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1. Introduction

In 1965, Zadeh [36], introduced the concept of fuzzy set theory and its applications can
be found in many branches of mathematical and engineering sciences including manage-
ment science, control engineering, computer science and artificial intelligence (see, [5, 7]).

In 1999, Russian researcher Molodtsov [16], initiated the concept of soft sets as a
new mathematical tool to deal with uncertainties while modeling problems in engineering
physics, computer science, economics, social sciences and medical sciences (see, [20, 28]).
In 2003, Maji, Biswas and Roy [22], studied the theory of soft sets initiated by Molodtsov.
They defined equality of two soft sets, subset and super set of a soft set, complement of a
soft set, null soft set and absolute soft set with examples. Soft binary operations like AND,
OR and also the operations of union and intersection were also defined. In 2005, D. Chen
[6], presented a new definition of soft set parametrization reduction and a comparison of
it with attribute reduction in rough set theory.

Recently, on soft sets, soft topological space has been studied increasingly Shabir
and Naz [32] defined the theory of soft topological space over an initial universe with a
fixed set of parameters. Cagman et al. [18] introduced a topology on a soft set called
”soft topology” and presented the foundations of the theory of soft topological spaces.
Moreover, many authors studied soft topology and its applications (e.g. [8, 9, 11]). Later
Tanay and Kandemir [35] introduced fuzzy soft topological space and established the basic
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definitions of fuzzy soft topological space by incorporating the fuzzy topology and soft set.
Fuzzy soft topological space was applied in various ways say, game theory, analysis, etc.
Fuzzy soft set in topological space further studied by Roy [27]. The authors [13, 19, 33]
are successfully applied fuzzy soft topological space in real life.

In 1963, Kelly [14], first initiated the concept of bitopological spaces and other authors
have contributed to development and construction of some properties of such spaces (see,
[23, 24]) as generalizations of which are in general topology.

In 2014, Ittanagi [12], introduced and studied the concept of soft bitopological spaces
and other authors have contributed to development and construction of some properties
of such spaces (see, [2, 3, 25, 26]).

The notion of soft bitopological space was introduced using different soft topologies on an
initial universe set. On the other hand, the mixed type of soft set theory was given using
different soft topologies (see, [1, 4, 10, 21, 34]).

In 2015, Mukherjee and Park [17], first introduced the notion of fuzzy soft bitopological
space and they introduced the notions of 7 mo-fuzzy soft open(closed) sets, 7 mo-fuzzy soft
interior (resp. closure) and studied some of their basic properties. Also, Sayed ([29-31])
were extension and continuation of studying in this trend by characterizing new concepts
in fuzzy soft bitopological spaces. In the present paper, we introduce the notions of
(1,2)*-fuzzy soft b-separated sets, (1,2)*-fuzzy soft b-connectedness and (1, 2)*-fuzzy soft
b-compactness in fuzzy soft bitopological spaces. Then, some basic topological properties
of these notions are investigated. Also, some illustrative examples are given to show the
importance of the obtained theorems.

2. Preliminaries

In this section we are going to present the basic definitions and results of fuzzy soft
set and fuzzy soft bitopological space which will be a central role in our paper.
Throughout our discussion, X refers to an initial universe, £ the set of all parameters for
X and P(X) denotes the power set of X.

Definition 1. [36] A fuzzy set A in a non-empty set X is characterized by a membership
Junction pa : X — [0,1] = I whose value pa(x) represents the ”degree of membership” of
x in A for every x in X. Let I denotes the family of all fuzzy sets on X.

Definition 2. [36] The empty fuzzy set on X denoted by 0 is a function which maps each
x € X to 0. That is, 0(x) =0 for all z € X.
A universal fuzzy set denoted by 1 is a function, which maps each x € X to 1. That is,

1(x) =1 foralzeX.

Definition 3. [16] Let A C E. A pair (F, A) is called a soft set over X if F' is a mapping
given by F: A — P(X).

Definition 4. [15] Let A C E. A pair (f, A), denoted by fa, is called a fuzzy soft set over
X, where f is a mapping given by f : A — IX defined by fa(e) = 15, where
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e _ [0, ifed A;
Hia = otherwise, ife € A.

P

(X, E) denotes the family of all fuzzy soft sets over (X, F).

Definition 5. [22] A fuzzy soft set fo€(X, E) is said to be:
(a) NULL fuzzy soft set, denoted by b, if for all e € A, fa(e) =0.
(b) absolute fuzzy soft set, denoted by E, if for all e € E, fa(e) = 1.

Note that throughout our discussion in this paper, 0g and 1z will be denoted for gz~5
and FE, respectively.

Definition 6. [27] The complement of a fuzzy soft set fa, denoted by f§ where f§: E —
IX is a mapping given by :“j‘f, =1- M?‘y for all e € E and where 1(x) =1, for all z € X.

Clearly (f3)¢ = fa.

Definition 7. [27] Let fa,g5 € (X, E). fa is fuzzy soft subset of gg, denoted by faCyp,
if AC B and p$, < pg, for alle € A, that is, p$, () < pg,(x) for all z € X and for all
e€ A.

P

Definition 8. [27] Let fa,gp€(X, E). The union of f4 and gp is also a fuzzy soft set he,
where C = AUB and for alle € C,hc(e) = = pG, Vg, . Here we write he = falgp.

Definition 9. [27] Let fa,gp€(X, E). The intersection of fa and gp is also a fuzzy soft
set do, where C = AN B and for all e € C,dc(e) = Ba, = 1, N Hg,- Here we write
dc = faNgs.

Definition 10. [27] A fuzzy soft topology T over (X, E) is a family of fuzzy soft sets over
(X, E) satisfying the following properties:

(i) Op. 1 €7,
(i) if fa,gB € T, then falgp € 7,
(i13) if fa, €T for all « € A an index set, then anAan €T

Definition 11. [17] If T is a fuzzy soft topology on (X, E), then the triple (X, E,T) is
said to be a fuzzy soft topological space. Also each member of T is called a fuzzy soft open
set in (X, E,T).

The complement of a fuzzy soft open set is a fuzzy soft closed set.

Definition 12. [17] Let (X, E, 1) and (X, E,2) be two different fuzzy soft topologies on
(X,E). Then (X, E,11,72) is called a fuzzy soft bitopological space on which no seperation
axioms are assumed unless explicitly stated.

The members of T;(1 = 1,2) are called 7;(i = 1,2)-fuzzy soft open sets and the complement
of Ti(i = 1,2)-fuzzy soft open sets are called 7;(i = 1,2)-fuzzy soft closed sets.
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Definition 13. [17] A fuzzy soft set fre(X, E) is called 172~ fuzzy soft open set if fr =
geUhE such that gg€m and hpEm.
The complement of T1mo- fuzzy soft open set is called T To- fuzzy soft closed set.

The family of all 7 75- fuzzy soft open (closed) sets in (X, E, 71, 72) is denoted by
TlTQFSO(X, T1, TQ)E (TlTQFSC(X, T1, TQ)E), respectively.

Definition 14. [17] Let (X, E,1,72) be a fuzzy soft bitopological space and fpe(X, E).
Then the 1112~ fuzzy soft closure of fr, denoted by Timacl(fE), is the intersection of all
T1To- fuzzy soft closed supersets of fg.

Clearly, imacl(fg) is the smallest T1Ta- fuzzy soft closed set over (X, E) which contains

fE.

Definition 15. Let (X, E, 11, 72) be a fuzzy soft bitopological space and fp€(X, E). Then
fE is called (1,2)*-fuzzy soft b-open set (briefly, (1,2)*-fsb-open) if
feCTimint (T1mecl(fr)) Uriacl (T1m2int(fE)).

Definition 16. [30] Let (X, E,11,72) be a fuzzy soft bitopological space and fpe(X, E).
(i) (1,2)*-fuzzy soft b-closure (briefly (1,2)*-fsbcl(fg)) of a set fg in (X, E,11,72) defined
by (1,2)*-fsbel(fg) = Mge2Dfe : g is a (1,2)*-fuzzy soft b-closed set in (X, E, 1y, 7)}.
(i) (1,2)*-fuzzy soft b-interior (briefly (1,2)*-fsbint(fg)) of a set fg in (X, E,T1,72) de-
fined by (1,2)*-fsbint(fg) = W{geCfr : gr is a (1,2)*-fuzzy soft b-open set in (X, E, 11, 72)}.
(1,2)*-fsbel(fr) is the smallest (1,2)*-fuzzy soft b-closed set in (X, E, T, T2) which con-
tains fr and (1,2)*-fsbcl(fg) is the largest (1,2)*-fuzzy soft b-closed set in (X, E,T1,72)
which is contained in fg.

Definition 17. [31] A fuzzy soft mapping (¢, V) : (X, E,71,72) = (Y, K,01,09) is said to
be (1,2)*-fuzzy soft b-continuous (briefly (1,2)*-f sb-continuous) the inverse image of every
o109-fuzzy soft open set in (Y, K,01,02) is a (1,2)*-fuzzy soft b-open set in (X, E,T1,72).

Definition 18. [31] A fuzzy soft mapping (¢, ) : (X, E,11,172) — (Y, K, 01,02) is said to
be (1,2)*-fuzzy soft b-irresolute mapping (briefly, (1,2)*-fsb-irresolute) if (v,) " (gx) is
a (1,2)*-fuzzy soft b-closed set in (X, E,T1,12) for every (1,2)*-fuzzy soft b-closed set g
m (Y,K, 0'1,0'2).

3. (1,2)*-Fuzzy Soft b-Connectedness

In this section we introduce the concepts of (1,2)*-fuzzy soft b-separated sets and
(1,2)*-fuzzy soft b-connectedness in fuzzy soft bitopological spaces. Also, some of the
main results and properties are studied and discussed.

—_~—

Definition 19. Two non-empty fuzzy soft subsets fr,gr of (X, E) are said to be fuzzy
soft disjoint if feNge = 0.
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Definition 20. Let (X, E,m,72) be a fuzzy soft bitopological space. Two non-empty fuzzy
soft disjoint fuzzy soft subsets fg,gg of (;(_,\E) are called

(i) (1,2)*-fuzzy soft separated sets over X if Timocl(fE)Ngr = feNTimecl(gr) = OF.

(ii) (1,2)*-fuzzy soft b-separated ((1,2)*-fsb-separated)sets over X if
((1,2)*-fsbel(fr))Ngr = feN((1,2)*-fsbel(gr)) = 0p-

Remark 1. From the fact that (1,2)*-fsbcl(f5)Crimcl(fE), for every fuzzy soft subset

fe of (X, E), every (1,2)*-fuzzy soft separated set is (1,2)*-fuzzy soft b-separated. But the
converse may not be true.

Definition 21. A (1,2)*-fuzzy soft b-separation ((1,2)*-fsb-separation) of a fuzzy soft
bitopological space (X, E,11,72) is a pair of (1,2)*-fuzzy soft b-separated sets fr and gg
whose fuzzy soft union is absolute fuzzy soft set 1g(that is fgUgr = 1g).

Definition 22. Let (X, E, 11, 72) be a fuzzy soft bitopological space. Then (X, E,11,T2) is
called (1,2)*-fuzzy soft b-connected space if 1g can not be expressed as the fuzzy soft union
of two (1,2)*-fuzzy soft b-separated sets.

Remark 2. In a fuzzy soft bitopological space (X, E,T1,72):

(i) A fuzzy soft empty set is trivially (1,2)*-fuzzy soft b-connected set.

(i) Every fuzzy soft singleton set is (1,2)*-fuzzy soft b-connected, since it can not be
expressd as a fuzzy soft union of two non-empty (1,2)*-fuzzy soft b-separated sets.

Theorem 1. Let (X, E,11,72) be a fuzzy soft bitopological space. Then the following
statements are equivalent:

(i) (X, E,71,72) is a (1,2)*-fuzzy soft b-connected space.

(ii) 1g and Op are the only (1,2)*-fuzzy soft b-clopen (that is, closed and open) sets in
(X,E,Tl,TQ).

(iii) 1 can not be expressed as the fuzzy soft union of two fuzzy soft disjoint non-empty
(1,2)*-fuzzy soft b-open sets.

(iv) 1g can not be expressed as the fuzzy soft union of two fuzzy soft disjoint non-empty
(1,2)*-fuzzy soft b-closed sets.

Proof. (i) = (i1): Let (X, FE,11,72) be a fuzzy soft bitopological space. Let fg be
non-empty proper fuzzy soft subset of (X, E) that is (1,2)*-fuzzy soft b-clopen. Then
1g \ fg is a non-empty (1,2)*-fuzzy soft b-clopen set and g = fe00E \ fg). Thisis a
contradiction to (X, E, 7, m) is a (1,2)*-fuzzy soft b-connected space. Therefore 1 and
0g are the only (1,2)*-fuzzy soft b-clopen sets in (X, E, 7y, 7).

(ii) = (i#i): Assume that 1p and Op are the only (1,2)*-fuzzy soft b-clopen sets in
(X,E,11,m). suppose (iii) is false. Then 1x = frpUgp where fr and gp are fuzzy soft
disjoint non-empty (1,2)*-fuzzy soft b-open sets. Then g = 1g \ fg is (1,2)*-fuzzy soft
b-closed and non-empty. Thus gg is a non-empty proper (1,2)*-fuzzy soft b-clopen set in
(X, E,11,712), which contradicts (7).

(iii) = (iv): Assume 1p cannot be expressed as the fuzzy soft union of two fuzzy soft
disjoint non-empty (1,2)*-fuzzy soft b-open sets. Suppose (iv) false. Then (1,2)*-fuzzy
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soft b-closed sets. Then fr = 1\ gr and g = 1 \ fr are fuzzy soft disjoint non-empty
(1,2)*-fuzzy soft b-open sets in (X, E, 7y, 7). Thus 1g is the fuzzy soft union of two fuzzy
soft disjoint non-empty (1, 2)*-fuzzy soft b-open sets . This contradicts (#i1).

(iv) = (i): Suppose (X, E, 11, 72) is not (1,2)*fuzzy soft b-connected space. Then 1 =
feUge where fg and gg are fuzzy soft disjoint non-empty (1,2)*-fuzzy soft b-open sets.
Then fr = 1g \ gr and gg = 1g \ fr are fuzzy soft disjoint non-empty (1,2)*-fuzzy soft
b-closed sets in (X, E, 11, 72). This is a contradiction to (iv).

Proposition 1. Every (1,2)*-fuzzy soft b-connected space is (1,2)*-fuzzy soft connected.

Proof. Let fr be a (1,2)*-fuzzy soft b-connected set in the fuzzy soft bitopological
space (X, E,71,72). Then there does not exist a (1,2)*-fuzzy soft b-separation of fg.
Since every 1172-fuzzy soft open set is a (1, 2)*-fuzzy soft b-open set, there does not exist
a (1,2)*-fuzzy soft separation of fp. Hence fg is a (1,2)*-fuzzy soft connected set in the
fuzzy soft bitopological space (X, E, 1, T2).

The converse is not true as shown in the following example.

Example 1. (1,2)*-fuzzy soft connectedness does not imply (1,2)*-fuzzy soft b-
connectedness.

Let (X, E,11,72) be a fuzzy soft bitopological space, where X = {x,y}, E = {e1,e2} and let
T = {OE’ 1, flE’ fQE’ fSE}vTZ = {OE’ 1E791E792E}7 wher€~

flE = {fl (61) = {J}/O.Q, y/0.0}, fi (62) = {:r/0.0, y/O'O} - 0}7

fop ={/fa(e1) = {2/0.2,4/0.0}, fa(e2) = {2/0.7,4/0.0}},

fsp = {fs(er) = {2/0.2,9/0.1}, fs(e2) = {2/0.7,y/0.0}},

915 ={g1(e1) ={2/0.0,5/0.0} = 0, g1(e2) = {2/0.7,5/0.0}} and

92 = {g2(e1) = {2/0.0,9/0.0} = 0, ga(e2) = {2/0.0,5/0.4}}.

Then T11o-fuzzy soft open sets are {O0g, 1g, fig, fors f35, 915, 925} and T1T2-fuzzy soft closed
sets are {Og, 1, f{,, f5., f5,, 91,95, } where

fty = {filer) ={2/0.0,5/0.1}, fi(e2) = {x/0.7,5/0.4}},

5, = {faler) = {2/0.0,y/0.1}, fa(e2) = {2/0.0,y/0.4}},

fs, ={fs(er) ={2/0.0,4/0.0} =0, f3(e2) = {x/0.0,y/0.4}}

9, = {g1(e1) = {x/0.2,y/0.1}, g1(e2) = {x/0.0,y/0.4}} and

95, = {g2(e1) = {x/0.2,y/0.1}, ga(e2) = {z/0.7,y/0.0}}.

It is clear that (X, E,11,72) is (1,2)*-fuzzy soft connected since the only (1,2)*-fuzzy soft
clopen sets are O, 1. Also (1,2)*-fuzzy soft b-open sets are {05, 1, fip, fors f35> fips [5g
915,925,935, 94, where fig, fag, fag, 91, and g2} are defined as above and

Fin = Ufalen) = {2/0.0,5/0.1}, fulea) = {2/0.7, 5043},

fsp ={fs(e1) = {2/0.0,5/0.1}, fs(e2) = {/0.0,4/0.4}},

935 = {gs(e1) = {2/0.2,y/0.1}, gs(e2) = {2/0.0,y/0.4}} and

9ap = {ga(e1) = {/0.2,4/0.0}, ga(e2) = {2/0.0,y/0.4}}.

And (1,2)*-fuzzy soft b-closed sets are {0, 1E,ffE,fQCE,f§E,ffE,ng,ng,ggE,ggE,ng},
where f{_, f5., f$,, 91, and g5, are obtained as above and

fsz = {fa(er) ={2/0.2,y/0.0}, fa(e2) = {=/0.0,y/0.0 = 6}}7
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5, = {fs(er) = {2/0.2,y/0.0}, f5(e2) = {2/0.7,y/0.0}},

95, = 1g3(e1) = {2/0.0,3/0.0} = 0, g3(e2) = {x/0.7,y/0.4}} and

91, = {9a(e1) ={2/0.0,y/0.1}, gs(e2) = {2/0.7,y/0.4}},

where 1 = f1,0f1,, then (1,2)*-fsbcl(f1,) = fiys (1,2)"-fsbel(fay) = g4, and (1,2)*-
fsbel(f1,)0f1, = 0p, (1,2)*-fsbcl(f1,)0gs, = Op. Hence 1g can be expressed as a fuzzy
soft union of two (1,2)*-fuzzy soft b-separated sets fi,, f1,. There (X, E,T,T2) is not
(1,2)*-fuzzy soft b-connected.

Example 2. (1,2)*-fuzzy soft b-connectivity is not hereditary property.

Consider the fuzzy soft bitopological space (X, E,11,72), where X = {x,y}, E = {e1,e2}
and let 7y = {0, 1E, fip, fou }, 72 = {O0E, 15, 91, }, where )

Jip ={f1ler) = {2/0.2,5/0.0}, fi(e2) = {x/0.0,y5/0.0} = O},

Jop ={fa(e1) = {2/0.2,4/0.0}, fo(e2) = {x/0.7,4/0.0}} and

91, = {o1(e1) = {2/02,9/0.1}, gr(e2) = {2/0.0,y/0.0} = 0},

Then T1T2-fuzzy soft open sets are {0g,1g, fi., fo5, 915, h1,}, where h1, = {hi(e1) =
{/0.2,y/0.1}, ha(e2) = {x/0.7,y/0.0} = 0},

Also, (1,2)*-fuzzy soft b-open sets are {0, 1g, fi,, f2g, 915, Pig, hog, Ray, hay, }, where
ha, = {ha(e1) = {z/0.2,y/0.0}, ha(e2) = {2/0.0,y/0.4}},

hs, = {hs(e1) = {x/0.2,y/0.0}, hz(e2) = {z/0.7,y/0.4}} and

ha, = {hs(e1) = {2/0.0,y/0.0}, hg(e2) = {2/0.7,y/0.0}} and (1,2)*-fuzzy soft b-closed
sets are {Op, 1g, f{,, f5,,95,, M, PS,, hS,, hg, }, where

fi, = {fi(ex) ={2/0.0,y/0.1}, fi(e2) = {x/0.7,y/0.4},

5, = {fa(e1) = {2/0.0,4/0.1}, fa(ea) = {2/0.0,5/0.4}},

91, = {g1(e1) = {2/0.0,5/0.0} =0, g1(e2) = {2/0.7,5/0.4}},

hi, = {hi(er) = {2/0.0,4/0.0} = 0, b (e2) = {2/0.0,y/0.4}},

hs, = {ha(e1) = {x/0.0,y/0.1}, hao(e2) = {x/0.7,y/0.0}},

hs, = {h3(e1) = {£/0.0,4/0.1}, hz(e2) = {2/0.0,/0.0} = 0} and

B = {haler) = {2/0.2,5/0.1} = 0, hy(e2) = {£/0.0,5/0.4}}.

It is clear that (X, E, 11, 72) is (1, 2)*-fuzzy soft b-connected, since the only (1,2)*-fuzzy soft
clopen sets are Og and 1p. LetY = {x}CX and E = {61,62} Letoy = {0g, 1E,f1E} =
{OE,IE,h4E} Then o109-fuzzy soft open sets are {OE,lE,flE,h4E} Also (1,2)* fuzzy
soft b-clopen sets are {Op, 1g, fiy,hay}. clearly (Y, E,o1,09) is not (1,2)*-fuzzy soft b-
connected; since fi, and ha, are two (1,2)*-fuzzy soft b-clopen sets other than 0p and
1g.

Proposition 2. Let fg be a (1,2)*-fuzzy soft b-connected set, gg and hg are (1,2)*-fuzzy
soft b-separated sets. If frCgrUhg then either feCgg or feChg.

Proof. Let fg be a (1,2)*-fuzzy soft b-connected set, gp and hg are (1, 2)*-fuzzy soft b-
separated sets such that frCgpUhp. Let feZgr and feZhg. Suppose kg = geN\fr # O
and g = hEﬁfE % OE then frp = kpUlg.

Since kgCgp, ((1,2)*-fsbel(kg))C((1,2)*-fsbcl(gg)). Also ((1,2)*-fsbcl(gg))Phg = Op
then ((1,2)*-fsbcl(kg))Nlp = Op. Since IgChg, ((1,2)*fsbcl(lg))C((1,2)*-fsbel(hg)).
Also ((1,2)*fsbcl(hg))Nge = Op then ((1,2)*fsbcl(lg)) kg = 0p. But fp = kgUlg,
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therefore fp is not (1,2)*-fuzzy soft b-connected set which is not a contradiction. Then
either frCgg or fgChg.

Theorem 2. If fr is a (1,2)*-fuzzy soft b-connected set and frCgrC((1,2)*-fsbel(fg))
then gg is a (1,2)*-fuzzy soft b-connected.

Proof. Suppose gg is not (1, 2)*-fuzzy soft b-connected then there exists two non-empty
fuzzy soft sets f1, and fa, such that ((1,2)*-fsbel(f1,))Nfo, = f1,N0((1,2)*-fsbcl(f2y)) =
O and fg = f1,0fa,. Since fCgp then either frCfi, or fECfa,.

Suppose frCfi,, then ((1,2)*-fsbel(fr))C((1,2)*-fsbel(f1,)), thus

(1, 2)*Fsbel(f) A fo = For1((1L,2)"-Fsbel (o)) = Op. But foy CgpC (1, 2)*fsbel(fx),
thus ((1,2)*-fsbel(fr))Nf2, = f2,,- Therefore fo, = 0, which is a contradiction.

If fpC fo, then by the same way we can prove that f1, = 0z. This is a contradiction.
Thus gg be a (1,2)*-fuzzy soft b-connected.

Theorem 3. If fr is a (1,2)*-fuzzy soft b-connected set, then (1,2)*-fsbcl(fg) is (1,2)*-
fuzzy soft b-connected.

Proof. Suppose fg is (1,2)*-fuzzy soft b-connected and (1,2)*-fsbcl(fg) is not (1,2)*-
fuzzy soft b-connected. Then there exist two (1,2)*-fuzzy soft b-separated sets fi, and
fa,; such that (1,2)*-fsbcl(fg) = f1,Uf2,. But fEQ(l,Q)*—fstZN(fE) then fr = fi,Uf2p
and since fg is (1,2)*-fuzzy soft b-connected set, then either fCfi, or fECfa,.

If feCfi, then (1,2)*fsbel(fe)C(1,2)*fsbel(fiy). But (1,2)*fsbel(fiy)Nfap = Om,
hence (1,2)*-fsbel(fg)Nf2, = 0g. Since fa,C(1,2)*-fsbcl(fg), then
(1,2)*-fsbcl(fg) N fay = fap; hence fa, = Op which is a contradiction.

If feCfi 5, then by the same way we can prove that fi, = 0p, which is a contradiction.
Therefore (1,2)*-fsbel(fr) is (1,2)*-fuzzy soft b-connected.

Theorem 4. The fuzzy soft union fg of any family {fi, : 1 € I} of (1,2)*-fuzzy soft b-
connected sets having a non-empty fuzzy soft intersection is (1,2)*-fuzzy soft b-connected.

Proof. Let fg be fuzzy soft union of any family of (1,2)*-fuzzy soft b-connected sets
having a non-empty fuzzy soft intersection. Suppose that fr = f1,Uf2,, where f1, and
f2, form a (1,2)*-fuzzy soft b-separation of fr. By hypothesis, we may choose a fuzzy
soft point f.€(,c;fip- Then fo€fi, for all i € I. If fo€fg, then either fe€f1, or fe€fo,
but not both. Since f1, and fa, are fuzzy soft disjoint, we must have f;, Cfi,, since fi,
is (1,2)*-fuzzy soft b-connected and it is true for all i € I, and so fgCf;,. From this we
obtain that fa, = Op; which is a contradiction. Thus, there does not exist a (1,2)*-fuzzy
soft b-separation of fr. Therefore, fg is a (1,2)*-fuzzy soft b-connected set.

Theorem 5. (i) If ¢ : (X, E,11,72) — (Y,E,01,02) is a (1,2)*-fuzzy soft b-continuous
surjection and (X, E,11,72) is (1,2)*-fuzzy soft b-connected then (Y, E,o1,02) is (1,2)*-
fuzzy soft connected.

(i) If ¥ : (X, E,11,72) — (Y,E,o01,02) is a (1,2)"-fuzzy soft b-irresolute surjection
and (X, E,711,72) is (1,2)*-fuzzy soft b-connected then (Y, E,o1,092) is (1,2)*-fuzzy soft
b-connected.
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Proof. (i) Suppose (Y, E,01,02) is not (1,2)*-fuzzy soft connected. Let Y = fpUgg,

where fp and gg are fuzzy soft disjoint non-empty oj03)-fuzzy soft open sets in
(Y,E,01,09). Since v is (1,2)*-fuzzy soft b-continuous and onto; 1g = ¥~ (f£) v~ (gr),
where ¢~ 1(fg) and ¢ ~!(gg) are fuzzy soft disjoint non-empty (1,2)*-fuzzy soft b-open
sets in (X, E,71,72). This contradicts the fact that (X, E, 11, 72) is (1,2)*-fuzzy soft b-
connected. Hence (Y, E,01,09) is (1,2)*-fuzzy soft connected.
(ii) Suppose (Y, E,01,09) is not (1,2)*-fuzzy soft b-connected. Let Y = frUgg, where
fe and g are fuzzy soft disjoint non-empty (1,2)*-fuzzy soft b-open sets in (Y, E, 01, 02).
Since 1 is (1,2)*-fuzzy soft b-irresolute and onto; then 1g = ¢~ !(fg)Uy~(gg), where
Y~ 1(fr) and ¥~ 1(gg) are fuzzy soft disjoint non-empty (1,2)*-fuzzy soft b-open sets in
(X, E,71,72). This contradicts the fact that (X, E, 11, 72) is (1, 2)*-fuzzy soft b-connected.
Hence (Y, E, 01, 09) is (1, 2)*-fuzzy soft b-connected.

4. (1,2)*-Fuzzy Soft b-Compactness

In this section (1,2)*-fuzzy soft b-compactness is defined and some of the characteri-
zations are proved.

Definition 23. A collection {fi, : i € A} of (1,2)*-fuzzy soft b-open sets in fuzzy soft
bitopological space (X, E, 11, 2) is called a (1,2)*-fuzzy soft b-cover of fr if feCU{fip :
i€ A} .

Definition 24. A fuzzy soft bitopological space (X, E,T1,72) is called a (1,2)*-fuzzy soft
b-compact if every (1,2)*-fuzzy soft b-open cover of 1g has a finite subcover.

Definition 25. A fuzzy soft subset fg of fuzzy soft bitopological space (X, E,T,T2) is
said to be (1,2)*-fuzzy soft b-compact relative to 1g, if for every collection { fi, : i € A} of
(1,2)*-fuzzy soft b-open subsets of (X, E,T,T2) such that fg if fEQO{fiE 11 € A} there
exists a finite subset Ay of A such that fEéL]{sz 11 € Ao}

Definition 26. A fuzzy soft subset fr of fuzzy soft bitopological space (X, E,T1,72) is
said to be (1,2)*-fuzzy soft b-compact if fg is (1,2)*-fuzzy soft b-compact as a subspace of
(X7E77_17T2)-

Theorem 6. Every (1,2)*-fuzzy soft closed subset of fuzzy (1,2)*-fuzzy soft b-compact
space (X, E,11,719) is (1,2)*-fuzzy soft b-compact relative to 1p.

Proof. Let fg be a (1,2)*-fuzzy soft closed subset of (X, E,7,7). Then ff is a
(1,2)*-fuzzy soft open set in (X, E,11,72). Let S = {g;, : i € A} be a cover of fr by
(1,2)*-fuzzy soft open subsets in (X, E, 71, 72). Then SUSE is a (1,2)*-fuzzy soft b-open
cover for 1. Since (X, E, 11, m) is a (1,2)*fuzzy soft b-compact; it has a finite subcover
say S = g1,001,0...0g,,Uf%, 9ip€S,1=1,2,...,n. But fg and f§ are fuzzy soft disjoint.
Hence f£Cg1,Ug1,0...0g,,€S. Thus we have shown that any (1,2)*-fuzzy soft b-open
cover has a finite subcover. Therefore fg is (1,2)*-fuzzy soft b-compact relative to 1.



REFERENCES 769

Theorem 7. A (1,2)*-fuzzy soft b-continuous image of a (1,2)*-fuzzy soft b-compact space
is (1,2)*-fuzzy soft compact.

Proof. Consider ¢ : (X, E,11,72) — (Y, E,01,02) be a (1,2)*-fuzzy soft b-continuous
function. Let {f;, : i € A} be a oyj0o-fuzzy soft open cover of 1 in (Y, E,01,02).
Then {¢y~1(fi,) 14 € A} is a (1,2)*-fuzzy soft b-open cover of 1 in (X, E, 7, 72). Since
(X, E,7,719) is (1,2)*-fuzzy soft b-compact; it has a finite subcover say,
{wfl(flE),w*}(flE) s W (fng)}- Since v is onto, {f1,, fig, - fap } i a o109-fuzzy soft

open cover of 15 in (Y, E,01,02) and hence (Y, E, 01, 02) is (1, 2)*-fuzzy soft compact.

Theorem 8. If a map ¢ : (X, E,11,72) — (Y, E,01,02) is a (1,2)*-fuzzy soft b-irresolute
and a fuzzy soft subset fg of (X, E,11,72) is (1,2)*-fuzzy soft compact relative to 1g then
the image Y (fr) is (1,2)*-fuzzy soft compact relative to 1g in (Y, E,o01,09).

Proof. Let {f;, : i € A} be a collection of (1, 2)*-fuzzy soft b-open sets in (Y, E, 01, 02)
such that ¥(fz)CU{fi, : i € A}. Then fpCU{v ' (fip) : i € A}, where ¥~'(f;,) is
(1,2)*-fuzzy soft b-open in (X, FE,7,72) is (1,2)*-fuzzy soft compact relative to 1g in
(X, E, 11, 72), there exists a finite sub collection {f1,, fag, .., fny } such that
fE§0{¢_1(sz) :1=1,2,3...,n} that is, ¢(fE)§O{sz :1=1,2,3...,n}. Hence ¢(fp) is

(1,2)*-fuzzy soft compact relative to 1g in (Y, E, 01, 09).

5. Conclusion

In this paper, we introduced the notions of (1, 2)*-fuzzy soft b-separated sets, (1,2)*-
fuzzy soft b-connectedness and (1, 2)*-fuzzy soft b-compactness in fuzzy soft bitopological
spaces. Then, some basic topological properties of these notions were investigated. Also,
some illustrative examples were given to show the importance of the obtained theorems.
We hope that this paper will be important for researchers to studying many other concepts
and also the generalization for some important results in topology.
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