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Abstract. In this paper, the total dr-power domination number of graphs such as complete
bipartite graph, generalized fan and generalized wheel are obtained. The forcing total dr-power
domination number of graphs resulting from some binary operations such as join, corona and
lexicographic product of graphs were determined.
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1. Introduction

Let G = (V, E) be a graph representing the electrical power system, where a vertex
represents an electrical node and an edge represents a transmission line joining two electrical
nodes. Some measurement devices must be placed at selected locations so that all the state
variables of the system can be measured in order to monitor the power system. A Phase
Measurement Unit (PMU) is a measurement device placed on a vertex and has the ability
to measure the state of the vertex and the edges connected to the vertex. The vertices and
edges that are measured by PMU’s are said to be observed. In this study, it is necessary
that each vertex with PMU is adjacent to another vertex with PMU also. But because of
the high cost value of a PMU, it is desirable to minimize their number while maintaining
the ability to monitor the entire power system.

The graphs considered in this paper are simple, connected, undirected and without
loops or multiple edges.

Let G = (V(G), E(G)) be a graph and v € V(G). The open neighborhood of v in
G is the set N(v) = {u € V(G) : wv € E(G)} and the closed neighborhood of v is
the set Njv] = N(v) U {v}. For X C V(G), the open neighborhood of X is the set
N(X) = UpexNg(v) and its closed neighborhood is the set N[ X] = N(X)U X.
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A set S C V(QG) is a dominating set (resp. total dominating set) of G if N[S] =V (G)
(resp. N(S) = V(G)). The domination number v(G) (resp. total domination number
v(@G)) of G is the minimum cardinality of a dominating set (resp. total dominating set).
If S is a dominating set (resp. a total dominating set) with |S| = v(G) (resp. |S| = 1(G)),
then we call S a y-set (resp. a y-set) of G.

Let G = (V, E) be a simple graph. Let P C V(G). An edge e = uv of G is directly
observed by P if u € P or v € P. A vertex u of GG is directly observed if u is incident to a
directly observed edge. An edge ¢’ = xy is remotely observed by P if z,y ¢ P and x,y are
directly observed vertices or at least one of x and y is incident to k edges where k — 1 of
these edges are directly observed by P. A non-directly observed vertex u of G which is
incident to a remotely observed edge is called remotely observed vertex. Let O{;(G) be the
set of all directly and remotely observed vertices and OL(G) be the set of all directly and
remotely observed edges. Then P C V(G) is a dr-power dominating set (dr-pds) of G if
O¥(G) = V(@) and OL(G) = E(G). The minimum cardinality of a dr-power dominating
set is called the dr-power domination number of G and is denoted by v,,,(G). A subset P
of V(G) with cardinality v,,,(G) is called a v,,,-set of G. A dr-power dominating set D is
said to be a total dr-power dominating set(tdr-pds) if the induced subgraph (D) has no
isolated vertex. The minimum cardinality of a total dr-power dominating set (tdr-pds) is
called the total dr-power domination number of G and is denoted by ’yt*pw(G). A subset
T of V(G) with cardinality 77 (G) is called a v} -set of G. Moreover, there exists a
connected graph G such that ¢ (G) < 7(G).

Let S be a 'yt*pw—set of a graph G. A subset D of S is said to be a forcing subset for S if
S is the unique 7;  -set containing D. The forcing total dr-power domination number of S
is given by fv; (S) = min{|D| : D is a forcing subset for S}. The forcing total dr-power
domination number of G is given by

[, (G) =min{fy] (5):S5isa; -set of G}.
The join of two graphs G and H, denoted by G + H is the graph with vertex set
V(G+H)=V(G)UV(H)
and edge set
E(G+H)=EGUEH)U{uw: :ueV(G),ve V(H)}.
The corona G o H of two graphs G and H is the graph obtained by taking one copy of G

and |V (G)| copies of H, and then forming the join ({v}) + H” = v + H", where H" is a
copy of H, for each v € V(Q).
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The lexicographic product (composition) G[H] of two graphs G and H is the graph with
V(G[H]) = V(G) x V(H), and (u,u’)(v,v") € E(G[H]) if and only if either uv € E(G) or
u=v and vv' € E(H).

Amos [1] studied total domination. The relation between forcing and domination
concepts was investigated by Chartrand et al. [5] and they defined "forcing domination
number'. The following concepts: total dr-power domination [6], forcing domination
number of graphs under some binary operations [7], forcing total domination number and
forcing connected domination number under the lexicographic product of graphs [8], forcing
independent domination number of a graph [4], and A-differential of graphs [3] was studied
by Canoy, et al. The total dr-power domination number of some special graphs such as
paths and cycles was studied by Armada [2].

2. Known Results

This section contains known results involving total dr-power domination, dr-power
domination, total domination numbers of a graph G that are very useful in proving the
main results of this paper.

Remark 2.1. [6] For a graph G without isolated vertices,

Youw(G) <%, (G) < 1(G).

Proposition 2.2. [1] The total domination number of a cycle Cy, or a path P, onn >3
vertices is given by
5 n = 0(mod 4),
Y (Cn) = 1(Pn) = nT—i_Qy n = 2(mod 4),
”TH, otherwise.
Theorem 2.3. [6] Let G and H be any graphs. Then P C V(G + H) is a total dr-power
dominating set of G 4+ H if and only if it satisfies one of the following conditions:
(i) P € V(G) and is a total dominating set, provided that G is a graph with
no isolated vertex;
(il) P € V(H) and is a total dominating set, provided that H is a graph with
no isolated vertex; or

(iii) P =P UP,, where @ # P, C V(G) and @ 75 P, C V(G)
Corollary 2.4. [6] Let G and H be any graphs. Then

v G+ H)=2.
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Theorem 2.5. [6] Let G be a nontrivial connected graph and H be a graph with no
isolated vertex. Then P C V(G o H) is a total dr-power dominating set if and only if

pP=AlJ (LEJA BU> U (UE;JA Du)

where A C V(G), B, C V(H") for each v € A and B, # @ for each v ¢ Ng(A), and
D, CV(H") is a total dominating set of H" for each u ¢ A.

Corollary 2.6. [6] Let G be a nontrivial connected graph of order m and H be any graph
with no isolated vertex. Then v} (G o H)=m.

Theorem 2.7. [6] Let G and H be nontrivial connected graphs. Then
P = U ({z} x T,), where S C V(G) and T, C V(H) for all z € S, is a total dr-
zes

power dominating set of G[H] if and only if S is a dominating set of G, and T is a total
dominating set of H for each x € S\N(S5).

Corollary 2.8. [6] Let G and H be nontrivial connected graphs. Then P is a total
dr-power dominating set of G[H] if and only if P is a total dominating set of G[H].
Moreover,

Yty (GIH]) = 2(G).
Theorem 2.9. [2] Let G be a graph. Then
(i) f,,(G)=0if and only if G has a unique 7} -set.

(i) fvi,,(G)=1if and only if G has at least two 7/ -sets and there exists a vertex v
which is contained in exactly one 'yfpw—set of G.

Corollary 2.10. [2] Let G be a connected graph. Then
0< 77,.(@) <7, (@)

Theorem 2.11. [2] Let G be a nontrivial graph. Then fv; (G) =17 (G) if and only
if for every 77 -set P of G and for each v € P, there exists u € V(G)\P such that
[P\{v}] U {u} is a 77 -set of G.
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3. Forcing Total dr-Power Domination Number of the Join of Graphs

This section contains the total dr-power domination number of the complete bipartite
graphs, generalized fan graphs, generalized wheel graphs, P, + P,,, P, + Cy, and C), + Cy,
and their forcing total dr-power domination numbers.

Corollary 3.1. Let G and H be any graphs. Then RC V(G + H) is a Vi, -set of G+ H
if and only if at least one of the following holds:

(1) R is a y-set of G and |R| =2,

(17) R is a y-set of H and |R| = 2,
(75i) |[RNV(G)|=1and |RNV(H)| =1.
Theorem 3.2. For any graphs G and H,

0, i G and H are both trivial,

1, if G is trivial and (i) H has an isolated vertex or
(ii) ve(H) > 2 or (iii) v(H) = 2 and there exists
a vertex in H which is not in any vy.-set of H,

Iy (G + H) = or if H is trivial and (i) G has aan'SOZated vertez or

(ii) v(G) > 2 or (iii) v(G) = 2 and there exists

a vertex in H which is not in any v¢-set of G,

2, otherwise.

Proof. Consider the following cases:

Case 1: G and H are both trivial graphs.
{z,y} such that z € V(G) and y € V(H) is the only y-set of G + H by Corollary 3.1.
Thus, fv; (G + H) = 0 by Theorem 2.9(i).

Case 2: G is trivial and (i) H has an isolated vertex or (ii) vy (H) > 2 or (iii) (H) = 2
and H contains a vertex which is not in any ~-set of H

Let V(G) = {x}. Suppose that H has an isolated vertex, say w. By Corollary 3.1,
Ry = {z,w} is the only 7/ -set of G + H containing w. If y(H) > 2, then by Corollary
3.1, for each u € V(H), Ry = {z,u} is the only 7 -set of G+ H containing u. If v;(H) = 2
and there exists a vertex, say v, in H which is not in any ~;-set of H, then by Corollary
3.1, R, = {x,v} is the only Vi,,-set of G+ H containing v. Thus, in any of the three
cases, there always exists a vertex which is contained in exactly one 7/ -set of G + H.
By Theorem 2.9(ii), fv/ (G + H) = 1. Similarly, if H is trivial and (i) G has an isolated
vertex or (ii) 1 (G) > 2 or (iii) 14(G) = 2 and there exists a vertex in G which is not in
any ye-set of G, then fyf (G+ H) = 1.



C. Armada / Eur. J. Pure Appl. Math, 14 (3) (2021), 1098-1107 1103

Case 3: G is trivial , 1w (H) = 2 and every vertex v € V(H) is contained in a 7-set
of H

Let V(G) = {z}. By Corollary 3.1, for each u € V(H), R, = {z,u} is a7} -set of G+ H.
Also by assumption and Corollary 3.1, for all v,w € V(H) such that v # w, R = {v, w}
is a y-set of H and a 7 -set of G + H. Clearly, no single element is contained in
exactly one 7 -set of G + H, that is, f’y;‘pw(G + H) > 2. Consequently, by Corollary 2.10,
2< fv (G+H) <~ (G+H) =2. Therefore, f7{ (G+H) = 2. Similarly, if H is trivial
, 1(G) = 2 and every vertex v € V(G) is contained in a y;-set of G, then fv} (G+H) = 2.

Case 4: G and H are both nontrivial graphs.

By Corollary 3.1, for each z € V(G) and for each u € V(H), R = {z,u} is a 7} -set of
G + H. Thus, for each u € R, there exists u, € V(G + H)\R such that [R\{u}] U {u,} is
a;,,-set of G+ H. By Theorem 2.11, it follows that f; (G+H) =+ (G+H)=2. O

The next result is a direct consequence of Corollary 2.4 and Theorem 3.2.

Corollary 3.3. For any graph H, the total dr-power domination number of the join K1+ H
is given by 'yfpw (K1 + H) =2 and its forcing total dr-power domination number is given by

0, if H is trivial,
1, if H has an isolated vertex, or ~v(H) > 2, or
e, (K + H) = v(H) = 2 and there exists a vertex in H

which is not in any y¢-set of H,

2, otherwise.

Corollary 3.4. The total dr-power domination number of the complete
bipartite Ky, = K, + K, such that n,m > 1, is given by ’yfpw(Kmm) = 2 and its
forcing total dr-power domination number is given by

0, n=1andm=1,
e, Kpm) =91, n=1andm >2orm=1andn > 2,
2, n>2andm > 2.

Proof. By Corollary 2.4, v/ (Knm) =77, (Kn+ K,) =2 If n=1and m = 1, then
Ky = K; is trivial, and so by Corollary 3.3, ff (K11) =0. If n =1 and m > 2, then
K., has an isolated vertex, and so by Corollary 3.3, f%*pw(K 1,m) = 1. Similarly, if m =1
and n > 2, then f'yt*pw (Kpa) =1. If n > 2 and m > 2, then K,, and K,, are nontrivial
graphs and so, by Theorem 3.2, fﬁpw(Kn,m) =2. O
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Corollary 3.5. The total dr-power domination number of the generalized fan
Fom = Kp+ Py, where n > 1 and m > 2, is given by ’y;;w(me) = 2 and its
forcing total dr-power domination number is given by

. 1, n=1andm >4,
f'thw (Fom) = {2, otherwise.

Proof. By Corollary 2.4, ~f (Fom) = Ve (K, + Pn) = 2. Let
P, = [ui,ug,...,uy]. If n =1 and m = 4, then by Proposition 2.2, v(Ps) = 2 and
Py has exactly one ~-set which is {ug,us}, that is, uj is a vertex not in a ~-set of
Py. By Corollary 3.3, 77 (F14) = 1. If n = 1 and m > 4, then by Proposition 2.2,
Y¢(Pp,) > 2. By Corollary 3.3, Ve (Fim) =1. If n =1 and m < 4, then by Proposition
2.2, v(Py) = y(P3) = 2 and so, {u1,us} is the y-set of Py while {u1,u2} and {ug,us} are
~e-sets of P3. Clearly, for m = 2,3, every vertex u; € V(P,,) is contained in a 7;-set of Py,.
By Corollary 3.3, 77, (Fim)=2. If n > 2 and m > 2, then K,, and P,, are nontrivial
graphs. By Corollary 3.3, ff)/fpw(me) =2. O

Corollary 3.6. The total dr-power domination number of the generalized wheel
Wom = Ky + Cry, where n > 1 and m > 3, is given by ’yz;w (Wh,m) = 2 and its forcing
total dr-power domination number is given by

. 1, n=1and m > 5,
il Wam) = {2, otherwise.

Proof. By Corollary 24, ~f (Wam) = 7, (K, + Cp) = 2. Let
Cp = [up,u1,uz,...,uy]. If n =1 and m > 5, then by Proposition 2.2, v(Cy,) > 2.
By Corollary 3.3, 7f (Wim) = 1. If n = 1 and m < 5, then by Proposition 2.2,
Y(C3) = 1 (Cy) = 2 and so, {u1,us}, {uz,us} and {us,u1} are the -sets of C3 while
{u1,uo}, {uz,us}, {us, us} and {uyg, ui} are y-sets of Cy. Clearly, for m = 3,4, every vertex
u; € V(Cp,) is contained in a y;-set of Cy,. By Corollary 3.3, 7 (Wi,m) = 2. If n > 2 and
m > 3, then K,, and C,, are nontrivial graphs. By Corollary 3.3, e, (Wom) =2. O

Corollary 3.7. The total dr-power domination number of the join P, + P,,, where n > 1
and m > 1, is given by ’y;‘pw(Pn + Pp,) = 2 and its forcing total dr-power domination
number is given by

0, n=1andm=1,
f’yfpw(Pn—i-Pm): 1, eithern=1andm>4, orm=1 andn > 4,

2, otherwise.

Proof. By Corollary 2.4, yfpw(Pn +Pp) =2 Ifn=1and m =1, then P, = K; is
a trivial graph and so, by Corollary 3.3, Vi (PL+P1)=0. If n =1 and m > 4, then
i (P + Pp) = f%?‘pw(FLm) = 1 by Corollary 3.5. Similarly, if m = 1 and n > 4,
f'y;‘pw(Pn + P) = 1. If n = 1 and either m = 2 or m = 3, then by Corollary 3.5,
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A8, (Pr+ Pr) = fv (Fim) = 2. Similarly, if m = 1 and either n = 2 or n = 3, then
e, (P, + P) =2. If n > 2 and m > 2, then P, and P,, are nontrivial graphs. By
Corollary 3.3, f'y;"pw(Pn + Py) =2. O

Corollary 3.8. The total dr-power domination number of the join P, + Cy,, where n > 1
and m > 3, is given by 'yz;w (P, + Cy) = 2 and its forcing total dr-power domination
number is given by

1, n=1andm>5

2, otherwise.

f’YZ(pu, (Pn + Cm) = {

Proof. By Corollary 2.4, ﬁpw(Pn +Cp) =2. If n=1and m > 5, then by Corollary
3.6, [, (P1+Cm) = fv,,(Wim) = 1. If n =1 and m < 5, then by Corollary 3.6,
f’YZ;w (P +Cp) = f’y{‘pw(WLm) =2. If n>2 and m > 2, then P, and C,, are nontrivial
graphs. By Corollary 3.3, f’y;‘pw(Pn +Cp) = 2. ]

Corollary 3.9. The total dr-power domination number of the join C, 4+ Cy,, where n > 3
and m > 3, and its forcing total dr-power domination number is given by

f (Cn 4 Cr) =77, (Cr 4 Cr) = 2.

Proof. By Corollary 2.4, 7 (Cn + Cy,) = 2. Note that the cycles C,, and C,, are
nontrivial graphs. By Theorem 3.2, fyf (Cn + Cp) = 2. m

4. Forcing Total dr-Power Domination Number of the Corona of Graphs

This section contains the forcing total dr-power domination number of the coronas
G o H and K, o H such that G is a nontrivial connected graph, K, is a complete graph
and H is any graph.

Theorem 4.1. Let G be a nontrivial connected graph and let H be any graph. Then
RCV(GoH)isani,-set of GoH if and only if R =V(G). In particular,

[, (G o H) =0.

Proof. Suppose that R C V(G o H) is a Vi,,-set of G o H. Note that
V(G)isan;  -set of GoH by Corollary 2.6. Suppose that R # V(G) and let A = RNV(G),

that is, [A| < |V(G)|. Since Risay; -setof GoH, R=AU (U Bv> U (U Du) as

vEA ug¢ A
described in Theorem 2.5 where |B,| = 0 for each v € A and |D,| = v(H) for each u ¢ A
oru € V(G)\A . Hence,
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R Al + 7 (H)([V(G)] - [A])

> |A| 4 2|V(G)| —2|A]  since y(H) > 2
= 2lV(G)] -4
>

[V(G)|=m since |V(G)| > | 4|
This is a contradiction since |R| = m by Corollary 2.6. Thus, R = V(G). The converse

is clear. In particular, since V(G) is the unique Vi,,-set of G o H, by Theorem 2.9(i),
172, (G o H) =0, 0

The next result follows directly from Corollary 3.3 and Theorem 4.1. Note that
KioH=K;+H.
Corollary 4.2. Let K, be a complete graph of order m > 1 and let H be any graph. Then
0, if either m =1 and H is trivial, or m > 1,
1, if m =1 and either (i) H has an isolated vertex, or

(i) vi(H) > 2, or (iii) v+(H) = 2 and there exists

* (K, oH)=
f%,,w( m ) a vertex in H which is not in any ~¢-set of H,

2, ifm =1, w(H)=2 and every vertex in H

is contained in any y¢-set of H.

5. Forcing Total dr-Power Domination Number of the Lexicographic
Product of Graphs

This section contains the forcing total dr-power domination number of the graphs G[H],
P,[H] and C,[H] where G and H are nontrivial connected graphs.

Theorem 5.1. Let G and H be nontrivial connected graphs. Then

F7i, (GIH]) = (@),

Proof. Note that v} (G[H]) = %(G) by Corollary 2.8. Now, suppose that

P = U({u} x Ty,), where S is a v-set of G and T;, C V(H). Consequently,
ues
|P| = [S] = %(G). By Theorem 2.7 and Corollary 2.8, P is a 7/ -set of G[H]|. Sup-

pose that fvf (G[H]) = fv; (P). Moreover, suppose that P has a forcing subset R
with |R| < |P|, that is, P = RUN, where N = {(u,v) € P : (u,v) ¢ R}. Pick
(u,v) € N. Note that there always exists a vertex (u,w) € V(G[H])\P such that w # v
and [P\{(u,v)}] U{(v,w)} = @ is a 7 -set of G[H] since all adjacent vertices (r, s)
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of (u,v) with u # r are adjacent vertices of (u,w) also. Thus, @ = R U M, where
M = [N\{(w, 0)}] U {(w, )}, OF(GIH]) = V(GIH]) and O(G[H]) = E(G[H]) , that is,
@ is a 7/ -set containing R, a contradiction. Thus,|R| = |P| and P is the only forcing
subset for P. Therefore, fv; (G[H]) = |P|=n(G). O

The next result follows from Theorem 5.1 and Corollary 2.2.

Corollary 5.2. Let H be a nontrivial connected graph and n > 3. Then

5 n = 0(mod 4),
fV;pw(Pn[H]) :f’Y;pw(Cn[H]) = "TH, n = 2(mod 4),
ntl " otherwise.
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