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Definite integral of logarithmic trigonometric functions
expressed in terms of the incomplete gamma function
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Abstract. We present a method using contour integration to derive definite integrals and their
associated infinite sums which can be expressed as a special function. We give a proof of the
basic equation and some examples of the method. The advantage of using special functions is
their analytic continuation which widens the range of the parameters of the definite integral over
which the formula is valid. We give as examples definite integrals of logarithmic functions times
a trigonometric function. In various cases these generalizations evaluate to known mathematical
constants such as Catalan’s constant and 7.
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1. Introduction

We will derive integrals as indicated in the abstract in terms of special functions. Some
special cases of these integrals have been reported in Gradshteyn and Ryzhik [3]. In 1867
David Bierens de Haan [4] derived hyperbolic integrals of the form

/OO sinh(az) (e7™*(log(a) — z)* — e™*(log(a) + x)*) i
0

(cosh(az) + cos(t))?

In our case the constants in the formulas are general complex numbers subject to
the restrictions given below. The derivations follow the method used by us in [8]. The
generalized Cauchy’s integral formula is given by
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This method involves using a form of equation (1) then multiplys both sides by a
function, then takes a definite integral of both sides. This yields a definite integral in
terms of a contour integral. Then we multiply both sides of equation (1) by another
function and take the infinite sum of both sides such that the contour integral of both
equations are the same.

2. Derivation of the definite integral of the contour integral

We use the method in [8]. Here the contour is similar to Figure 2 in [8]. Using a
generalization of Cauchy’s integral formula we first replace x by iz + log(a) then multiply
both sides by €”* for the first equation and the replace x with —z and multiplying both
sides by e™™* to get the second equation. Then we subtract these two equations, followed

by multiplying both sides by —Q(Cos}f(i;lil)(ﬁl )2 to get

B sinh(az) (e7™*(log(a) — z)* — e™*(log(a) + x)")
2T (k + 1)(cosh(ax) + cos(t))?

1 w™* 1™ sinh(ax) sinh(z(m + w))
- 2mi Jo (cosh(az) + cos(t))?

dw (2)

where the logarithmic function is defined in equation (4.1.2) in [1]. We then take the
definite integral over x € [0, 00) of both sides to get

dx

[ e (e (log(a) — 2) — e (log(a) + 2)")
2I'(k + 1)(cosh(ax) + cos(t ))

*k La® sinh(az) sinh(z(m
= oni / / (cosh(ax) + cos(t))?
w™* 1™ sinh(ax) sinh(z(m 4 w))
/ / (cosh(ax) + cos(t))? drdw (3)

amw~* 1 ese(t)a csc (%) sin (@)

w)) dwdx

- = d
27 Jo a? v
1 7w F esc(t)at csc (@) sin (t(mjw)>
. 5 dw
2m Jo a

from equation (2.5.48.18) in [7] and the integrals are valid for a, m, k, t and o complex
and —1 < Re(w +m) < 0 and Re(a) # 0. We are able to switch the order of integration
over w and x using Fubini’s theorem since the integrand is of bounded measure over the
space C x [0, 00).
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3. Derivation of the infinite sum of the contour integral

3.1. Derivation of the first contour integral

In this section we will again use the generalized Cauchy’s integral formula to derive
equivalent contour integrals. First we multiply equation (1) by etmt/o /2i then replace by
x by p + it/a for the first equation and then p —it/« for the second equation to get

. _imt b k 2imt b k
ie” a ((p_Et) —e¢a (p+Y) ) _1/ k1 wp . (M + W) d (4)
o (k + 1) Tor o o a v

Then we replace p with 7i(2p + 1)/a + log(«) and multiply both sides by —(21—7{ to get

o <(<2+1> 1 4 log(a)) — e (ML 4 2 4 log(a)) )

2k +1)
im(2p+1)
= L w* Lsin (t(m 5 w)> eM(log(a)+++>dw (5)
2m Jo a
Then we multiply both sides by —QZJ mmng) and take the sum over p € [0, 00) and

simplify the left-hand side in terms of the Lerch function to get

k ka1l (iNk im(r=t) 2imm —t—ialog(a)+m 2imt Zimm t—ialog(a)+m
27r+(£)€a ble o k?()—ea@ea,—k+

a’T'(k+1)

T im(2p+1)
2 Z / Sln < (m U])) ’LU(log(a)+ 5 > y
) :
in( )
T 1['/ Zw -l sin <(an)> w(log(a)-&-%) w
tJco e
p=0 a d

1 Tw F o esc (Lmjw)> sin (t(mjw)

_% C CL2

) dw (6)

from equation (1.232.3) in [3] where csch(iz) = —icsc(z) from equation (4.5.10) in [1]
and Im(w) > 0 for the sum to converge. The log terms cannot be combined in general.
3.2. Derivation of the second contour integral

Next we will derive the second equation by using equation (6), multiplying by m csc(t)
and taking the infinite sum over p € [0, 00) to get
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Nk im(m—t) 2imm i 2imt 2imm i
2k phtlm (L) esc(t)e a (<I> (e o, —f, imtalosla)dm lalog(a)ﬂr) —e a <I>(e o, —f, talosla)dm lalog(o‘””))

2 5
T (k+1)
| oot (2520 a 252
- 277'” C a2 dw (7)

Then we replace k with k£ — 1 to get

ok—1,k (é)kfl csc(t)eim(TQ (<I> (6@’ 1k —t—iaIOg(a)+7r) _ (622'21”7 1k, t—ialog(a)-ﬁr))

’ 2m 2m
a?(k —1)!
1 mw™F csc(t)a® csc (@) sin (t(mjw))
. . dw ()

from equation (1.232.3) in [3] where csch(iz) = —icsc(z) from equation (4.5.10) in [1]
and Im(w) > 0 for the sum to converge.

4. The Lerch function

The Lerch function see section (24.14) in [6] has a series representation given by

o0

O(z,5,0) =Y (v+n)"2" (9)

n=0

where |z|< 1,v # 0,—1,.. and is continued analytically by its integral representation
given by

1 00 ys—1,—vt 1 00 ps—1,—(v-1)t
(2,,v) I'(s) /0 1—zet I'(s) /0 et —z (10)

where Re(v) >0, or |2|< 1,z # 1, Re(s) > 0, or z =1, Re(s) > 1.
5. Definite integral in terms of the Lerch function

Since the right-hand sides of equation (3), (6) and (8) are equivalent we can equate
the left-hand sides simplify the factorial to get
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/OO sinh(az) (e (log(a) — x)* — e™*(log(ax) + z)*) I
0

(cosh(az) + cos(t))?
k(Qﬂ.)k‘ (é‘)k—l Csc(t)ezm(;r_t) (b (621'%, 1 _ k’ %}[W)

2
a
. _ im(m—t) im imm v
. B2 (5) T esc(t)e™ 5 A e (07,1 -, iiggladin) (11)
2
a
. im(mw—t) i s
(2} (1) esc(t)e ™ T (0%, —f, Zeblerin)
2
a
. im(mw—t) im imm 3
@)+ im (1) ese(t)e e TR D (e—Q =, %)
+ 2

The integral in equation (11) can be used as an alternative method to evaluating the
Lerch function.

6. Evaluation of special cases of definite Integrals

6.1. Special case 1

For this special case we will form a second equation using (11) by replacing m by —m
taking the difference from the original equation and simplifying to get
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dzx

B /OO 2sinh(az) sinh(maz) ((log(a) — 2)* + (log(a) + z)¥)
0 (cosh(az) + cos(t))?

k(27r)k (é)k_l CSC(t)eiim(Z_t)(b (67@’ 1—k, M)
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et () e e (M segeks)
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; im(w—t) imm —t—i
(2 (1) ese(tye 0" @ (e 0T, e paein)
— "
. im(w—t) im imm —1
@2m)k+m ()  ese(t)e™ o D (e_QT’ By wlcgi(a)ﬂ)
+ 2
a
. im(mw—t) im 4 -
(2m) (1) esct)e ™50 @ (0%, —f, Zieloplodin)
_ "
; im(mw—t) im imm —
(2m)F+1im (é)k csc(t)e™ @ 2t g (@2T7 k! Zal%i(a)-m)
+ 2
a

6.2. Special case 2

For this special case we use equation (12) setting o = 1 and taking the first partial
derivative with respect to m simplifying to get
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sinh(ax) cosh(mzx)

(cosh(az) + cos(t))?

X

. im(t+m)
k= Lyk (é)lﬁrl csc(t)e” i 2imt
- a(—1+ eimk) ake o @

2T

imt imm _t
— 2imm <(32afq)(62a,—k,7T )

2T
im t
- & (e_Za, —k, —|—7r>>
2T

iTm imm _t
+62a <ak<1><62a ,1—k,7T )
27

imm - t
+ 2t7rm® <€2 a ,—k, T >>
2

im s imm t
—62 . <ak<1> (eza ,1—k, +7T)
27

imT t
+ 2t7rm® <€2a ,—k, +7T>>>
2

7. Derivation of entry 3.514.4 in [3]

imm t
— ak® <e_2a,1 -k, +7r>

Using equation (12) we proceed by setting v = 1 and simplifying to get

1255

_ 2imm

e a1

m™—1t
k
’ 271')

(13)
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J

ool,k

-k 2imt _ im(t+m) _ 2imm _
sinh(az) sinh(mz) 2k rhtlm (£)" esc(t)e™a a @ (e a ,—k, u)
(cosh(az) +cos(t)2 @ (F1)F +1)
i im(t+m) M
2k ki, (é)k csc(t)e™ A @ (e_QT, —k H—”)

’ 27
o (~)F + 1)

ikt (1) eso(t)e 50 (45, -k, 3 )
’ A (DF+1)
ok ktlm (é)k csc(t)eW(fzﬂ) i) (e%%, —k, t;—ﬂ”)
- a®((—=1)F +1)
: im im(ttm IMT
. i2k 1k (é)kcsc(t)e%_ — (e_QT, 1—k, g—j)
a((=1)k+1)
i+ (1) ese(t)e 50 (5 1 b )
a((—=1)F+1)
2k rk (é)k Csc(t)em%_m(iﬂ) o (em%, 1—k, g—?)
a((=1)k+1)
. im(t+m) imm
. 12k ek (é)kcsc(t)e o (62T, 1—k, t;‘—ﬂ’r)
a((=1)k+1)
(14)
Note: When we replace k by k — 1 we get the Mellin transform.
Next we set k = 0 and m = b simplify to get
*  sinh(az) sinh(bx) mhesc(t) csc (Z2) sin (%)
dx = (15)
o (cosh(ax) + cos(t))? a?

from entry (2) in Table (64:12:7) in [5], where —7 < Re(t) < 7w and 0 < [b|< a.

8. Derivation of entry (2.3.1.19) in [2]

Using equation (13) and setting m = 0 simplifying we get
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/OO x¥ sinh(ax) i
o (cosh(ax) + cos(t))?

_ 2k_1kﬂ_k <1)k+1
a
k
csc (2)
csc(t) (C <1 —k, WQ;t)
t+m
~<(-+57))

Next we set t = 7/2 simplify to get

oo
/ 2°~ ! tanh(az)sech(az)dz
0

= 982 1) <61L>
=
)
(2

from entries (2) and (3) in Table (64:12:7) in [5].

9. Derivation of a new entry for Table 3.514 in [3]

Using equation (12) and setting £ = —1,a = —1,a = 1,t =

simplifying we get

1257

(16)

w/2,m = 1/2 and



R. Reynolds, A. Stauffer / Eur. J. Pure Appl. Math, 14 (4) (2021), 1249-1265 1258

% sinh (%) tanh(z)sech(z)
/ 5 5 dz
0 v+ T
_ V2 (3
3272 8
4+ (5>
; (18)
m (L
()
9
AN (e
()
s
+ 167 (\@—i- log (tan (§)>>
from entry (3) Table (64:12:7:2) and entry (4) Table (64:12:7:3).
10. Definite integral in terms of the Hurwitz zeta function
Using equation (14) and setting m = 1 and a = 2 to get
/°° z¥ sinh(z) sinh(2z) 28¢5 bk csc (5)¢(1—k, )
o (cos(t) + cosh(2z))? (-1 +1
2k=3¢"5" ek csc (L) ¢ (1 — k, LX)
B (-1)k+1
k=35 bk csc (%) C(1—k, % — ﬁ)
(—1)k+1
k3¢5 ek ese (1) ¢ (1 — k, & (£ +3))
' (—1)F +1 (19)
L 27 e (4) ¢ (k2
(-1)k+1
P2 T e (3) (- )
(—1)k+1
itk
2 e mtsee (5) C (ko § — 4)
(-1 +1
k=26 '5" rh+1 goc (L) ¢ (=&, % (£+3))
(—k+1

Next we apply L’Hoépital’s rule to the right-hand side as kK — 0 to get
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/°° x sinh(z) sinh(2z) e
o (cos(t) + cosh(2z))?

1 t
= —msec | =
2 2

from entry (1) in Table (64:4:2) in [5], where —7 < Re(t) < 7.

1259

(20)

11. Definite Integral in terms of the log-gamma log(I'(z)) and Harmonic

number H; functions

Using equation (19) taking the first partial derivative with respect to k and applying

L’Hopitals’ rule as £ — 0 and simplifying to get
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/°° log(x) sinh(x) sinh(2z) i
o  (cos(t) + cosh(2x))?

1 t

= TG CSC <2>

(H_H-Tr — H iisx _|_1/,(0) <L‘+7T)
47

- (29)

+ 27 sec (;)

(21)

from equations (64:4:1), (64:9:2), and (64:10:2) in [5].

11.1. Example 1

Using equation (21) and setting ¢ = 7/2 simplifying to get

/Ooo log(x) sinh(x) tanh(2z)sech(2x)dz

) o 27l (3) T (§)
=3 <4smh (1) + V2rlog (W))

11.2. Example 2
Using equation (21) and setting ¢t = 7/3 simplifying to get

/OO log(x) sinh(x) sinh(2x)
0 (2 cosh(2z) + 1)2

_ L (10\/§7r log(2) + 6log(64) + 9v/3mlog(r) (23)

288
r(3)
+6v/37 log <F (é)2)>
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11.3. Example 3

Using equation (21) and setting ¢ = 7/4 simplifying to get

X

/OO log(x) sinh(x) sinh(2x)
0 (2cosh(2x) + 1)2

— 1 (10\/3% log(2) + 61og(64) + 9V3r log(w) (24)

288
+6v/3rlog (;(f)g))

Using equation (21) and setting ¢ = 27/3 simplifying to get

11.4. Example 4

/°° log(x) sinh(x) sinh(2x) dx
0 (2cosh(2z) — 1)2

L <4 coth™ (3) (25)
7

11.5. Example 5

Using equation (21) and setting ¢ = 0 and applying L’Hopital’s rule as ¢t — 0 simplifying
to get

/000 log(z) tanh?(x)sech (z)dx

§2
a1 (e ()
D

(26)

12. Derivation of hyperbolic and algebraic forms

12.1. Example 1

Using equation (12) setting k = —1, t = 7/2 and replacing a by ¢’ simplifying we get
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/OO x tanh(ax)sech(azx) cosh(max)
5 5 dz
0 /B +z

_ 3imm B 3
e 2a 2imm a
e 72 ) (b T T a ]_ L —
8ma < m <e By + 4)

iTm imm 2
+ea (2i7rm<1> <e_2a, 1, W)

41
imm 2
a2 0 207
4

_ 2imm7 (IB 3 (27)
—ad 9 24 C
a (e Kl + 4>

LT M 2
+ ezT <a<1> <€2a,2, 7aﬂ + W)

iTm imm 3
+ieli™ <27Tm<1> <62 me g 4B >
T

. 2imm CL,B 3
P a ,2,— 4+ —
+ 2a (e 25 +4>>>

Next we take the first partial derivative with respect to m and simplifying to get
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/OO x tanh(ax)sech(ax) cosh(mx)d
x
0 8% + a2
3imtm
e 2a 2imm aﬂ 3
- —2%m® (e a1, =2 4+ 2
8ra ( v (e ’ ’27r+4>

imtm M 2
+ea <2i7rm(I) (e_Qa, 1, W)

47
imm 2
+ ad (e_za, 2, 7@6 + 7T>>
47

_ 2imm aﬁ 3 28
—ad mr oo 40 9 (28)
¢ (6 T 4)

iTm imm 2
+e2a <a<I> (eQCL,Q,a6+W)
a7

imm 2
— 2tmm® <62a, 1, W))

47

—&—ie&% 2rm® e%%,l,%—i—§
2r 4

imm 3
+ia® <e2a ,2,% +4>)>

from equation (9.550) in [3]. Next we set m = 0 simplifying in terms of the Trigamma
function ¥ (M (2) to get

= 2
B2 + 22 o 47 (29)

2apB+m a
/°° xtanh(ax)sech(am)d yp® ( f;r ) — (g + %)
0

from equation (64:4:1) in [5].

12.2. Example 2

Using equation (12) and setting k = —2,¢ = 7/2 and replacing o by e’ simplifying
we get
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/0°° (( : EREe: —1¢,3)2> tanh(ax)sech(ax) sinh(mz)dr

r+1if3
3imtm
e 2 2imx - aff 3
= — @ T T a 2 _ —
o (e (2.0 )
iTm imm 2
+ea (ia@ (6_2a,3, aﬂ—Hr)
47
imT 2
— mm® <e_2a,2, aﬂ—l—w))
47
. _ 2imm CL/B 3 (30)
— iad a .3 = e
1a (e S + 4)
iTm imm 2
e (m) <e2a,2,aﬂ+7f>
41

+ia® (a”’;’”,:s, 2apt+m ”))
47

3imm 2imm aﬁ 3
; o™i 2,22 4 2
+e (Wm <e Kl + 4>
imm CL/B

Viad (e2mm g W3
a e 7727]' 4

Next we take the first partial derivative with respect to m and setting m = 0 simplifying
to get

/°° z(z — B)(B + z) tanh(ax)sech(az) p
0

(B +22)° v 1)
o) (45) oo (1) o2 ) 0 24)
- 472

from equations (64:12:1) (64:13:3) and (64:4:1) in [5].

13. Discussion

In this article we derived the integrals of hyperbolic and logarithmic functions in terms
of the Lerch function. Then we used these integral formula to derive known and new re-
sults. We were able to produce a formal derivation for equation (27) Table 27 in Bierens
de Haan [4] and equation (3.514.4) in [3] not previously published. The results presented
were numerically verified for both real and imaginary values of the parameters in the in-
tegrals using Mathematica by Wolfram. In this work we used Mathematica software to
numerically evaluate both the definite integral and associated Special function for com-
plex values of the parameters k, «, a, m and t. We considered various ranges of these
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parameters for real, integer, negative and positive values. We compared the evaluation of
the definite integral to the evaluated Special function and ensured agreement.

14. Conclusion

In this paper, we have derived a method for expressing definite integrals in terms of
Special functions using contour integration. The contour we used was specific to solving
integral representations in terms of the Hurwitz zeta function. We expect that other
contours and integrals can be derived using this method.
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