m —k —1}{1}!

k=
QE( ket km k1) +’“2”2—2mk—2ml+2kl)—(m—k—l)>'

(25)

2
After simplification we see that this is equivalent to (7) for the special case u = 1.

\section{Erd\’elyiformulas and fractional g-integrals In this section we have col-
lected several g-Euler integral expressions for the function 201 (a, 8;7|q; 2) and related
formulas. Each of these g-Euler integral formulas have a prefactor I'; function. The re-
strictions for the parameters in these prefactors are the same as in the original formula,
i.e. Re(parameters) > 0. For the notation, see our book [9].

Theorem 5. A g-analogue of Erdélyi [7, (2.6) p. 270]. Assume that & , i and § are
vectors of length m and 8 and v are vectors of length p+ 1 —m and p, respectively, where
p+1>m. Then we have the q-Fuler integral representation

&, 8
p+1¢p|: ,75 CI;»”U}

- i R
i 1o B
=Tyl - "~ / 577 (q5; > 1 [ .
q [ - a } G (g C])u_a—1 p+1Pp 7

Proof. We compute the right hand side:

by19.6.54 i S A | e
rits ", [ ]SS IR g e F g

by[9,6.8,6.10] [ i } (i, By qhna” e e R e
= Lyl o 7= ——— (1 - = =
‘lap—a 2 (LY q)n (=02 a (Lopn—aqz  (27)

by[9,7.27] i 2 g, By Q) m (BFn Lo
| B 0o

by[9,1.45,1.46] LHS

Theorem 6. A g-analogue of Erdélyi [7, (5.2) p. 2753]. Assume that 7 , 0 and § are
vectors of length m and & and B are vectors of length p+ 1 and p — m, respectively where
p > m. Then we have the q-Fuler integral representation
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Proof. We compute the right hand side:

by[9,6.54] o > & (s q)nx m n v
RHS ™= Fq[& - }ZZﬁa—q) ¢+ k), 5

¥; q)na" (= 85a); <4'Q>
L &l 1_ag)\™ k(6+n)
o g - se (29

by[9,6.8,6.10] b
v19,6.8,6.10) [5 B }ZZ

6
by[9727] q[ ]Z ( ’q>4 (1— g <Z+n,£;Q>oa
5,y =6 = (1,8, B;q)n (0+n,7—-09)x

by[9,1.45,1.46] LHS

~21

We can now combine the two previous theorems.

Theorem 7. A g-analogue of Erdélyi [7, (6.1) p. 274]. Assume that ji , & and § are
vectors of length m and 7, € and t are vectors of length n, where m +n = p + 1.

Then we have the q-Fuler integral representation

g1,
5 _ —a-
(30)

a,
1P |
p p [ 7

I
|
X/t t (th)yelerl‘lsp[ﬁ

=0

Proof. Put

Then we have

9,6.5 a+ v e+i 7
RHS —"= quk( A+ kg, Y Tt L),

by[9,6£8,6.10] Diqk(aﬂ') j . : — € q>f<1 S (32)
- (La)ple — g = <1,Q>m— 1 4)

=0
by[9,7.27] D (vFipFi1,19)s by(9.1.45,1.46] LHS
(yleetiatipn=aq)s

We quote a few theorems from our book [9].
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Lemma 3. Linear substitution in a q-integral [9, 6.64].

/ " ftq) dyt) = a / " flat.q) dy(t). (33)
0 0

Definition 2. [9, 8.116]

Pag(z,a) = 2 L Lg ™ m=0,1,.... (34)

We remark that a totally different approach to the following formulas was made in [2,
p.124-125].

Definition 3. [9, 8.117] The fractional g-integral is defined in the following way, v € C:

D, f(x) = /Ox Pu_14(z,qt)f(t)dy(t). (35)

Fq(V)
We infer that

Theorem 8. [9, 8.118]
T 1
D, "zt = —Q(M +1) it (36)
Lo(p+v+1)

Theorem 9. A qg-analogue of Mathai, Haubold [21, 8.2.1], Holmgren [16, p. 3 (4)],
Kampé de Fériet [19, p. 200]. Assume that n — 1 < Re(—v) < n. Then the fractional
g-integral (35) can also be expressed as

1

D, 1) = fri D / P gt F(E) dy(t). (37)
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Proof. The proof is by induction.

1 x
D / Py, qt) f () dy(t)

_ 1_q v+1 (q 7Q) n+1
F(l—i—V q_l Zq I:qx n+1+1/ q)oof(xq )

v (7(] aq)oo
—a(qr)” 5 fag”
( ) (Eq + ;Q)oo ( )
n+1. ) (aqn+1 q)
—.CCV+1 (q 14) o0 ra" +CL.’EV T ’ ag™
(Q”Hﬂ"q)oof( q") (%anﬂ/’q)oof( q")
1 _ q n+1 1— qn—i-u
Zq Ty A R e (38)
- n+v (q ;Q)OO n 1 —-dq
-> q f(zq
nz_:l (@5 q)oc ()= q”]

1.
2 (2q" g

ar’ (1 —q) 1 q) oo n a iy , a
FQ(’/)(l —q”) nz:()q (%qn-‘ru;q)oof(aq ) [_(1 - ;q * )+q (1 — ;q )}

I ) iqn [ (0" Qo ¢ omy a(iq”“;q)oof(aqn)]
Lyw) =7 L@ 0 ($4"™; @)oo
1 xX
-5 / Py 1g(m,t) F(£) dy(t).
We can continue this process to an arbitrary integer n like in the previous ¢-Taylor ex-
pansions.

The following lemma enables a series expansion for D f(z).

Lemma 4. Pre.)
Dq.t <_{V}q> =P, 14(z qt). (39)
Theorem 10. A g-analogue of [16, p.8 (19)].
7”f( )
— Z Djf y +gj+jrq$: ,a) N Fq(lir . /aﬂﬁ Bers 1 ) DEFY) dofl) (40)

Pmof. At each step we only use g-integration by parts [9, 6.58] and formula (39). Put

Dgu(t) = Py_14(z, qt), u(t) = f(t). (41)
Then

S I L OO L N | ) )
s = s |- | S G| + [ PSR a0].
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We can continue this process k times.

Theorem 11. Assume that the convergence region for ®o(; f1, B2;, V1, V2|q; x,y) is [10].

|| g ly| < 1. (43)
A q-analogue of Koschmieder [20, p. 252]. Put
— H1:3 a: P, p,00; B2, pa, 00 .
Flag) = oty @ T oy (44)
Then we have the q-Euler integral representation
Y1572, K1, U2
Po(a; Br, B2; s 71,720 2, y) =T
2( Fr Bz m 72|q y) 1 [ Vi,M1 — N, V2,72 — V2,71, T2 }
1 1
_ _ 45
X/ / s M(qSQQ)%—Vl—l(qt; q)w—l/z—l ( )
s=0 Jt=0
DylsMD2 e [sTl*ltTTlF(s:z:,ty)] dy(s) dg(t).
Proof. Put
DEFq{ Vis Y2, i1 2 ]
Vi, — V1, V2,92 — V2,71, T2
o0 (46)
3 <a;q>m+n<ﬂ1,m;q>m<ﬁz,uz;q>n$myn
miZo (L 1@ m (L va, T3 g)n
We compute the right hand side:
by[9,8.118] 1 !
RHS 7= D/ / (483 Dy —11—1(qt; @) yp—vs—1
s=0 Jt=0
m+Tl7n+T27 m~+vi—1n+rve—1
| T ety ) dy )
bY[9£6-54] D(l o q)?rq m + T, N + T2,
m + H1, T + 125
o
Z qk(u1+m)+l(uz+n)<1 +k; q>71—1/1—1<1 + 1 q>72_y2_1
k‘,lig() (47)
bY[ ’(5':87610} D(l _q)QFq m+7—17n+7-27
m+ p1,n+ pe
i g rm) (s n) (71— v k(2 —v2;01(1, 1 @) o
et (L a)r(l@)i{n — vi72 = v2s @)oo
by[9£7.27] D(1 - q)grq m—+ T, n+ Ty,
m 4+ H1, T + H2
(ntmoetn L lighe  bBagsiasl oo

(1 —v1,72 — va, 1 + M, 12 + 15 Q) o
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We make a new proof of the following theorem by fractional g-integration.

Theorem 12. [9, (7.50) p. 251], a q-analogue of [8, (1) p. 176].

I'y(v) /1 B—1 (qt; @)y—p-1
a, Birlg; 2) = 1S Dy—p-1 oy 48
AL A ey emmy:) I A v s L (48)
Proof.
LHS (36) r ( Zl 'yDﬁ 'yi ﬁJrk 1
Ly(B) ! — (liq
by[9,(7.27)p.247] Tg(y )Z "D 2B-1 (49)
Ly(B) T (29)a
by3s)  Dg(7)z'™? /Z A 1(%;q)ood )" Ry
S " = .

CoB)Tq(v=8) Jo (tD)a (L7 F;q)n

Theorem 13. A g-analogue of Erdélyi [8, (3) p. 176].

201(cx, B57]q; 2)

' ; 50

Proof.

Fq( _ 7 aq

=TTy (zA’l 201 (ev, B; Alg; z))

by(35)  Tg(7)2'™7 * aciper (Ti0)e N
= Fq()\)I‘q(,y_)\)/O 27 t o) 201(cv, B3 Mg t) dg(t)

%) RHS.

(51)

Theorem 14. A g-analogue of Erdélyi [8, p. 182].

2¢1(a75;7‘Q;2) = Fq |: L 77_ A :|

1 (gt
/0 WD“ ("1 201N — @, A = Bi plgs tz))  dy(t).
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Proof. We find that

by[9,(7.52)],(50)

LHS
1 : (53)
Y A—1 (qt, Q)'yf)\—l
r T A—a,\— B Ag;tz) dy(t).
Do ] [ 5:0a: 1) dy 1)
On the other hand,
A1 s (A=, A= B9k
——— 2¢1(A — a, A — B; A|g; tz) = D : AR
Fq<)\) 2¢1( 5 ’q ) q,t o <1,q)qu()\+k:)
- = (54)
= DA < P1( A —a, A\ — B; ulg; tz )
q,t Fq(#) 2 1( ,u| )
Theorem 15. A g-analogue of Erdélyi [8, p. 184].
. L) Y
2¢1(057/87’)/IQ7Z) - Fq |: A,'Y— A\, v :|
1 (55)
/ A1 (gt q)y—r1 Dy (7 sda(a, B A vlgitz))  dg(t).
0
Proof. We find that
- v [ Bia)lg(n+k) i1
1 a¢n(, B; Ng; tz) = D * (Z 2 ! Tl
q P AL q)elg(v + k) (56)

(T
= DZ,tu (FZE/:; ty_l 3¢2(0£, ﬁ, M3 )‘7 V|Q7 tZ)) .

Finally, put this into formula (50).

The following formula, whose proof can be found in (80) for z = 0 and permutation of
the parameters, corresponds to Rodriguez formula.

Theorem 16. A g-analogue of Koschmieder [20, (10.5)p.252] and Erdélyi [8, (9) p. 178].
Almost a q-analogue of Kampé de Fériet [19, p. 26].

B8—1
_ ¥ _ z
201(a, B57[q; 2) = 7' Ty [ 3 ] Dg,z” {(z,q)a} . (57)
\section\label{Feld}

Definition 4. The first q-Lauricella function is

n( T @ @)m(b; @)™
‘I’Ex)(a,b;ﬂq;x)fz< ng;_q{ : (58)

where [10]
71| g -+ Dg |wn| < 1. (59)
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The following formula, similar to [12], was not included there.

Theorem 17. (A g-analogue of Feldheim [14, (9) p. 244)).

o, — « n > L
Fq[ 5 ]ﬁ)(a,ﬁ;'qu)

1 (60)
= [ oo 65Tl 7) dy (o)
Proof. Compute the RHS:
by[9,6.54 < §; Q{3 ) 7™ L
RHs " > < q>~ SB g (1 =) "™+ k5 q)s—as
i (L7dm —
by[9,6.8.6.10] o= (85 q)m (5; @) @™ 2 s (0 = a5 @) (15 @)oc
- T = (1 - Q) q atm 61
mzza (L 75 g ;;o (L;q)r(d — @ a)o0 (61)
b}'[9£7.27] i (95 Q>m<g§ Q>7ﬁfﬁ‘ (1—gq) (m+9,1;¢) by[9,1é5,1.46] LIS

Definition 5. Convergence regions for the following triple functions were given in [11].
The g-analogues of the Srivastava triple hypergeometric functions are

Ha(a, b1, bo;cr,c2lq; 21, 22, 23) =

i <a;Q>m+p<b1§Q>m+n<b2;Q>n+p 2P (62)
(1, e13Q)m (L @n(L; @)plcs Qnip — 22

m,n,p=0

Hg(a, b1, bo; c1, ¢, c3|q; 21, 22, 23) =

i <a§Q>m+p<b1§Q>m+n<b2§Q>n+pxm neP (63)
o p=0 <17cl;Q>m<1702§Q>n<1acS;Q>p 1723
HC(CL,bl,bQ; C|q;$1,$2,$3) =

i <a;Q>m+p<b1;Q>m+n<b2;Q>n+p $T$g$§ (64)

<1; q>m<1; q>n<1§ Q>p<c§ Q>m+n+p

m,n,p=0

Theorem 18. A g-integral representation of Hx. A g-analogue of [5, (2.1) p. 115].

Ha (a1, a2, a3;¢1, c2|q; 2, y, 2)

b

L (65)
=T, { b ar } /s:os (g3 @)p—a1—1Ha (b, a2, as; 1, ca|q; w5, y, 28) dg(s).
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Proof. Put

B b
D:rq[%b_al]

o0 66
T (03 @) m4p(a2; Om+n{a3; Dntp i n_p (66)

Ty z

ma o (L et @l @)n{L; )plez; sy
Then we have
rus V28 p D(A—q) Y "™ 4 ks q)p_a, 1
k=0

by[9.68,610] Z qk(a1+m+p)< — ax; )k(lfq>oo (67)

<1aQ> < _a17Q>OO

by[9£7.27] D(1— ) <b+n+p, 1 q) oo [9145146] LHS.

(a1 +m+p,b—a1;q)

Theorem 19. A g-integral representation of Ha. A q-analogue of [5, (2.2) p. 115].

Ha(a1,a2,a3;c1,¢e2|q; 2,9, 2)

b v (68)
= Fq a b— a S 2 (q5§Q)b—a2—1HA(CL1,b, a3§01702‘q;$5a?/572) dq(S).
2, 2 s=0

Theorem 20. A g-integral representation of Ha. A g-analogue of [5, (2.3) p. 115].

Ha (a1, a2,as; c1, c2|q; @, y, 2)

b L (69)
=T, b 57453 Q)b—az—1Ha (a1, a2, by c1, calq; 2, ys, 25) dy(s).
az,b —as s=0
Theorem 21. A g-integral representation of Ha. A q-analogue of [5, (2.4) p. 115].
HA(CLL az, as; Cy, 02|q; x,Y, Z)
! (70)
c _
=T, ' "7 (qs1q)er—vp—1Ha (a1, a2, as; b, el q; 5, 2) dy (s).
Cc1 — b, b s=0
Proof. Put
D= Fq(cl) - <CL1; Q>m+p <CL2; Q>m+n <a3§ Q>n+p xmynzp

Poler =0)0q(b) | o= (1,050)m (L5 0)n{L; @)pc2; @hnp
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Then we have

by[9,6.54 S m
RHS ™22 D1 = ) ST (1 4 ks gy
k=0
by(9.686.10] b+m — b @)L 4) oo (71)
Zq Qrlc1 — by q)oo
by[9,7.27] <01 + m,1; q)oo by[9,1.45,1.46]

D(1—q) LHS.

(b+m,c1 —b;q)oo

Theorem 22. A g-integral representation of Ha. A g-analogue of [5, (2.5) p. 116].

Ha(a1,a2,a3;¢1,e2lq; 2, v, 2)

C2 L b—1 (72)
=Ty 577 (a5; @)es—v—1Ha (a1, a2, az; 1, blg; @, ys, zs) dg(s).
Cy — b, b s=0
Theorem 23. A g-integral representation of Ho. A q-analogue of [6, (2.1) p. 115].
Hc(ar, a2, a3;5¢lg; 2,9, 2)
b (73)

1
— a1—1 . H . . )
Co| | [ 5 5000 a0 an i clasos, . 25) dy )
Theorem 24. A g-integral representation of Hg. A q-analogue of [4, (3.1) p. 2757].

Hg(a1,a2,as;c1, 2, c3/q; ¢, 9y, 2)

ai + az — (a1 + a2; @) 2m+n+p(a3; Dntp _m n P
=TI, Z Ty T3

al,GQ mnp:() <1;Cl;Q>m<1;02§Q>n<17c3;Q>p (74)
1
/ Sa1+m+p_1(q5§ @)as+m+n—1 dg(s)-
s=0
Proof. We compute the right hand side:
r [ aj + as ] i (a1 + a?;Q>2m+n+P<a3;Q>n+mexn$p
Lanar | (Lengm(Lengn(lesgy 0
T a1+m+p,a2+m+n (75)
Toartay+2m+n+p

o
_ Z <a1+a2;Q>2m+n+p(a3;Q>n+p <a1;CI>m+p<a2§Q>m+nl_m nP _ LHS.
(Ler;@)m(L, e q)n (1, c3:0)p (a1 + a2; Q2mentp T2 T3

m?”?p:()
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Definition 6. The fourth q-Lauricella function is defined by

(I)l(jn)(aa g§C|q; x) = Z (a; ¢)m <b<£]

Theorem 25. A q-analogue of Srivastava and

A—p

q?z

)2

Q)

(¢ )

Z>\_1

Ty(A)

Lyl

Proof.

)

LHS =Dy * |2 >

m7n7p:0

)n(v; @p(az)™ (b2)" (c2)”

|:(CLZ, q)a(bzu Q)B(C'Zu Q)’Y
F10S (N, a, B,7; pulg; az, bz, ¢z).

, max(|zq,...

{15 @)p

SH= 1Zaq

[9,1é5,1.46] RIIS.

> (Lgn(l;q)p

>>7‘L <’Y’ >P mbncpzm—i—n—i-p

Jzn]) <1

Manocha [23, p.289 (17)].

by[9,8.118]

ut+rm-+n—+p

{)\+m+n+p]

The following operator formula is a generalization of (57).

Theorem 26. A g-analogue of Srivastava and Manocha [23, p.289 (18)].

X

1
DA“[ Al 201 (e, B; g || —; yg®
ay |Y ¥ d)a ( |q; || )
FQ(A) pn—1
= =y P, B A, plg; L y).
L? ™ 452,9)
Proof.
o
LHS = D\ # (O Qman (B Dm m rrn_1
o mz,;o 0 LG g Y

by[98118] Z 04 q m+n /87 > ;H—n—qu [

m,n=0

Definition 7. Assume that m = (mq,...,

v L @)m (L q)n

wtn

mp), m =mq + ...

A+n ] by[9,1.45,1.46]

RHS.

+m, and a € R*.

vector g-multinomial-coefficient (%); [13] is defined by the symmetric expression

(

a

m

>*
q

(—a; @) (—1)mg () +em

(L3 @)ma (1 @)y

AL

1256

(76)

(77)

(78)

(79)

The
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The following formula applies for a g—deformed hypercube of length 1 in R™. Note
that formulas (82) and (83) are symmetric in the z;.

Definition 8. [13] Assuming that the right hand side converges, and a € R*:

o)
— [ —a m
(18, ¢%x18,...8B¢¢"x,) = Z H(—:Bj)m] < . > q (5)+am, (82)
. j q
Corollary 1. A generalization of the g-binomial theorem [13]:

(18, ¢“x1 8y ... Byq¢",) " = Z Tq a € R*. (83)

Sl H§
|

Proof. Use formulas (81) and (82), the terms with factors q_@) +a™ cancel each other.

Theorem 27. A g-analogue of Srivastava and Manocha [23, p.306].

D51Z171 . .Dg";;% [zlﬂrl . 25"_1(1 Hyq¢“z18, ... By q%2,)" ¢ (84)
1 [Ta(Bi) A1
N [Fq( ]-)Z}J_ } q)Xl)(aaﬁlw~a5n5717---a’Yn|Q§Zla---,Zn), a € R*
j=1 q\"j
Proof.
%0 i
_ _ Q; Z by[9,8.118

LHS = Dq5121’71 Dqﬁnzn'yn Zlﬂl 1...25” 1Z< _)Q>m y[ s | (85)

= (L
$ Gty [ 33 st S s

Conclusion: The Euler g-integral proofs are made in a similar style. First the (multiple)
g-integral is replaced by its definition [9, 6.54]. Then function(s) in the infinite sums are
replaced by equivalent g-shifted factorials with the use of [9, 6.8,6.10]. The number of sums
is reduced by using the ¢g-binomial theorem [9, 7.27], observe that we always use the result
quotient of g-shifted factorials. In the final step, we have a (multiple) sum equivalent to
the expected result. The factors are rewritten by using formulas [9, 1.45,1.46] to give the
left hand side. Observe that we always have a factor (1 — ¢)™, where m is the dimension
of the (multiple) g-integral. This factor is deleted by using the definition of the ¢-gamma
function [9, 1.45]. Formula [9, 1.46] never gives this factor. The definition of fractional
g-integral [9, 8.118] can also be used in the first step.
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