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1. Introduction

The concept of closed set plays a fundamental role in General topology and real anal-
ysis. In 1970, Levine [11] introduced generalized closed sets in topological spaces. The
notion of nano topology is introduced by Thivagar and Richard [13] whose idea of nano
topological structure is grounded on lower, upper and boundary approximations of a sub-
set of a universe set with an equivalence relation on it. They went further in the same
reference to introduce the definition of closed, interior and closure set via concept of nano
topology. In 2017, Bhuvaneswari [8] introduced the notion of nano topology and T. M.
Al-shami [3] introduced Somewhere dense sets and ST1-spaces. The significant of nano
topological structure is that it is needed to sort approximation to fit mathematical models
of real-life problems. Azzam [7] expanded the nano topological structure by inserting grill

∗Corresponding author.
DOI: https://doi.org/10.29020/nybg.ejpam.v14i4.3823

Email addresses: tahahameed@tu.edu.iq (T. H. Jasim),
saja.s.mohsen35504@st.tu.edu.iq (S. S. Mohsen), skanayo@unilag.edu.ng (K. S. Eke)

http://www.ejpam.com 1507 © 2021 EJPAM All rights reserved.



T. H. Jasim, S. S. Mohsen, K. S. Eke / Eur. J. Pure Appl. Math, 14 (4) (2021), 1507-1516 1508

changes to the lower approximation, upper approximation and boundary regions that re-
sulted in grill nano topological spaces. The author equally defined grill nano-generalized
closed sets which is an expansion of nano-generalized closed sets in grill nano topological
spaces. In 2018, T. M. Al-shami [4] given that supra semi-compactness via supra topolog-
ical spaces. In 2019, Chandrasekar [9] introduced the concept of micro topology which is
simply an extension of nano topology and T. M. Al-shami and T. Noiri [6] provided more
notions and mappings via somewhere dense sets. In 2020, Rasheed and Jasim [12] intro-
duced micro- α -open sets, micro- α -continuous functions and some of their properties
are investigated and T.M. Al-shami [10], [2], [1]and [5] studied respectively, Some appli-
cations of supra preopen sets, limit points and separation axioms with respect to supra
semi-open sets, Para compactness on supra topological spaces and sum of the spaces on
ordered setting. This research focus on the introduction of a new class of sets called micro-
generalized closed set and micro-generalized continuous functions. Many characterizations
and theorems relating to these sets are proved.

2. Preliminaries

In this section, we recall some preliminary definitions that led to the development of
our main results.

2.1. Definition [11]

A subset B from a topology τ on the space X is said to be generalized closed set
(shortly g-closed) if Cl.(B) ⊂ U for B ⊂ U and U is open in (X, τ). A set B of topological
space (X, τ) is called g-open if X −B is g-closed.

2.2. Definition [9]

Let X be a non-empty finite set of objects called ‘universe’ and let R be an ‘equivalence
relation’ on X named as ‘the indiscernibility relation’. Then X divided into disjoint
equivalence classes. Elements belonging to the same equivalence class are said to be
indiscernible with one another. The pair (X,R) is said to be ‘the approximation space’.
Let A ⊆ X,

(i) The lower approximation of A with respect to R is the set of all objects, which can
be for certain classified as A with respect to R and it is denoted by LR(A). That
is LR(A) = ∪(x ∈ X){R(x) : R(x) ⊆ A where R(x)} denotes the equivalence class
determined by x ∈ X.

(ii) The upper approximation of A with respect to R is the set of all objects, which can
be possibly classified as A with respect to R and it is denoted by UR(A). That is,
UR(A) = ∪(x ∈ X){R(x) : R(x) ∩A ̸= ϕ}.
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(iii) The boundary region of A with respect to R is the set of all objects, which can be
classified neither as A nor as not-A with respect to R and it is denoted by BR(A).
That is, BR(A) = UR(A)− LR(A).

2.3. Definition [13]

Let X be the universe, R be an equivalence relation on X and τR(A) = {ϕ,X,LR(A),
UR(A), BR(A)} where A ⊆ X. Then τR(A) satisfies the following axioms.

• X and ϕ ∈ τR(A).

• The union of the elements of any sub collection of τR(A) is in τR(A).

• The intersection of the elements of any finite sub collection of τR(A) is in τR(A).

That is τR(A) forms a topology on X called the Nano topology on X with respect to A.
We call (X, τR(A)) the Nano topological space.
The elements of τR(A) are called Nano open sets.

2.4. Definition [13]

If (X, τR(A)) is Nano topological space with respect to A where A ⊆ X , if B ⊆ X,
then

(i) The Nano interior of the setB defined as the union of all Nano open subsets contained
in B is defined by N.Int.(B). That is N.Int.(B) is the greatest Nano open subset
of B.

(ii) The Nano closure of the set B defined as the intersection of all Nano closed con-
taining B is denoted by N.Cl.(B). That is N.Cl.(B) is the smallest Nano closed set
containing B.

2.5. Definition [7]

A subset B of (X, τR(A))is called Nano-generalized closed sets (shortly N.g-closed)
if N.Cl.(B) ⊆ U for B ⊆ U and U is Nano open in (X, τR(A)) . A set B of a Nano
topological space (X, τR(A)) is called N.g-open if X −B is N.g-closed.

3. Micro-generalized closed set in Micro Topological Spaces

In this section, the definition of Micro-generalized closed sets is introduced and some
of its properties with related theorems are proved.

3.1. Definition [9]

If (X, τR(A)) is a Nano topological space then µ(R)(A) = N ∪ (N ′ ∩ µ) : N,N ′ ∈ τR(A)
is called Micro topology of τR(A) by µ where µ /∈ τR(A).
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3.2. Definition [9]

The Micro topology µR(A) satisfies the following axioms

(i) X and ∅ ∈ µR(A).

(ii) The union of the elements of any sub- collection form µR(A) is in µR(A) .

(iii) The intersection of the elements of any finite sub collection of µR(A) is in µR(A) .

Then µR(A) is called Micro topology onX with respect toA. The triplet (X, τR(A), µR(A))
is called Micro topological spaces and the elements of µR(A) are called Micro open sets
and the complement of a Micro open set is called a Micro closed set.

3.3. Definition [12]

The Micro closure of a setB is defined byMic.Cl.(B) = ∩
{
F : FisMicroclosedset, B ⊆

F
}
and the Micro interior of a setB is defined byMic.Int.(B) = ∪

{
U : UisMicroopenset, U ⊆

B
}
.

3.4. Definition

A sub set B of (X, τR(A), µR(A)) is called Micro-generalized closed set ( shortly ,
Mic.g-closed ) if Mic.Cl.(B) ⊆ UforB ⊆ UandU is Microopensetin(X, τR(A), µR(A)).
A set B of a Micro topological space (X, τR(A), µR(A)) is called Mic.g-open if X B is
Mic.g-closed.

3.5. Remark

Every Micro closed set is Micro-generalized closed set.

3.6. Example

Let X =
{
1, 2, 3, 4

}
with X/R =

{{
1
}
,
{
3
}
,
{
2, 4

}}
and A =

{
1, 2

}
. Then the

Nano topology τR(A) =
{
∅, X,

{
1
}
,
{
2, 4

}
,
{
1, 2, 4

}}
which are Nano open sets, and the

Nano closed sets =
{
∅, X,

{
3
}
,
{
1,
}
,
{
2, 3, 4

}}
. Let µ =

{
3
}

then the Micro topology
µR(A) =

{
∅, X,

{
1
}
,
{
3
}
,
{
1, 3

}
,
{
2, 4

}
,
{
2, 3, 4

}
,
{
1, 2, 4

}}
and the Micro closed sets ={

∅, X,
{
1
}
,
{
3
}
,
{
2, 4

}
,
{
1, 3

}
,
{
2, 3, 4

}
,
{
1, 2, 4

}}
. Show that the set B =

{
1, 2, 3

}
⊆ X is

Mic.g-closed but not Micro-closed set.

3.7. Proposition

Every Nano open set is Micro open set.
Proof: Let B ∈ τR(A) and µ /∈ τR(A), Now from the definition of micro topology we have
B ∪ (∅ ∩ µ) = B thus B ∈ µR(A). Hence B is micro open set.
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3.8. Remark

The Nano topology and Micro topology are equivalent when µ ∈ τR(A) and this clear
from the definition of Micro topology (3.1).

3.9. Theorem

Every Nano-generalized closed set is Micro-generalized closed set.
Proof: Suppose that B is a Ng-closed set in (X, τR(A)) then Mic.Cl.(B) ⊆ U , for B ⊆ U
for all U is Nano open set. Since every Nano open set is Micro open set (see proposition
(3.7)). Then we get, Mic.Cl(B) ⊆ U , for B ⊆ U for all U is Micro open set . Thus, the
set B is Mic.g-closed set.

3.10. Example

In the same example (3.6) above let B =
{
1, 2

}
⊆

{
1, 2, 4

}
∈ τR(A) and N.Cl.

{
1, 2

}
=

X ̸⊆
{
1, 2, 4

}
.Then B is not Nano-generalized closed set .But B =

{
1, 2

}
⊆

{
1, 2, 4

}
∈

µR(A) such that Mic.Cl.
{
1, 2

}
=

{
1, 2, 4

}
thus B is Micro-generalized closed set.

3.11. Theorem

Let (X, τR(A), µR(A)) be a Micro topological space. If B and C are Micro-generalized
closed sets, then B ∪ C is Micro-generalized closed set.
Proof : Let B and C are Mic.g-closed sets . Then Mic.Cl.(B) ⊆ U when every B ⊆ U
and U is Micro open set and Mic.Cl.(C) ⊆ V for C ⊆ V and V is Micro open set. Since
B is subset of U and C is subset of V , thus B ∪C ⊆ U ∪ V and U ∪ V is Micro open set.
Then Mic.Cl(B)∪Mic.Cl(C) ⊆ U ∪V , since Mic.Cl(B ∪C) = Mic.Cl(B)∪Mic.Cl(C)
then Mic.Cl(B ∪ C) ⊆ U ∪ V for B ∪ C ⊆ U ∪ V and U ∪ V is Micro open set. which
leads to B ∪ C is Micro-generalized closed set.

3.12. Proposition

Let (X, τR(A), µR(A)) be a Micro topological space and BandC are subset of X such
that B ⊆ C , then :

(i) If B is a Micro-generalized closed set then it is not necessary that C is Micro-
generalized closed set.

(ii) If C is a Micro-generalized closed set then it is not necessary that B is Micro-
generalized closed set.

The proposition above needs the following example:
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3.13. Example

Let X =
{
a, b, c, d

}
with X/R =

{{
a
}
,
{
c
}
,
{
b, d

}}
and A =

{
b, d

}
. Then τR(A) ={

∅, X,
{
b, d

}}
. Let µ =

{
a, b, c

}
, Then µR(A) =

{
∅, X,

{
b
}
,
{
b, d

}
,
{
a, b, c

}}
. We have :

(i) The set B =
{
a, c

}
is Mic.g-closed but the set C =

{
a, b, c

}
is not Mic.g-closed.

(ii) The set C =
{
b, c, d

}
is Mic.g-closed but the set B =

{
b, c

}
is not Mic.g-closed.

3.14. Remark

Let (X, τR(A), µR(A)) be a Micro topological space. If B and C are Micro-generalized
closed sets, then B ∩ C need not be a Micro-generalized closed set, we can consider the
set B =

{
a, b, d

}
and the set C =

{
b, c, d

}
in the example (3.13) each of them are Micro-

generalized closed set but B ∩ C =
{
b, d

}
is not Micro-generalized closed set.

3.15. Proposition

Let (X, τR(A), µR(A)) be a Micro topological space. If B is not Micro open set and
not subset of any Micro open set in X (just B ⊆ X ) then B is Micro-generalized closed
set.
Proof: Let B /∈ µR(A) and not subset of any Micro open set in X (just B ⊆ X). Then
Mic.Cl(B) ⊆ C where C is Micro closed set and C ⊆ X. Thus Mic.Cl(B) ⊆ X. That is,
B is Mic.g-closed set in X.

3.16. Example

In the example (3.13), Let µ =
{
a
}
Then µR(A) =

{
∅, X,

{
a
}
,
{
b, d

}
,
{
a, b, d

}}
. The

set B =
{
c
}
is not Micro open set and not subset of any Micro open set in X (just B ⊆ X

). Then Mic.Cl(B) =
{
c
}
⊆ X where X is Micro open set, So B is Mic.g-closed set in X.

3.17. Remark

If every set in a micro topology is micro open, then a micro topology is the discrete.
Hence, every set is both micro open and micro g-closed.

4. Micro-generalized continuous function and micro-generalized
irresolute function

In this segment we present the definition of Micro-generalized continuous function and
the micro-generalized irresolute function.
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4.1. Definition

Let (X, τR(A), µR(A)) and (Y, τ ′R(A), µ′
R(A)) be two Micro topological spaces. A func-

tion f : X → Y is called Micro-generalized continuous function (shortly Mic.g-continuous)
if f−1(B) is Mic.g-closed set in X for every Micro-closed set BinY .

4.2. Example

Let X =
{
1, 2, 3, 4, 5

}
, with X/R =

{{
1
}
,
{
5
}
,
{
2, 3, 4

}}
and A =

{
1, 2

}
⊆ X. Then

τR(A) =
{
∅, X,

{
1
}
,
{
2, 3, 4

}
,
{
1, 2, 3, 4

}}
. Letµ =

{
2
}
, Then

µR(A) =
{
∅, X,

{
1
}
,
{
2
}
,
{
1, 2

}
,
{
2, 3, 4

}
,
{
1, 2, 3, 4

}}
and

the Micro closed sets =
{
∅, X,

{
5
}
,
{
1, 5

}
,
{
3, 4, 5

}{
1, 3, 4, 5

}
,
{
2, 3, 4, 5

}}
.Let Y =

{
p, q, r, s, t

}
,

with Y/R =
{{

s
}
,
{
t
}
,
{
p, q, r

}}
and A =

{
p, q

}
⊆ Y . Then τ ′R(A) =

{
∅, Y,

{
p, q, r

}}
.

Let τ ′ =
{
s
}
, Then µ′

R(A) =
{
∅, Y,

{
s
}
,
{
p, q, r

}
,
{
p, q, r, s

}}
and the Micro closed sets

=
{
∅, Y,

{
t
}
,
{
s, t

}
,
{
p, q, r, t

}}
.

Let f : X → Y be a function defined as f(1) = s, f(2) = q, f(3) = r, f(4) = p, f(5) = t.
Micro closed set in Y are

{
t
}
,
{
s, t

}
,
{
p, q, r, t

}
and the sets

{
5
}
,
{{

1, 5
}
,
{
2, 3, 4, 5

}
are

Mic.g-closed sets in X. thus f−1(B) is Mic.g-closed set in X for every Micro-closed set
BinY . Then f is Micro-generalized continuous function.

4.3. Definition

Let (X, τR(A), µR(A)) and (Y, τ ′R(A), µ′
R(A)) be two Micro topological spaces. A func-

tion f : X → Y is called micro-generalized irresolute function if f−1(B) is Mic.g-closed
set in X for every Micro.g-closed set BinY .

4.4. Example

Let X =
{
a, b, c

}
with X/R =

{{
a
}
,
{
b, c

}}
and A =

{
b, c

}
⊆ X. Then τR(A) ={

∅, X,
{
b, c

}}
. Let µ =

{
a
}
, Then µR(A) =

{
∅, X,

{
a
}
,
{
b, c

}
. Let Y =

{
1, 2, 3

}
, with

Y/R =
{{

2
}
,
{
1, 3

}}
and A =

{
1, 3

}
⊆ Y , Then τR(A) =

{
∅, Y,

{
1, 3

}}
. Let µ′ =

{
2
}
,

Then µ′
R(A) =

{
∅, Y,

{
2
}
,
{
1, 3

}}
. Let f : X → Y be a function defined as f(a) =

2, f(b) = 1, f(c) = 3 . Mic.g-closed sets in X are
{
a
}
,
{
b
}
,
{
c
}
,
{
a, b

}
,
{
a, c

}
,
{
b, c

}
and

Mic.g-closed sets in Y are
{
1
}
,
{
2
}
,
{
3
}
,
{
1, 2

}
,
{
1, 3

}
,
{
2, 3

}
. Therefore for every Mic.g-

closed set BinY , f−1(B) is Mic.g-closed set in X. Then f is micro-generalized irresolute
function

4.5. Theorem

Let f : X → Y be a function from Micro Topological space (X, τR(A), µR(A)) to Micro
Topological space (Y, τ ′R(A), µ′

R(A)). If f : X → Y is Micro continuous function [12], then
f : X → Y is Micro-generalized continuous function.
Proof: suppose that the function f : X → Y is Micro continuous function from Mi-
cro Topological space (X, τR(A), µR(A)) to Micro Topological space (Y, τ ′R(A), µ′

R(A)).
That is the inverse Image of any Micro–closed set in (Y, τ ′R(A), µ′

R(A)) is Micro-closed set
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in (X, τR(A), µR(A)). Let B be a Micro-closed set in (Y, τ ′R(A), µ′
R(A)). Then f−1(B)

is Micro-closed set in (X, τR(A), µR(A)). Now By remark 3.5 (Every Micro closed set is
Micro-generalized closed set) we get, f−1(B) is Micro-generalized closed set in (X, τR(A), µR(A)).
Thus f : X → Y is Micro-generalized continuous function.

4.6. Theorem

Every micro-generalized irresolute function is Micro-generalized continuous function.
Proof: Suppose that the function f : X → Y is micro-generalized irresolute function from
Micro Topological space (X, τR(A), µR(A)) to Micro Topological space (Y, τ ′R(A), µ′

R(A)).
We want to prove that f: X → Y is Micro-generalized continuous function. Let B be Micro-
closed set in (Y, τ ′R(A), µ′

R(A)) then f−1(B) is Micro-closed set in (X, τR(A), µR(A)) and
by remark 3.5 (Every Micro closed set is Micro-generalized closed set) we get, f−1(B) is
Micro-generalized closed set in (X, τR(A), µR(A)). Thus f : X → Y is Micro-generalized
continuous function.

4.7. Definition

Let (X, τR(A), µR(A)) and (Y, τ ′R(A), µ′
R(A)) be two Micro topological spaces. A func-

tion f : X → Y is called Micro-generalized continuous function at a point c ∈ X if for
every Micro-closed set G containing f(c)inY , there are exist a Mic.g-closed B containing
cinX such that f(B) ⊆ G.

4.8. Theorem

Let (X, τR(A), µR(A)) and (Y, τ ′R(A), µ′
R(A)) be two Micro topological spaces. A

function f : X → Y is Micro-generalized continuous function if and only if f is Micro-
generalized continuous function at each point of X.
Proof: Let f : X → Y be Mic.g-continuous. Let c ∈ X, and G be a Micro-closed set in
Y containing f(c). Since f is Mic.g-continuous, f−1(G) is Mic.g-closed in X containing
c. Let B = f−1(G), then f(G) f(B) ⊆ G, and f(a) ∈ B. Hence f is continuous at c.
Conversely, suppose f is Mic.g-continuous at each point of X. Let G be Micro-closed set
in Y . If f−1(G) = ∅ then it is Mic.g-closed. So let f−1(G) ̸= ∅. Take any c ∈ f−1(G),
then f(c) ∈ G. Since f is Mic.g-continuous at each point there exist a Mic.g-closed set
Bc containing c such that f(Bc) ⊆ G. Let B = (Bc|c ∈ f−1(G)). Claim: B = f−1(G) If
a ∈ f−1(G) then a ∈ Ba ⊆ B. Hence f−1(G) ⊆ B. On the other hand, suppose b ∈ B
then b ∈ Bc for some c and b ∈ f−1(G). Hence B = f−1(G). Since Bc is Mic.g-closed set,
by dentition (4.7) B is Mic.g-closed and hence B = f−1(G) is Mic.g-closed set for every
Micro-closed set G in Y . Hence f is Mic.g-continuous.

4.9. Theorem

Let (X, τR(A), µR(A)) and (Y, τ ′R(A), µ′
R(A)) be two Micro topological spaces. Then

f : X → Y is Micro-generalized continuous function if and only if f−1(B) is Mic.g-open
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in X whenever B is Micro- open in Y .
Proof: Let f : X → Y is Micro-generalized continuous function and B be Micro-open in Y .
Then Bc is Micro-closed in Y . By hypothesis f−1(Bc) is Mic.g-closed in X, i.e., [f−1(B)]c

is Mic.g-closed set in X. Hence f−1(B) is Mic.g-open in X. Whenever B is Micro-open
in Y . Conversely, suppose f−1(B) is Mic.g-open set in X whenever B is Micro-open in
Y . Let H is Micro-closed in Y then Hc is Micro-open in Y . By assumption f−1(Hc) is
Mic.g-open in X.i.e., [f−1(H)]c is Mic.g-open in X. Then f−1(H) is Mic.g-closed in X.
Hence f is Mic.g-continuous function.

4.10. Theorem

Let (X, τR(A), µR(A)),(Y, τ ′R(A), µ
′
R(A)) and (Z, τ ′′R(A), µ′′

R(A)) be three Micro-topological
spaces. If f : X → Y and g : Y → Z are micro-generalized irresolute functions then
g ◦ f : X → Z is also micro-generalized irresolute function.
Proof: Let B be a Mic.g-closed set in Z. Since by g is micro-generalized irresolute func-
tion, then g−1(B) is Mic.g-closed set in Y . Now since by f is micro-generalized irresolute
function, then f−1(g−1(B)) is Mic.g-closed set in X but (g ◦ f)−1(B) = (f−1 ◦ g−1)(B) =
f−1(g−1(B)). Thus (g ◦f)−1(B) is Mic.g-closed set in X. Hence g ◦f is micro-generalized
irresolute function.

4.11. Theorem

Let (X, τR(A), µR(A)), (Y, τ ′R(A), µ′
R(A)) and (Z, τ ′′R(A), µ′′

R(A)) be three Micro-topological
spaces. If f : X → Y is a micro-generalized continuous function and g : Y → Z be a
Micro-continuous function then g ◦ f : X → Z is micro-generalized continuous function.
Proof: Let B be a Micro-closed set in Z. Since by g is Micro-continuous function, then
g−1(B) is Micro-closed set in Y . Now since by f is micro-generalized continuous function,
then f−1(g−1(B)) is micro-generalized closed set inX but (g◦f)−1(B) = (f−1◦g−1)(B) =
f−1(g−1(B)). Thus (g◦f)−1(B) is micro-generalized closed set in X. Hence g◦f is micro-
generalized continuous function.
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