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Inverse Limit of an Inverse System of BE-algebras
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Abstract. This paper covers the notion of the inverse limit of an inverse system of BE-algebras
and investigates some of its properties. Moreover, this study deals with the completion of a BE-
algebra.
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1. Introduction

The notion of BCK-algebras was initiated by Y. Imai and K. Iséki [1] in 1966 as a
generalization of the concept of set theoretic difference and propositional calculi. In [3],
K. H. Kim and Y. H. Yon introduced the dual BCK-algebra and study its relation to
MV-algebra. As a generalization of dual BCK-algebra, H. S. Kim and Y. H. Kim [2]
introduced the BE-algebra. Today, BE-algebras have been studied by many authors and
many branches of mathematics have been applied to BE-algebras, such as probability
theory, topology, fuzzy set theory and so on. In this paper we will apply the concept
of inverse limit in the sense of category theory to some collections of BE-algebras. This
notion in category theory has been studied in different kinds of categories. This study
introduces the inverse limit of an inverse system of BE-algebras and investigates some
of its properties. Through this concept, we present the idea of the completion of any
BE-algebra.

An algebra (X;*,1x) is called a BE-algebra if the following hold: for all z,y,z € X,
(BELl) z%z = 1x; (BE2) xx1x = 1x; (BE3) 1x*x = z; and (BE4) zx (yxz) = y* (z*2).
A relation “<” on X, called BE-ordering, is defined by z < y if and only if z xy = 1x.
Throughout this paper, we denote a BE-algebra (X, *,1x) simply by X if no confusion
arises. A non-empty subset S of X is said to be a subalgebra of X if x xy € S for all
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x,y € S. A non-empty subset F' of X is said to be a filter of X if: (F1) 1x € F; and
(F2) z+xy € Fand x € F imply y € F. A filter F of X is said to be normal if it satisfies
the following condition: for all x,y,2z € X, x xy € F implies (z x ) x (2 xy) € F and
(y*z)x(zxz) € F. A BE-algebra X is said to be self distributive if xx(yxz) = (zxy)*(x*z)
for all z,y, z € X. It is called commutative if satisfies (xxy)*xy = (y*x)*z for all z,y € X.
It is said to be a transitive BE-algebra if it satisfies the condition: y*z < (z*y)*(x*z) for
all z,y,z € X. If X is a transitive BE-algebra, then the relation “<” is transitive. Let X
and Y be BE-algebras. A mapping f : X — Y is a homomorphism if f(zxy) = f(z)* f(y)
for all z,y € X, see [4].

Theorem 1. [4] Let X and Y be BE-algebras. If f : X — Y is a homomorphism, then
fx) =1y.

Theorem 2. [4] Every commutative BE-algebra X is transitive.
Proposition 1. [6] If X is a transitive BE-algebra, then every filter of X is normal.

Theorem 3. [6] Let X be a commutative BE-algebra. There is a bijection between con-
gruence relations and filters of X.

Definition 1. [5] Let I be a set and < be a binary operation on I. We call I = (I,<)
a directed partially ordered set or directed poset if it satisfies the following conditions: (i)
i <i, foriel; (ii)i<jandj<kimplyi <k, fori,j,k€l; (iti)i <j and j <i imply
i =17, fori,j €1; and (iv) if i,j € I, there exists some k € I such that i,j < k.

Definition 2. An inverse or projective system of BE-algebras over a directed poset I,
consists of a collection {X; | i € I} of BE-algebras indexed by I, and a collection of
homomorphisms @;; : X; — X, defined whenever i > j, such that @;rpij = @i whenever
i,j,k € I and i > j > k. In addition, we assume that ¢;; is the identity mapping idx, on
X;.

We shall denote such a system by {Xj,p;;, I}, or by {Xj, ¢;;} if the index set I is
clearly understood.

Definition 3. LetY be a BE-algebra, {X;, ¢ij,1} an inverse system of BE-algebras over a
directed poset I, and let ;' Y — X; be a homomorphism for each i € I. These mappings
V; are said to be compatible if p;j1; = 1; whenever j <.

Definition 4. Let {X;, pi;, I} be an inverse system of BE-algebras over a directed poset
I. A subalgebra X of [[;c; Xi together with compatible homomorphisms ¢; : X — X;
where i € I is an inverse limit or a projective limit of the inverse system {X;, pi;, I} if the
following universal property is satisfied: whenever Y is a BE-algebra and {¢; : Y — X;
(i € I)} is a set of compatible homomorphisms, then there is a unique homomorphism
Y — X such that p;0p = 1; for alli € I. We say that ¢ is “induced” or “determined”
by the compatible homomorphisms ;. The maps ¢; : X — X; are called projections.

We shall denote the inverse limit of the inverse system {Xj;, ;;, I} by @ie 2. @Xi,
(lim X, @) or (X, ;).
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2. Some Properties of Inverse Limit of BE-algebras

Theorem 4. Let {X;, ij, I} be an inverse system of BE-algebras over a directed poset I.
Then (X,¢;) 1is an inverse limit of the inverse system {Xj, p;j,I}, where
X = {(x;) € [T;e; Xi | forall i,j € I such that i > j,ij(z;) = x;} and ¢; : X — X;
is the restriction of the natural projection p; : [[;c; Xi — Xi, that is, p; = p;

|x

Proof. Let (z;), (y;) € X. Then g;j(x;) = x; and ¢;;(y;) = y; whenever i > j. Thus,
eij(wi % yi) = pij(xi) * pij(yi) = xj * y; whenever @ > j. Since (z;) * (yi) = (@i * yi),
(w3) * (y;) € X. Hence, X is a subalgebra of [[,.; X;i. Let ¢; : X — X; be the restriction
of the natural projection p; : [[;c; Xi — X;. We will show that the BE-algebra X together
with ; is the inverse limit of {Xj, 5, 1}

Let (z;) € X. Then ¢;0i((zi)) = wij(x;) = zj = ¢;j((z;)) whenever ¢ > j. Thus,
©iji = pj whenever ¢ > j. This implies that ¢;’s are compatible. Let Y be a BE-algebra
and {¢; : Y — X;} be a set of compatible homomorphisms. Consider the mapping
¥ Y — X defined by ¥(y) = (¢i(y)) for each y € Y. Since 9;’s are compatible,
©ijti = 1; whenever i > j. Thus, ¢;;(¢i(y)) = ¢j(y) whenever ¢ > j and for y € Y.
Hence, (¢i(y)) € X. Let y € Y. Then ¢;9(y) = ¢i((¥i(y)) = vi(y) for all i € I. Thus,
;b = ; for all ¢ € I. Now, we will show that ¢ is unique. Suppose that ¢ : Y — X
is another homomorphism such that ¢;¢ = 1; for all ¢ € I. Suppose further that there
exists y € Y such that ¥(y) # ¢(y). By the definition of X, there exists i € I such that

vi(¥(y)) = ¥i(y) # pi(p(y)). This is a contradiction. Hence, ¥ (y) = ¢(y) for all y € Y.
Therefore, ¢ is unique. Consequently, X is an inverse limit of {Xj, ¢;j, I}. O

Let (X, ;) be an inverse limit of the inverse system of BE-algebras {X;, ¢;;,I}. By
definition, the maps ¢; : X — X, are compatible. Thus, the universal property of the
inverse limit shows that there exists a unique homomorphism ¢ : X — X such that
wip = @; for all 4 € I. Since p;idx = ¢; for all i € I and ¢ is unique, ¢ = idx. This
observation is stated in the following remark.

Remark 1. Let {X;, pij, I} be an inverse system of BE-algebras over a directed poset I
and let (X, ;) be an inverse limit of {X;, pij,I}. Then the homomorphism idx : X — X
satisfies wiidx = @; for all v € I and is the only homomorphism with this property.

Theorem 5. Let {X;, p;j, I} be an inverse system of BE-algebras over a directed poset 1.
Then the inverse limit is unique up to isomorphism, that is, if (X, ;) and (Y, ;) are two
limits of the inverse system {X;, pi;, I}, then there is a unique isomorphism ¢ : X —'Y
such that ¥; = ; for each i € I.

Proof. Suppose that (X, ;) and (Y,1);) are two inverse limits of the inverse system
{Xi,pij,I}. Since the maps 1); : Y — X; are compatible, the universal property of the
inverse limit (X, ¢;) shows that there exists a unique homomorphism ¢ : ¥ — X such
that @90 = ¢; for all ¢ € I. Similarly, there exists a unique homomorphism ¢ : ¥ — X
such that ;i = ¢; for all ¢ € I. It follows that ¢; = ;9 = ;¢ for all ¢ € I. Thus, by
Remark 1, i = idy. Similarly, ¢p = idx. Therefore, ¢ is an isomorphism. O
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Note that if S is a subalgebra of a transitive BE-algebra X, then for all z,y,z € S,
y*xz < (xxy)* (z*z). Thus, S is also transitive. Also, in [4], the direct product
of transitive BE-algebras is transitive and every commutative and self-distributive BE-
algebra is transitive. Thus, we have the following result.

Proposition 2. Let {X;, ¢;j, I} be an inverse system of BE-algebras. If each X; is tran-
sitive (resp. commutative, self-distributive) for all i € I, then @Xi is transitive (resp.
commutative, self-distributive).

Proposition 3. Let {X;, pi;j, 1} be an inverse system of BE-algebras and let X = I'&nXi
be its corresponding inverse limit. Suppose that ig € I such that ig > i1,...,1; and
igin (Aiy) C Aj, where A;, C X, for allk=0,1,...,t. Then

XN H Xl X Aio
i#10

Proof. Let (z;) € XN !( I1 Xi> x Ai,|. Then (z;) € X and (z;) € (H Xi> X Aig-
i#io i#10

Thus, ¢ij(x;) = x; for all ¢ > j and z;, € A;,. Hence, @j,j(zi,) = z; for all j < ig.

Since g > 41, ..., 0, Piyi,(Ti,) = x;, for all k = 1,...,t. Since @i, (Ai,) C A;, for all

:Xﬂ[< I Xi>xAiOx~--><Ait )

ii0,...,it

k=1,...,t, wehavez; € A; forallk=1,... ¢ Thisimplies that (z;) € T Xi|x

1710, 0t

( H Xi>XAiOX--'XAit].The

140,11

Ajy X -+ X A;,. Since (z;) € X, we get (z;) € X N

other inclusion is easy to show.

Corollary 1. Let {X;, ij, I} be an inverse system of BE-algebras and let X = l'&lXi be
its corresponding inverse limit. Then

XN [(HXZ> X {1Xi0}
i#ig

:Xﬁ[( I1 Xi>><{1XiO}X"'X{1Xit}]

1740,.it
where ig > i1, ...,1.
Proof. Since ;;, is a homomorphism for all ig > 41,...,4; and for all K =1,...,¢,
by Theorem 1, ;i (1x,,) = 1x, forallk=1,...,t. Thus, i, ({1x, }) = {1x,, } for all
ig > i1,...,4: and for all k =1,...,t. By Proposition 3, the result holds. ]

Theorem 6. Let {X;, pi;, I} be an inverse system of BE-algebras and let (X = Hm X, i)
be its corresponding inverse limit where @; : X — X; is the restriction of the natural

(HXZ> X {1X‘j}] = KCTQO]‘.

G

projection p; : [[;c; Xi = X;. Then for all j € I, X N
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Proof. For any j € I, we have

Kerp; = {(z;) € X | p;j((xi)) = pj((zi)) = 75 = 1x,}
={(z) € X |z; = 1x,}

=XnN HXZ X {1Xj} . ]
i#]

3. Completion of a BE-algebra

Proposition 4. Let X be a BE-algebra and I be the set of congruences of X. Then (I, <)
s a directed poset where the binary operation < on I is defined by 0 < ¢ whenever ¢ C 0
forall0,¢ € 1.

Theorem 7. Let X be a BE-algebra and I be the set of congruences of X. Then
{X/0,040,1} is an inverse system where § < ¢ whenever ¢ C 0 for all ,¢ € I and
wp0 : X /o — X /0 is the epimorphism defined by pgo([z]y) = [x]6-

Proof. By Proposition 4, (I,<) is a directed poset. We will show that {X/¢, 0es, I}
is an inverse system, that is, @orpes = @er Whenever ¢ > 6 > A. Now, porpgo([z]s) =

pox(peo([z]s)) = wor([z]o) = [2]n = @er([z]p). Therefore, Yorppy = ppr whenever ¢ >
0 > A. Note that wgg : X/0 — X/0 is defined by ¢gg([z]s) = [z]o. Thus, weg = idx/s-

Therefore, { X/, 00,1} is an inverse system. O

Theorem 8. Let X be a BE-algebra and I be the set of congruences on X. Consider the
inverse system {X /¢, o4, 1}. Then

X = {([#)s) € [Tyes X/ | for all 6,0 € I such that ¢ > 6, g ([x]s) = [0}

together with the projections g : X > X/¢ for all ¢ € I is an inverse limit of {X /¢, vpp,1}.
Proof. The result follows from Theorem 4.
We call X of Theorem 8 as the completion of the BE-algebra X.

Lemma 1. Let X be a BE-algebra and {X/¢,p0,1} be the defining inverse system of

the completion X of X. Then the canonical epimorphisms pg : X — X/0 are compatible
where 0 € 1.

Proof. Let v € X. Then @go(pg(x)) = @eo([z]p) = [x]o = po(x) whenever ¢ > 6.
Therefore, the canonical epimorphisms g’s are compatible. ]

Theorem 9. Let X be a BE-algebra and {X/¢, p49,1} be the defining inverse system
of the completion X of X. Then the canonical epimorphisms pg : X — X/0 induce a
homomorphism v : X — X defined by v(x) = (pg(x)) = ([x]p).
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Proof. By Lemma 1, {¢g : X — X/0} is a set of compatible homomorphism. Since X
is a BE-algebra and X = @X /0, by Definition 4 and from the proof of Theorem 4, there

exists a homomorphism v : X — X with v(z) = (¢g(z)) = ([z]y) for each = € X O

Theorem 10. Let X be a BE-algebra and { X/, 49,1} be the defining inverse system of

the completion X of X. Then v~ 1(([z]g)) = ﬂ[x]g for all ([z]g) € X.
el

Proof. Let y € v~ 1(([z]p)). Then ~(y) = ([z]y). By the definition of 7, v(y) = ([y]s).
Thus, ([y]g) = ([x]p). Hence, [ylp = [z]p for all # € I. This implies that y € ﬂ[x]g. It

oel
follows that v~ 1(([z]g)) C m[.%']g.
oel
Let y € ﬂ[]:]g. Then y € [z]p for all § € I. Thus, [y]s = [z]g for all 6 € I. Hence,
oel
([ylo) = ([zlo). Since y(y) = ([ylo), it follows that v(y) = ([z]y). Hence, y € v~ 1(([x]o))-
Therefore, [|[zlg € v~ (([]0))- O
oel

Suppose X is commutative BE-algebra. By Theorem 3, there is a one to one corre-
spondence between the set of congruences of X and the set of filters of X. For every
congruence 6, there is a corresponding =!, where F is a filter, such that § ==f. With
this, we can just write every congruence 6 as a filter F' in X.

Theorem 11. Let X be a commutative BE-algebra and let {F; | i € I} be the family of

filters of X such that F; C F; whenever i > j. Then Kery = m F;.
el

Proof. Let X be a commutative BE-algebra. Then

Kery={z € X | 4(z) = ([1x]r) Vi € I}
=iz e X [([z]r) = (Ix]r) Vi € I}
:{QZEX’xG[lx]Fi:FiViEI}
= ﬂFz O
iel

Lemma 2. Let X be a BE-algebra. If F and G are normal filters of X, then F NG s
also a normal filter of X.

Theorem 12. Let X be a BE-algebra and let T be a family of normal filters of X such that
FNGeT for every F,G € Z. Then {X/F,prq,Z} is an inverse system of BE-algebras
where opg : X/F — X/G is the epimorphism defined by vrc([z]r) = ([x]q) whenever
F CG.
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Proof. We will denote by F' > G whenever FF C G. We will show that (Z,<) is a
directed poset. Let F,G,H € Z. Since F' C F forall F € Z, F < F for all F' € Z. Suppose
that F < G and G < H. Then G C F and H C G. By set inclusion, H C F. Hence,
F < H. Suppose that FF < G and G < F. Then G C F and F C G. By set inclusion,
F =G. Notethat FNG C F, FNG C Gand FNG € Z. Thus, F < FNG and G < FNG.
Hence, for every F,G € I, there exists H = F NG € T such that F,G < H. Therefore,
(Z,<) is a directed poset. We will show that {X/F,¢prq,Z} is an inverse system, that
is, parYrc = ¢rm whenever ' > G > H. Now, vauypra([zlr) = vau(orc([z]r)) =
veu([z]la) = [x]g = ¢ru([z]F). Therefore, pauyra = pro whenever F' > G > H. Note
that ppp : X/F — X/F is defined by ¢rr([z]r) = [z]p. Thus, prpp = idx/p. Therefore,
{X/F,prq,T} is an inverse system. O

If 7 is the family of all normal filters of X such that X/F is finite for all F' € Z, then
we call the inverse limit of the inverse system {X/F, prg,Z} the normal completion of X.

Example 1. Consider the commutative BE-algebra X = {1,a,b,c, } with the operation x
defined by the Cayley table shown below.

S =S S
= o O OO0

a
a
1
a
a

o oS Q | ¥
e R

By Theorem 3, there is a bijection between the congruence relations and filters of X. Thus,
the set I of congruence relations of X is completely determined by the set of all filters of
X. The filters of X are Fy = {1}, F» = {1,a}, F5 = {1,b}, Fy = {1,c¢}, F5 = {1,a,b},

Fs = {1,a,c}, Fr = {1,b,c} and Fg = X. Since X is commutative, by Theorem 2, X
is transitive. By Proposition 1, all filters of X are normal. Hence, _FZ s a congruence
relation on X wherei =1,...,8. Thus, I = {=F|i=1,...,8}. We will just denote =t

by F; for all i € I. Note that =FC= if F; C Fj. Now,

X/Fy ={[lr,lalr, [blr, [c]n } where 1]k = {1}, [a]m, = {a}, [b]m

{b} and [c]p, = {c};
X/Fy = {l]m, [b]p: [c]m } where [1]p, = F, [b]p, = {b} and []r, = {c};
X/Fs ={[l]m, lalr, [ m} where [1]p, = F3, [alp, = {a} and [c]p, = {c};
X/Fy = {1, ], [b]r,} where [1]p, = Fy,[a]p, = {a} and [b]F, = {b};
X/Fs = {[lr;, lc|r} where [1]p, = F5 and [c]p; = {c};
X/Fs = {[1rs, [b]r } where [1]p; = F and [b]p; = {b};

X/Fr ={[1]r,[a]r} where [1|p. = F7 and [a]r, = {a}; and
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X/Fs = {[1]p} where [1]p, = X.

Therefore, {X/F;, orr;, 1} is an inverse system of BE-algebras where pp,r;, : X/F; —
X/F; is the canonical epimorphism whenever F; > Fj, that is, F; C Fj. In particular,
{X/Fi, orF;, I} is a normal completion of X.

Example 2. Consider the inverse system { X/ F;, pr,r;, I} in Ezample 1. Then ng/FZ =
{([z]r) € [I5., X/F; | ¥V F;, Fj € I such that F; > Fj, opp ([2]5) = [2]r}. Now, the
elements

a1 = (U, Um, e, L. e, e, e, L&),

az = ([a]r, (1R, [alr. [al ks (U Ess LR [0l prs U R,

az = ([blF. [b]py, (U s [b] Fys (U s, D] R, [ s [ ), and
aq = ([dr. [c]m, [dm, [k, [, LR, [1r, [1R)

0fH§:1 X/ F; are the only elements that satisfies the condition of@X/ﬂ. Thus, lng/Fz =
{Oél, a2, a3, Oé4}-
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