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Abstract. This paper is concerned with, structural properties and construction of quantum codes
over Z3 by using constacyclic codes over the finite commutative non-chain ring ® = Z3 + vZ3 +
wZs + vwZs where 12 = 1, w? = 1, vww = wvw and Z3 is field having 3 elements with
characteristic 3. A Gray map is defined between R and Z;. The parameters of quantum codes
over Z3 are obtained by decomposing constacyclic codes into cyclic and negacyclic codes over Zs.

As an application, some examples of quantum codes of arbitrary length, are also obtained.
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1. Introduction

Quantum error correction shows an significant role in quantum computing as it is used to
correct any errors in quantum data due to decoherence and other quantum noise. Firstly,
the existence of quantum error correction code was proven by Shor [14] and individually
by Steane [17]. In 1998, Calderbank et. al [3] published a paper in which they developed
the theory to construct quantum codes using classical error correction codes. In current
years, an essential literature has been established about the quantum error correcting
codes. Some authors constructed quantum codes using the Gray image of cyclic codes
on some finite rings. For example, a new technique of constructing quantum codes from
cyclic codes over finite ring Fy + vFy where v? = v given by Qian [13]. Kai and Zhu [§]
created quantum codes from hermitian self orthogonal codes over Fjy as Gray images of
linear and cyclic codes over Fy + uF; where u? = 0. Yin and Ma [18] gave a condition
for the existence of quantum codes from cyclic codes over Fy + uFy 4+ u? + Fy with Lee
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metric. Some non binary quantum codes are described using classical codes via Gaussian
integers by Ozen et. al [11]. Guenda et. al [5] extended the CSS construction to finite
commutative Frobenius rings. Dertli et. al [4] received quantum codes from cyclic codes
over Fy + uFy + vFy + uvF,. Ashraf and Mohammad [1] gave a construction of quantum
codes from cyclic codes overFs + vF3 where v? = 1. In 2016, Ozen et al. [12] examined
several ternary quantum codes from the cyclic codes over F3 4+ uF3 + vF3 + uvFs. Very
recently, several researchers established a number of new quantum codes via F), from the
classical cyclic and constacyclic codes to which we refer [2, 6, 9-11, 15]. Also, Singh and
Mor [16] constructed quantum codes over the finite non-chain ring ® = Z, + vZ, where
v? = v in 2021.

The remaining paper is arranged as follows, Section 2 contains preliminaries in which some
fundamental properties and some essential definitions have been given. Section 3 defines
the Gray map from R to Z§ and some related properties like self orthogonal, self dual etc.
In Section 4, we presented the development of quantum codes through constacyclic codes
over the ring 3 which are exemplified in Section 5. Finally, the paper is concluded in the
last Section.

2. Preliminaries

Let Zs is a finite filed with 3 elements. Now, we first start with a general overview of the
ring R = Zs+vZs+wZs+vwZs having characteristic 3 with restrictions v? = 1, w? = 1
and vw = vw. RN is a commutative, principal ideal but non-chain finite ring with 3¢ = 81
elements. The maximal ideal of R are

<24v4+2w>, <24v4rvw>, <vt+w+2vw >, <204 2w+ 2vw >.

Some units of Ris 1 + v+ w + 2vw, 1+ 2v 4+ 2w + 2rw, vw, v, w for sake of simplicity
we consider ¢ is a unit of R and also we note that 9=1 = ¢ for each case.
Let us assume

&L = 14+v+wtrvw, & = 1—v+w—rw, €& = 1+v—w—rvwand &y = 1—v—w+rw.

It is obvious to obtain that &2 = &, &&= 0 and Z?Zl & =1foralle,j =1,2,3,4 and
i # j. Now by chinese remainder theorem, the considered ring can be expressed as

R=847Z3 © &l © 73 O Eals.

Therefore, an arbitrary element e = e + ves + wes + vwey of N where e; € Zg can be
uniquely expressed as

e = e) +vey+wes +rwey = Erky + Eokg + E3ks + E4ky

where k; € Zs foralli = 1,2,3,4.
A nonempty subset K of R" is a linear code over R of length n. If K is an R-submodule
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of ™ and the elements of I are codewords. Let I be a code over R of length n and its
polynomial representation be T'(K), that is,

n—1

T(K) = {D_xit" | (x0:X15 - xXn-1) € K}

1=0

Let T, A and U be the maps from R" to k" defined as

T(XOa X1y ey Xn—l) - (XTL—17 X0y -5 XTL—Q)J

A(X0>X17 cey anl) = (_anbX(]v cey Xn72)7

U(X07 X1y ey XTL—l) = (ﬁXn—lv X0y «++» Xn—2)7

respectively. Then K is a cyclic, negacyclic, ¥-constacyclic if Y(K) = K, AK) = K,
U(K) = K respectively. A code K over R of length n is cyclic, negacyclic and ¥-constacyclic
if and only if T'(K) is an ideal of R[t]/ <" — 1>, R[t]/ <t"+ 1> and R[t]/ <" — I >
respectively.

For the arbitrary elements x = (X0, X1, -+, Xn—1) and ¥ = (o, ¥1, ..., ¥p—1) of R, the inner
product is defined as

n—1
X = > xithi
=0

If x.» = 0, then x and v are orthogonal. If K is a linear code over R of length n, then
the dual code of K is defined as

Kt={x € ®*: x4 =0 forall ¥ € K},

which is also a linear code over the ring R of length n. A code K is said to be self orthogonal
if K C K+ and said to be self dual if K = K+.

3. Gray Map over R

The hamming weight wg(x) for any codeword x = (X0, X1, ---s Xn—1) € R" is defined as
the number of all non-zero components in x = (X0, X1, ---s Xn—1). LThe minimum weight of
a code IC, that is, wy(K) is the least weight among all of its non zero codewords. The
Hamming distance between two codes x = (X0, X1, -+, Xn—1) and X = (X0, X1, -+, Xn—1) Of
R"™, denoted by dg(x, X) = wg(x — X) and is defined as

du(x,¥) = |{i | xi # i} |-

Minimum distance of K, denoted by dy and is given by minimum distance between the
different pairs of codewords of the linear code K. For any codeword x = (X0, X1, ---s Xn—1)
€ R”, the lee weight is defined as wr,(x) = Y1y wz(x:) and lee distance of (x, X) is given
by dr(x, %) = wrlx — %) = Yo wrlxi — Xo)-

Minimum lee distance of K is denoted by d; and is given by minimum lee distance of
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different pairs of codewords of the linear code K.
The Gray map ¢ from R to Z3, that is, p: R — Z3 is defined as

ok = &iky + &oko + E3k3 + Eaka) = (k1 + ko + k3 + ka, k1 — ko + k3 — Ky,
ki + ko — ks — kg, k1 — ko — k3 + ka).

Proposition 1. The Gray map ¢ is linear and distance preserving isometry map from
(R™,dy) to (Z3",dy), where df, and dy are the lee distance and hamming distance in R"
and Zg” respectively.

Proof. Let k1, ko € R and a € Z3 then

plaky + ko) = ap(kr) + ¢(k1)

So, ¢ is linear map.
Now we show that ¢ is distance preserving map.
By the above definitions, dr(x, ) = wr(x — X) = wg(e(x — X)) = wg(e(x) — (X)) =

du(p(X), p(X))-
Hence ¢ is distance preserving map from (R",dr) to (Z3",dp).

Proposition 2. If K is a linear code over the ring ® of length n with |K| = 3%, dr,(K) = d,
then ¢(K) is a ternary linear code having parameters [4n, k, d].

Proposition 3. Let K be a linear code over the ring R of length n. If K is self orthogonal,
then (K ) is also self orthogonal.

Proof. Let IC be a self orthogonal code and 71,72 € K such that 1 = §1a+&b+E&3¢c+E4d
and ny = &1a’ + &b + &3¢ + &4d where a,b,¢,d,d’ b, ¢ ,d € Zgz from the definition of
self orthogonality, n1.m2 = 0, that is, {1aa’ + &bb + E3¢¢ + &4dd = 0, it follows that
aa' =bb' = cc =dd = 0. Now, applying ¢ on 11,72, we have (1) = (a+b+c+d, a-b+c-
d, a+b-c-d, a-b-c+d) and (1) = (¢’ +b +c +d ,a —b +¢ —d ,a' +b' —c' —d ,a' —b' —c +d)
and hence o(11).¢(1n2) = 4a.a’ +4bb + 4’ +4dd’ = 0 that implies ¢(K) is self orthogonal.

Proposition 4. [7] Let K be a linear code over the ring R of length n. Then p(K*) =
(0(K))*. Further, K is self dual if and only if o(K) is self dual.

4. Quantum codes obtained through v-constacyclic codes
Let Sis be the linear codes for i = 1,2,3,4. we denote
S; @ Sy @ S3 & Sy = {s1+s2+s3+sa|s €85 fori = 1,2,3,4}

and
S1 ® S2 ® S3 ® Sy = {(s1, S2, S3, S4) |si €8; fori = 1,2,3,4}
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For a linear code K of length n over R, we define
Koo = {51+ 82+ 83+ s4 € Z such that s + sav + szw + sqvw € K},

Ke ={s1 —s2+ s3 — s4 € Zj such that s1 + sav + S3w + savw € K},
Ks = {s1+ s2 —s3 —sa € Z% such that s; + sav + ssw + syvw € K},
KA ={s1—s2— 83+ s4 €Zy such that s; + sav + s3w + sqvw € K}.

Clearly, Koo, Kc, K5 and K are the linear codes over Zs of length n.

Theorem 5. [7] Let K be a linear code over the ring R of length n. Then p(K) =
Koo ® Ke ® K5 ® Ka and |K|= |Kos||Ke||Ks[KAl-

Corollary 6. [7/ If p(K) = Koo ® Ke @ K5 @ Ka then K= &Ko @ £2Ke @ &K @ KA

By the help of Theorem 4.1 and Corollary 4.2, we say that the linear code K can be
uniquely expressed as

K = 6K ® &£Ke @ $K5 @ §4Ka

and also
Kl = [KslIKellKs|K A

If G1, G2, G3 and Gy, are the generator matrices of the linear codes Ko, K¢, K5, and K
respectively. Then, the generator matrix of C is
T
G=[ &G &Gy &G3 &Gy |

)

and that of p(K) is

0(Q) = [ 9(61G1) p(€2Ga) (63G3) p(€4Ga) |"

Note: Now, we consider different case of 9.

Casel. ¥ = 1+v+w+2vw

Theorem 7. Let K = K0 @ &Ke @ &K © E4KA be a linear code over the ring R of
length n where Koo, Ke, K5, KA are the linear codes over Zis. Then, K is a 9-constacyclic
code over the ring R of length n if and only if Koo, Ke, K5 are negacyclic codes and KCa
1s cyclic code over Zi3 of length n.

Proof.
Let,

a = (a'o,cil,...,an',l) € Koo, b = (b.(),b.l,...,bn;l) S ICG,
¢ = (C'(),C'l,...,cn;l) e Ks, d = (d.o,d.l,...,dn;l) € Ka.
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For an arbitrary element (; € K, uniquely expressed as
(o= &+ &b+ &3¢ + &ud;,

where d;, by, ¢, d; € Zg for i = 0,1,...,n — 1.
Let,
¢ = (C07417---7Cn—1) e R".

First we assume that K is ¥-constacyclic code over the ring R of length n, then

0(¢) = (14 v+ w+ 2vw)(r—1, (o5 -+ Gn—2)
= (—(l+v+w+vw)an_1 —(1—v+w—vw)bp_1— (1 +v—w—1vw)en_1
+(1=v—wtrw)dy 1,1 +v+w+rw)d+ (1 —v+w—vw)by + (1 +v —w— 1w)dy
+(1—v—w+vw)d, .., (1 + v+ w4 vw)ay 24 (1 — v +w — vw)b,_2
+(1+v—w—rweno+ (1 —v—w+vw)d,_s)
= (1+v4w+vw)Aa)+ (1 —v+w—vw)Ab) + (1 + v —w — vw)A¢)
+(1—v—w+ww)Y(d)
= §1A(@) + &A(b) + EA(E) + &4 (d),
which is an element of the linear code K. Therefore, Ko, Kc, K5, are negacyclic codes
and K, is a cyclic code over the ring Zs3 of length n respectively.

Conversely, for any ¢ = (Co,C1, .-, Cn—1) € K, where §; = §1d; + Eob; + &3¢; + E4d; and
G, b5, ¢, d; € Ziz for i = 0,1,...,n— 1. If L, Ke, K5 are negacyclic codes and K is a

cyclic code over Zs of length n, then A(a) € Koo, A(b) € Ke, A(¢) € K5, Y(d) € Ka.
Hence, we have

(14 v+w+vw)A(a)+ (1 —v4w—vw)Ab)+(1+v—w—rvw)A(E)+(1—v—w+rw)Y(d) € K
where it given that
U(¢) = (1—|—1/—|—w—|—1/w)A(('z)+(1—V+w—yw)A(i))+(1+V—w—uw)A(c')—|—(1—1/—w+1/w)T(d),

which implies that U(¢) € K.
Therefore, I is a ¥-constacyclic code over the ring R of length n .

Case 2. ¥ = 1+ 2v+ 2w+ 2vw
Theorem 8. Let K = 61K @ &Ke @ &K © E4KA be a linear code over the ring R of
length n where Koo, Ke, K5, KA are the linear codes over Zis. Then, K is a 9-constacyclic

code over the ring R of length n if and only if Koo is cyclic code and Kc, K5, Ka are
negacyclic codes over Zs of length n.

Proof.
Let,

a = (do,dl,...,an'_l) c ICOO, b = (b'[),b‘l,...,bn‘_l) c K:e,
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¢ = (o,C1ynen1) € Ks, d = (do,dy,...,dn_1) € Kna.
For an arbitrary element (; € K, uniquely expressed as
G = &1d; + Eabi + &3¢ + &d,

where az,bl,cl,dl € Zg for i = 0, 1,....n—1.
Let,
¢ = (€0,C1,Cn—1) € N™

First we assume that K is ¥-constacyclic code over the ring R of length n, then

U(C) = (1 +2v + 2w + 2vw)Cn—1, €0y -vs Cn—2)
=((4+v+w+vwan —(1—v+w—vwbp_1 — (14+v—w—vw)e,_1
- (1—y—w—i—yw)dn.,l,(1+u+w—|—1/w)a'0+(1—1/+w—1/w)60+(1+1/—w—uw)c'0
+(1—v—w+vwdy, .. 1+v+w+vw)a, o+ (1 —v+w—vw)b, o
+(1+v—w—rvweno+ (1 —v—w+vw)d,_s)
=(1+v4w+vw)T@) + (1 —v+w—vw)AD) + (14 v —w— vw)A(é)
+ (1 —v—w+ vw)A(d)
= &7 (a) + &A(D) +EA(0) + &aA(d),
which is an element of the linear code K. Therefore, K is cyclic code and K¢, K5, Ka
are negacyclic codes over Zs of length n respectively. . ‘
Conversely, for any ¢ = (Co, (1, -, Cn—1) € K, where ¢; = &1a; + obi + &3¢ + adi and
@iy biy ¢, d; € Zig for i = 0,1,...,n—1. If Ko is cyclic code and K¢, K5, Ka are negacyclic
codes over Zs of length n., then Y(a) € Ko, A(b) € Ke, A(¢) € K5, A(d) € Ka.
Hence, we have

(14 v+w+vw) Y (@) +(1—v+w—vw)AD)+(1+v—w—vw)A(E)+(1—v—wtrw)A(d) € K
where it given that

0 = (4v+w+rw)Y(a)+(1—v4w—rw)Ab)+(1+rv—w—rw)A(&)+(1—v—w+vw)A(d),
which implies that B(¢) € K.

Therefore, K is a ¥-constacyclic code over the ring R of length n .

Case 3. ¥ = vw

Theorem 9. Let K = 1Ko B &K & &5 @ €A be a linear code over the ring
R of length n where Ko, Ke, K5, KA are the linear codes over Zs. Then, K is a vw-
constacyclic code over the ring R of length n if and only if Koo, Ka are cyclic and K¢, K5
are negacyclic codes over Zs of length n.
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Proof.

Let,
a = (do,dl,...,an',l) € Ko, b = (b'[),b.l,...,bn;l) € Ke,
¢ = (o,C1yonin1) € Ks, d = (do,dy,....dp—1) € Kna.

For an arbitrary element (; € K, uniquely expressed as
Gio= &ai + &b+ &3¢ + &ud;,

where ai,bi,éi,di € Zs fori=0,1,....,n— 1.
Let,
C = (COvCla ---anfl) e R".

First we assume that K is vw-constacyclic code over the ring & of length n, then

B(¢) = ((1w)¢n-1,€0s -+, Cn—2)

(

(a(l+v+w+vwa, 1 — (1 —v+w—vw)b, 1 — (1 +v—w—vw)e,

+(1—v—w+vwdy 1,1 4+v+w+vw)d+ (1 —v+w—vw)by+ (1 + v — w— vw)co

+(1—v—w+vw)dy, .. 14+v+w+rvw)a, o+ (1 —v+w—vw)b, o
+(14v—w—rw)eno+ (1 —v—w+vw)dy_s)

= (14+v+w+vw)Y(@) + (1 —v+w—vw)ADd) + (1+v—w—vw)A(C)

+(1—v—w+vw)Y(d)

= &7 (a) + &AD) + &A(E) + &Y (d),

which is an element of the linear code K. Therefore, Ko, KA are cyclic and K¢, K5, are
negacyclic codes over the ring Zs of length n respectively. . '

Conversely, for any ¢ = ((o,C1, - Cn-1) € K, where (; = &1a; + &b + 3¢ + &4d; and
Gibiy¢ivd; € Zg for i = 0,1,....,n — 1. If Koo, Ka are cyclic and K¢, K5, are negacyclic

codes over the ring Z,, of length n, then (@) € Koo, Ab) € Ke, A(¢) € K5, T(d) € Ka.
Hence, we have

(1+v+w+vw) (@) + (1 —v+w—rw)Ab)+(14+r—w—rvw)A(E)+(1—v—wtvw)T(d) € K
where it given that

0¢) = (A4v+w+rw)Y(a)+(1—v+w—rw)AD)+(1+r—w—vw)A(E)+(1—v—w+rw) Y (d),

which implies that U(¢) € K.
Therefore, K is a vw-constacyclic code over the ring R of length n .

Case 4. ¥ = v
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Theorem 10. Let K = §i1K @ &K @& &Ks @ &KA be a linear code over the
ring R of length n where Ko, Ke, K5, Ka are the linear codes over Zs. Then, K is
a v-constacyclic code over the ring R of length n if and only if Ko, K5 are cyclic and
Ke, Ka are negacyclic codes over Zs of length n.

Proof. The proof of this theorem is similar to proof of Theorem 4.5.
Case 5. ¥ = w

Theorem 11. Let K = &K @ &EKe @ &Ks @ 4K be a linear code over the
ring R of length n where Ko, Ke, K5, KA are the linear codes over Zs. Then, K is
a w-constacyclic code over the ring R of length n if and only if K, Ke are cyclic and
K5, Ka are negacyclic codes over Zis of length n.

Proof. Proof of the theorem is similar to proof of theorem 4.6.
The following Theorem is Similar to Theorem 14 [7].
Theorem 12. Let K be a ¥-constacyclic code over the ring R of length n. Then

K = <&g1(t),62092(t),8393(t),&g4(t) > = < &ig1(t) + &292(t) + &3g3(t) + Eaga(t) >

where g;(t) are the generator polynomials of Koo, Ke, K5 and Ka fori =1,2,3,4 respec-
tively. Moreover, |K| = 34n—3 10 deg(g:(t)

Theorem 13. Let K be a ¥-constacyclic code over the ring R of length n. Then K+ is
also a ¥-constacyclic code over the ring R of length n. Moreover,

1. Kt = §1/COLO < fz/Cé &) §3/C§ ® §4lCi

2. Kt = < &gf(t),&05(1),&05(1), &agh(t) > = < &gt (t) + E205(t) + E3g5() + Eagi(t) >
3. | K| = 3Zicides(ai®)

* . . z"+1 z"+1 z"+1 " —1 .
where 9i (t) are the reciprocal polynomial of MOLNORNTI0) and MO fori =1,2,3,4
respectively.

Lemma 1. [}/ If K is a cyclic or negacyclic code over the ring Z, with a generator
polynomial g(t). Then, K contains its dual code if and only if
2" —v= 0 mod(g(t)g*(t))
where 1 = £1.
Case 1. ¥ = 1+v+4+w+2rw

Theorem 14. If K = < &191(t) + &292(t) + E393(t) + €494(t) > is a V-constacyclic code
over the ring R of length n. Then, K+ C K if and only if

"+ 1 0 mod(g;(t)g; (t))

and
2" —1 = 0 mod(g;(t)g;(t)).
fori = 1,23 and j = 4.



Prateek Mor et al. / Eur. J. Pure Appl. Math, 14 (3) (2021), 1082-1097 1091

Proof.
Let K = < g(t) > = < &g1(t) + &292(t) + £393(1) + £a9a(t) > be a J-constacyclic code
over R of length n. Then, K = &K @ &Ke @ &Ks @ KA where g4(t) are the
generator polynomial of Ko, Kc, K5 and K for i = 1,2, 3,4 respectively.
First we consider
"+ 1

0 mod(gi(t)g; (t))

and
" —1 = 0 mod(g;(t)g;(t)).

fori = 1,2,3 and j = 4. Then by above lemma, we have
KL C Koo, K& C Ke, K2 C K5 and K5 C Ka,
and therefore

6K% C &Kw, KT C &Ke, &K3 C &Ks and K5 C &KA

which implies that
GKs ® KT @ §K3 @ &Kz C 6K @ &Ke ® &K ® &Ka

Thus, we have
K+ C K.

Conversely, let us consider
,CL

N
ke

then
GKL ® &KE @ &K3 @ UK C &K © &Ke ® &Ks & &Ka,
which implies that
KL C &Koo, &K C &Ke, K5 C &Ks and 4Kx € &Ka,

that implies
KL C Kooy K& C Ke, K3 € Ks and Kx € Ka.

Then by above lemma,
a" +1 = 0mod(gi(t)g; ()

and
" —1 = 0mod(g;j(t)g;(t)).

fori = 1,2,3and j = 4.
Case 2. ¥ = 14+v+w+2vw
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Theorem 15. If K = < &191(t) + &292(t) + E393(t) + €494(t) > is a V-constacyclic code
over the ring R of length n. Then, K+ C K if and only if

z" —1 = 0 mod(gi(t)g; ()

and
" +1 = 0 mod(g;(t)g;(t))-
fori = 1landj = 2, 3, 4.
Proof.
Let K = < g(t) > = < &191(t) + &292(t) + £393(t) + €494(t) > be a Y-constacyclic code
over R of length n. Then, K = {0 & &Ke @ &5 @ 4K where g4(t) are the
generator polynomial of Ko, K¢, K5 and K for i = 1,2, 3,4 respectively.

First we consider
" —1 = 0 mod(gi(t)g;(t))

and
" +1 = 0mod(g;(t)g;(t)).

fori = land j = 2, 3, 4. Then by above lemma, we have
Ks C Kooy K& C Ke, K3 € K5 and K5 C Ka,
and therefore
G5 C &Ku, £KE C &Kc, 6K5 C &K and LKA € &Ka
which implies that
GKy ® &KE @ K3 @ GKA C 6K © e @ &Ks © &Ka

Thus, we have
K:J_

N
g

Conversely, let us consider
K:J_

N
ke

then
GKy © &KL @ GRS © GKx C 6K © &Ke @ &K5 @ &ka,
which implies that
K% C &Ko, KT C &Ke, K3 C &Ks and K5 C &Ka,

that implies
KL C Koo, K& C Ke, KI € K5 and K5 C Ka.
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Then by above lemma,
z" —1 = 0 mod(gi(t)g; (1))

and
" +1 = 0 mod(g;(t)g;(t)).

fori = land j = 2, 3, 4.
Case 3. ¥ = vw

Theorem 16. If K = < &1g1(t) + &292(t) + E393(t) + €494(t) > is a V-constacyclic code
over the ring ® of length n. Then, K+ C K if and only if

z" —1 = 0 mod(gi(t)g; ()

and
" +1 = 0 mod(g;(t)g;(t)).
fori = 1, 4dandj = 2, 3.
Proof. Proof of the theorem is similar to proof of Theorem 4.12.

Case 4. ¥ = v

Theorem 17. If K = < &g1(t) + &2g2(t) + E393(t) + £494(t) > is a V¥-constacyclic code
over the ring R of length n. Then, K+ C K if and only if

a" =1 = 0 mod(gi(t)g; (t))

and
"+ 1 = 0 mod(g;(t)g;(t)).
fori = 1, 3andj = 2, 4.
Proof. Proof of the theorem is similar to proof of theorem 4.13.

Case 5. ¥ = w

Theorem 18. If K = < &1g1(t) + &292(t) + E393(t) + €494(t) > is a V-constacyclic code
over the ring R of length n. Then, K+ C K if and only if

2" —1 = 0 mod(gi(t)g; (t))

and
" +1 = 0 mod(g;(t)g;(t)).
fori = 1, 2 andj = 3, 4.
Proof. Proof of the theorem is similar to proof of theorem 4.14.

By above Theorems, we have the following Corollary for each case of 9.
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Corollary 19. Let K=K @ £2Ke @ EKs @ &A be a U-constacyclic code over R
of length n where Koo, Ke, K5, Ka are linear codes of length n over the ring Zs. Then,
K+ C K if and only if K% C Koo, ICé‘ C Ke¢, IC$ C K5 and Ki C Ka.

Lemma 2. [/(CSS Construction) Let IC be a linear code over the ring Zs having pa-
rameters [n, k, d|. Then a quantum code having parameters [[n, 2k —n, > dl|3 can be
obtained if K+ C K.

The following theorem defines the construction of quantum codes by the use of corollary
4.16 and Lemma 4.17.

Theorem 20. If K=K @ K @ &K @ GUKA = < §191(t) +Eag2(t) +E393(8) +
€494(t) > is a ¥-constacyclic code over the ring R of length n where g;(t) are the generator
polynomials of Koo, Ke, Ks and Ka for i = 1,2,3,4 respectively. If KL C Koo, lCé- C
Ke, IC§ C K5 and ICX C Ka, then K+ C K and there exists a quantum code having
parameters [4n, 2k —4n, > dr]3 where k is the dimension of linear code ¢(K) and dy, is
minimum lee distance of a linear code K.

5. Examples

In this section some examples are provided to illustrate the main result. Here, the quan-
tum codes through ¥-constacyclic code over the ring i = Z3 + vZ3 + wZs3 + vw”Z3 where
v? =1, w? =1 and vw = wv are obtains.

Example 1. In Zs[t], t3 —1 = (t +2)2 and t3+1 = (t + 1)(t? —t + 1). Now, let K be
a1+ v+ w+ 2uw-constacyclic code over the ring R = Z3 + vZs + w3z + vwZs where
2 =1, w? =1 and vw = wv of length 3. Let g1(t) = g2(t) = g3(t) = t+1 and
ga(t) = 24t+1then g(t) = & (t+1)+&(E+1)+E3(t+1)+E&4 (2 +t+1) be the generator
polynomial of K. Since g;(t)g: (t)|t3 + 1 fori = 1,2,3 respectively and g4(t)g;(t)[t> — 1,
then by the use of Theorem 4.11, we get K+ C K Further o(K) is a linear code over the
ring Zs having parameters [12, 7, 3]. Then, by the application of Theorem 4.18, we obtain
the quantum code having parameters [12, 2, > 3|s.

Example 2. In Zs[t], 5 —1 = (t = 1)3(t + 1)® and 5 +1 = (£* + 1)3. Now, let K be a
1420+ 2w+ 2vw-constacyclic code over the ring R = Zz+vZs+wZs+vws where v? = 1,
w? =1 and vw = wv of length 6. Let g1(t) = t+1 and g2(t) = g3(t) = qa(t) = t2+1
then g(t) = & (t+1)+ &2+ 1) + &2+ 1) + &4(t% + 1) be the generator polynomial of
K. Since g1(t)g;(#)[t® —1 and g;(t)g; (t)[t + 1 fori = 2,3,4 respectively, then by the use
of Theorem 4.12, we get K+ C K Further ¢(K) is a linear code over the ring Zs having
parameters [24, 17, 3]. Then, by the application of Theorem 4.18, we obtain the quantum
code having parameters 24, 10, > 3]3.

Example 3. In Z3[t], t* =1 = (t —1)? and t* +1 = (t + 1)°. Now, let K be a vw-
constacyclic code over the ring R = Zs + vZs + wZs + vwZs where v*> =1, w? = 1 and
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vw = wr of length 9. Let g1(t) = ga(t) = t—1 and g2(t) = g3(t) = t+1 then
g(t) = &t —1)+&(E+1)+&3(t+1) +E&(t —1) be the generator polynomial of K. Since
gi(®)gr ()|t — 1 for i = 1,4 respectively and gj(t)g;(t)|t9 +1 for j = 2,3 respectively,
then by the use of Theorem 4.18, we get K+ C K Further o(K) is a linear code over the
ring Zs having parameters [36, 32, 2]. Then, by the application of Theorem 4.18, we
obtain the quantum code having parameters [36, 28, > 2]s.

Example 4. In Z3[t], t'2—1 = (t+1)3(t+2)3(t2+1)3 and t12+1 = (2 +2t+2)3 (2 +t+2)3.
Now, let K be a v-constacyclic code over R = Zs + vZs + wZs + vwZs where v*> = 1,
w? =1 and vw = wv and V*w? = vw of length 12. Let g1(t) = g3(t) = t+1 and
gt) = ga(t) = 2+t+2,9(t) = @+ +EE+t+2) +&(E+ 1)+ &2+t +2)
be the generator polynomials of K. Since gi(t)g;(t)|t'? — 1 for i = 1,3 respectively
and gj(t)gj(t)|t12 + 1 for j = 2,4 respectively, then by the use of Theorem 4.14, we
get K+ C K. PFurther o(K) is a linear code over Zs3 having parameters [48, 43, 3].

Then, by the application of Theorem 4.18, we obtain the quantum code having parameters
[48, 38, > 3]s.

Example 5. In Z3[t], t"—1 = (¢t +2)3(t* + 3 +12+t+1)3 and 9 +1 = (¢t +1)3 (¢4 +2t3 +
12+ 2t + 1)3. Now, let KC be a w-constacyclic code over R = Ziz + vZ3+ wZs3 + vwZss where
vP=1,w? =1 and vw = wv and v*w? = vw of length 15. Let g1(t) = go(t) = t+2 and
g3(t) = ga(t) = t+1,9(t) = &(E+2)+&(E+2) +&(E+1)+E(t+1) be the generator
polynomials of K.Since g;(t)g; (t)[t'® —1 fori = 1,2 respectively and gj(t)gj(t)\t15 +1 for
j = 3,4 respectively, then by the use of Theorem 4.15, we get K+ C K. Further ¢(K) is
a linear code over Zs having parameters [60, 56, 2]. Then, by the application of Theorem
4.18, we obtain the quantum code having parameters [60, 52, > 2]s.

Example 6. In Z[t], t** —1 = t+ 1)t +2)E+ D) + 3+ 2t + D)+ 3+ 2+t +
Dt* 428 4t + Dt 4283 41242t +1) and 20 +1 = (2 +t+2) (2 + 2t + 2)(t* + 12 +
t+ D)+ 2+ D+ 32+ D)t 2683 + 124+ 1). Now, let K be a 14 v +w + 2vw-
constacyclic code over ® = Zs + vZs + wZs + vwZs where v> =1, w?> =1 and vw = wv
and v*w? = vw of length 20. Let g1(t) = ga2(t) = g3(t) = t2+t+2 and g4(t) = t+2,
g(t) = E (P Ht+2)+ &P+t +2) +E&(12 +t+2) +&4(t+2) be the generator polynomials
of K. Since gi(t)g: ()|t + 1 fori = 1,2,3 respectively and g4(t)g;(t)|t?*° — 1, then by
the use of Theorem 4.11, we get K+ C K. Further ¢(K) is a linear code over Zs3 having
parameters [80, 73, 3]. Then, by the application of Theorem 4.18, we obtain the quantum
code having parameters [80, 66, > 3]s.

6. Conclusion

In this work, we have given a construction of quantum code through ¥-constacyclic code
over the finite non-chain ring ® = Z3 + vZ5 + wZs + vwZs where 1> = 1, w? = 1 and
vw = wr and v?w? = vw. We have derived self-orthogonal code over the ring Z3 as Gray
images of linear code over the ring Z3 + vZs + wZ3 + vwZ3. In particular, the parameters
of quantum code over the ring Z3 are obtained by decomposing -constacyclic code into
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cyclic and negacyclic codes over the ring Z3. For the future scope, one can look at other
classes of constacyclic codes over Z3 + vZ3 +wZ3 +vwZ3 and Z, + vZ, + wZ, + vwZy,.
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