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Abstract. In this article, we study the fundamental solution of the operator

(10400 (455))

iterated k-times, which is defined by (10), where m is a non-negative real number, and k is a non-

k
negative integer. After that, we study the Fourier transform of the operator ((<> + m2) (%)) 4,
where 0 is the Dirac delta function.
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Introduction

The operator o* has been first introduced by Kananthai [5], is named as the diamond
operator iterated k-times, and is defined by

p 82 2 p+q 82
k
— | - — =n 1
r=1 Jj=p+1 J
where n is the dimension of the space R", for x = (z1,x2,...,2,) € R™ and k is a non-

negative integer. The operator {}* can be expressed in the form F = CIFAF = AFEF,
where the operator AF is Laplace operator iterated k-times, which is defined by
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and the operator [J¥ is the ultra-hyperbolic operator iterated k-times, which is defined by

k
Dk: 8724_8724_..._’_872_ 82 _ 82 . — 82 . (3)
0x?  Ox3 Oz  OxZ,, Ox3,, dx2, .,
By putting p = 1 and 1 =t (time) in (3), then we obtain the wave operator
9 =9
_ P N9 4
o2~ O3 @

In 1997, Kananthai [5] showed that the convolution (—1)*RS, (z) * R () is the funda-
mental solution of the operator ¥, that is

OM(=1)* Ry (x) * Rij(x)) =6, ()

where the function RZ () is defined by (20) and RS, () is defined by (19). The fundamen-
tal solution (—1)*RS, () x RIL (x) is called the diamond kernel of Marcel Riesz. Satsanit
[20] showed that

k
P 2 2 p+q 2
0 0
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o= ( 8xZ> * Z Ox?
r=1 Jj=p+1 J
_((p+EY (o=
B 2 2
A2 42\ "
(=52

Moreover, Kananthai, Suantai and Longani [7] studied the fundamental solution of the
operator ®F and the weak solution of the equation @*u(z) = f(z), where the operator @*
is defined by

_ ~k
k ", 92 ! bta 0?2 )
o= (Za> | 2 e
| \r=1 Jj=p+1 J ]
[/ p 5?2 2 Pre g 29k P52 2 Pre g2 ok
= ( agga) | > 5 <28x2> +1 2 922
p=1 T j=p+1 773 )] p=1 " j=p+1
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where p + ¢ = n is the dimension of the Euclidean space R", k is a non-negative integer,
and f(z) is a generalized function.
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Next, Kananthai, Suantai and Longani [6] studied the relationship between the oper-
ator @ and the wave operator, and the relationship between the operator &* and the
Laplace operator. Moreover, they studied equation ®* K (z) = ¢ and they showed that

K(x) = [Ri () * (~1)* Ry (2)] * Sax(x) * Tox()

is the fundamental solution of the operator ©*. Later, Kananthai [3] studied the inversion
of the kernel K, g, related to the operator aF.

In 1988, Trione [22] studied the fundamental solution of the ultra-hyperbolic Klein—
Gordon operator iterated k-times, which is defined by

0? 0? 0? 0? 0? 0?
Nk _ |97 9 2
(B +m*) _lax%+8m%+ + +m

(8)

5 — e
dx2 Ozl prw 8xp+q

Later, Lunnaree and Nonlaopon [11] introduced the operator ({+m?)¥, that is named
as the diamond Klein-Gordon operator iterated k-times, which is defined by

k

2 P+a o9 2
2k _ _ 2
0entt=((Sam) - X %) +nt) 0
Jj=p+1 J
where p+¢ = n is the dimension of the space R”, for x = (21, z2,...,z,) € R", m is a non-

negative real number and k is a non-negative integer, see [9, 10, 17, 18] for more details.
V.N. Mishra, K. Khatri and L.N. Mishra [15] studied the linear operators to approximate
signals of Lip (o, p), (p > 1)-class, see [2, 12-14, 16] for more details.

Moreover, Kananthai [4] studied the fundamental solution for the ({ 4+ m*)*, which
related to the Klein-Gordon operator. From (7) the operator

2 N 2 27k
Z N i pi o) _m
ox? A 0z? 2
J=p+1 "~ J
can be expressed in the form
5 2 2 27k
— AN | - =
— ox? 2 P Ox; 2
k k
Sy (5 2) ) (B0 (2 2)
2 2 2 2
—~ 0x? Pt Ox5 — 0x? S Ox5

k
= (O + mQ)k <A2;—D2>
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= (O +m?)t e (10)

From (10) with ¢ = m = 0 and k£ = 1, we obtain Laplace operator A;‘; of p-dimension,
where

0? 0? o
Ny=—+—+ -+ —. 11
P ox? * 023 e dx2 (11)
In this article, we study the fundamental solution of the equation of the form
P 2 2 p+q 2 2\ "
0? ) m? 0? m?
— | +—= ] - — | - — K(z,m)=9¢
2 2 ) Y
(T_l Ox? 2 i 8xj 2

“ (10 (E42)) Kt -,

where K(z,m) is the fundamental solution, § is the Dirac delta function, k is a non-

negative integer, and m is a non-negative real number. Moreover, we study the Fourier
k
transform of the operator ((<> +m?) <¥)> 5.

Preliminary Notes
Definition 1. Let x = (z1,x2,...,2y) be a point of the n-dimensional space R,
2 2 2 2 2 2
U:$1+x2+"'+$p_xp+1_ifp+2_“’_ﬂfp+q, (12)

where p+q =n.

Define 'y = {z € R" : 21 > 0 and u > 0}, which designates the interior of the forward
cone and Ty designates its closure and the following functions introduce by Nozaki [19,
Page 72], that

ot )

Ri(2) = Ity To €T (13)
0, Zf X ¢ F+

1s called the ultra-hyperbolic kernel of Marcel Riesz. Here, o is a complex parameter and

n the dimension of the space. The constant K, («) is defined by

K, (a) = a - (14)

and p is the number of positive terms of

2 2 2 2 2
U=T] +Ty+ T, =Ty — Tppo =~ Tppgs p+qg=n
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and let supp RH(x) c Ty. Now, RH(x) is an ordinary function if Re a > n and is a
distribution of a if Re v < n. Now, if p =1 then (13) reduces to the function My (u), and
is defined by

ot )
My(w) =4 M@ T2l (15)
0) Zfl‘ g F-i-v
where u = 23 — 23 — -+ — 22 and H,(a) = 7T<n51>2a*1F(O‘_T"+2). The function My (u) is

called the hyperbolic kernel of Marcel Riesz.

Definition 2. Let f(z) € L1(R™) (the space of integrable function in R™). The Fourier
transform of f(x) is defined as

— 1

FO = Gy [, 5 @ (16)

where & = (£1,82,...,&n), @ = (z1,22,...,2,) € R" -2 = ({121, &2, ..., EnTy) is the
usual inner product in R™ and dx = dx1dxo . ..dx,. The inverse of the Fourier transform

is defined by
1 L
= —— —iw dg. 17
@) = Gy [, e RO (1)
If f is a distribution with compact supports, by [24, Theorem 7.4-3], Equation (17) can be

written as ]

W <f(x), eﬂf'x> . (18)

f©)=Ffx) =
Lemma 1. [5] Given the equation A*u(x) = § for x € R", where AF is the Laplace opera-
tor iterated k-times, which is defined by (2). Then u(z) = (—=1)*RS, (z) is the fundamental
solution of the operator AF, where

T (n72k:)

Sp(r) = ———2 || 19
5.5) = Jp o (19
Lemma 2. [22] If @Fu(z) =6 forz € Ty = {x € R" : 21 > 0 and u > 0}, where [I¥is the
ultra-hyperbolic operator iterated k-times, which is defined by (3). Then u(x) = RE (z) is
the unique fundamental solution of the operator [IF, where

—n 2k—n
w5 (:U%—Fm%—l—---%—xf,—xgﬂ—'--—ngrq)( P

() = i amy ~ K 2h) 0

and

AT T (2+2k—n) r (1—2k) T'(2k)
K, (2k) = . <2+222k_p> F(p%’“) : (21)
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Lemma 3. [5] Given the equation {Fu(z) = § for x € R™, then u(z) = (—1)*RS,(z) *
Rgc(x) is the unique fundamental solution of the operator {F, where OF is the diamond
operator iterated k-times, which is defined by (1), RS, (x) and RE (z) are defined by (19)
and (20), respectively. Moreover, (—1)* RS, (z) * Ri (z) is a tempered distribution.

It is not difficult to show that R®.,, () * RE,, () = (—=1)k{kS, for k is a non-negative
integer.
Definition 3. Let © = (z1,22,...,2,) be a point of R™, the function P,(x,m) is defined
by
P _ 70‘/2 (1 a/2+rRe RH 29
Ot(xam) - Z P (m ) ( ) a+2r($) * a+2r(‘r)7 ( )
r=0

where a is a complex parameter, m is a non-negative real number, REJFQT(x) and Rf, ,,.(x)
are defined by (20) and (19), respectively.

From the definition of P,(z,m) and by putting o = —2k, we have
S k T — T €
Plop(z,m) =) (r) (m?)" (=1) RSy (@) % Ry ().
r=0

Since the operator (¢ +m?)* defined in equation (9) is a linearly continuous and has 1 — 1
mapping, then it has inverse. From Lemma 3, we obtain

Poai(w,m) = i (_k) (m?) o7 75

r=0 r
= (0 +m?)s. (23)
By putting & = 0 in (23), we have Py(x, m) = §. By putting o = 2k into (22), we have

Pun) = () 2D R o) ¢ Bl

> () 1 R o) ¢ Bl =

The second summand of the right-hand member of (24) vanishes for m = 0 and then, we

have
Poy(,m = 0) = (—=1)" Ry (x) * Ry, (x) (25)

is the fundamental solution of the diamond operator ¥,

Lemma 4. The function R, (z) and (—1)*R°,, (z) are the inverse in the convolution
algebra of R (z) and (—1)*RS, (x), respectively. That is,

RHQk(x) * Ri(a:) = Rfl%wk(x) = Rgl(l’) =9

and

(—1)k352k(x) * (‘UkRSk(l’) = (_1)2kRi2k+2k(x) = Rj(z) = 0.



S. Bupasiri / Eur. J. Pure Appl. Math, 14 (4) (2021), 1306-1323 1312
For the proof of the this Lemma is given in [1, 21, 23].

Lemma 5. [20](Convolution of RS (x) and RH(x)). If R¢(x) and R (x) are defined by
(19) and (20), respectively, then

(i) Re(x)* RG(x) = Ri,, 4(x), where o and B are complex parameters;

(ii) RH(x) *Rg(x) = Rg+ﬂ(x), where o and B are both integers and except only the case

both o and B are both integers.

Lemma 6. [11] Given the equation (< + m?)Fu(z) = 6, where ( +m?2)* is the diamond
Klein-Gordon operator, which is defined by

2 k
Z @ + m2 s (26)

Ox? :
r=1 r j=p+1 7

p 2 2 p+q 2
(<>+m2)k: < 4 ) — 4

where x = (x1,%2,...,Ty) € R, k is a non-negative integer, m is a non-negative real
number and § is the Dirac delta function. Then, we obtain

Paayn) = 3 () COP Ry )+ R0 @
r=0

is the fundamental solution of the operator (& + m?)*, defined by (9), where RE (z) and
RS, (x) are defined by (20) and (19), respectively. Moreover, u(x) = Py (x,m) is tempered
distribution.

Lemma 7. [20] Given the equation
oFG(x) =6, (28)

where OF is the operator iterated k-times is defined by (6). Then, we obtain G(x) is the
fundamental solution of the equation (28), where

G(z) = (Rij(x) * (=1 Ry (2)) * (H* (x))*"! (29)
and - ) .
H(z) = 5 Ry (z) + 5(-1)"Rj(z). (30)

Here, H**(x) denotes the convolution of H(x) itself k-times, (H**(x))*~! denotes the
inverse of H**(x) in the convolution algebra. Moreover, G(z) is a tempered distribution.

. 2 2 k
Lemma 8. (The Fourier transform of (((} +m?) (A ;FE >> 5.)
Let Ul
el = (2 + &+ +£2)
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for £ e R™. Then

(e (25))'s

k /
That s, .7:((<>+m2) (AZ;W)) 0 is bounded and continuous on the space S of the
tempered distribution. Moreover, by the inverse Fourier transformation

(0 (52)) s [( e v )

m2
2
2\ 2
- <(§§+1 + f§+2 + 1t €12)+q)2 - 77;) ] )

1

< Gy el +m?¥ el

Proof. From the Fourier transform (16), we have

2 2\ \ ¥

(o (222))"
_ 1 ok (D2 ’ —it-w
—W<5’“+m> (7).
:1<5(<>+m2)’“(_1)2k((£2+£2+~~+§2)2+(§2+£2+“'+€2
2my2 \* 2 LT n b Y

o1~ 2~ — 5721)2)k e_i£'$>
_ 1 (CD oo 22 22 e
- b5 (E+a+ +G) +HE+E+ -+

(2m)n/2
~gh— &= = &) (O +mAe )
g k

[ 2 ptq 2 P 2 p+q 2

— (277:;71/2 <57 (fo) + ( Z 5]) ] |:<fo> — ( Z 5]2) +m2] e—ig.x>
[ V=t j=p+1 i=1 jept1

_ "

1 2 : A 2 : m? —itw
<>< ((?P) ) ((Zf) ) )
2 2 27k
1 m?2 pta 9 m?2
e Z@ +2"j§ﬁ Y

2\ 2 I\ 2
(& +&+ -+€§)2+n;> — <(§§+1+§§+2+~-+§§+q)2—7g>]

k

k

(271')"/2
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. 2 A2+|]2 k .
Next, we consider the boundedness of F <(<> +m?) ( 5 )) d. Since

(000 (555))

[ 27 2 oy 271F
= Qﬁ+$+m+$F+@) —Q$H+£u+m+£ﬂf—g)]
—[(@+8++)— @+t +)+m?)*

X(E+E+ + 7+ (G + o+ +6)]

— (@ +8+ +E@+ -+ G~ — ) +m)*

X((E+ &+ + P+ (En++ED].

Thus
k

f<(<>+m2) (N;BQ» 5

=®&ﬂU@+$+~A{Mﬁ+m+$—£ﬂ—m—ﬁﬂwﬂk

(GG ++ )+ (Gt )Y

(0 (57)) s

1
:W(!Sf+f§+---+§ﬁ|\§f+---+§§—§§+lf...f@%“mz)k

) (E+G++2+ (20 +-+)

k
< Gy (G 48+l eme) fe v gl
1
= Gyl = mS il

where |[¢]] = (€2 + &5 + - +¢2)"/?

o (437

is bounded and continuous on the space S of the tempered distribution.
Since F is 1 — 1 transformation from the space S  of the tempered distribution to the
real space R, then by (17), we have

(oo (252"

,&(i=1,2,...,n) € R. Hence, we obtain
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1 —1 2 2 2\2 m? 2 9 9 5 9 m2 21k
- (27T)n/2f <(§1 TG 2) - ((£p+1 Tt i) - 2)
Main Results
k
Theorem 1. | The fundamental solution of (((} +m?) (%)) >
Given the equation
A% 42\
((<> + m2) (2>) K(x,m) =, (31)

AZ402
2

k
where (((} +m?) ( is the operator iterated k-times, which is defined by (10), 0 is

the Dirac-delta function, x € R™, m is a non-negative real number and k is a non-negative
integer. Then, we obtain

K (w,m) = (Rif(@) + (=) Riy(@) = (H* (@) ) + P, m) (32)

is the fundamental solution for the operator iterated k-times, which is defined by (10). In
particular, for m = 0 then (31) becomes

& K (2,0) =4, (33)
and we obtain
K (2,0) = (R (x) « (- )™ R () « (1 (@) (34)
is the fundamental solution of the o-plus operator ®F, for ¢ = m =0 then (31) becomes
A K (2,0) =, (35)

and we obtain

K(x,0) = Ry () (36)

is the fundamental solution of (35), where Afok is the Laplace operator of p-dimension,
iterated 4k-times which is defined by (11).
Moreover, from (34), we obtain

(RE (@) (~ )R g (@)) + (B (@) ) = K (2,0) = Rif(a) (37)

is the fundamental solution of the ultra-hyperbolic operator EF iterated k-times, which
defined by (3), where R ¢, (z) and R, (z) are inverse of RS, () and RH (x), respectively.
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From (34) and (37) withp=1,g=n—1,k=1,m =0 and 1 =1 (time), we obtain

—1)3 _1)5
(S5 R ot + 2ttty « 5

RQ@)) % K(x,0) = M (u) (38)

((-33@6@)) + M, (u) * <_;R62($)>> * K (,0) = M3 (u) (39)

is the fundamental solution of the wave operator is defined by (4), where Ms(u) is defined
by (15) with a = 2.

Proof. From (10) and (31), we have

(16 +m) (A‘;D)y K(z,m) = (6 + m?)k (Af)k K(z,m)=d  (40)

Convolving both sides of (40) by (R4 (z) * (=1)* RS, (z) x (H**(2))*7) * Py (2, m), we
obtain

[(Rﬁ(w) s« (=1)% RS, (z) * (H*k(ac))*fl) * ng(x,m)} % (O +m2)F (N—;DQ>k K(z,m)

= [(Rﬁ(x) s« (=1)2* RS, (z) * (H*k(x))*fl) * ng(:z:,m)} * 0.
By properties of the convolution, we have

(0 e« (DY (Rie » 1P R » (4@ )) < K

— (R () * (=)™ R (@) = (@) ) + Pl m).
By Lemma 6 and Lemma 7, we obtain,
dxd*x K(x,m)=K(z,m)= <Rﬁ(:c) x (—=1)% RS, (x) * (H*k(a:))%l) * Por(x,m) (41)

k
is the fundamental solution of ((<> +m?) (%)) operator.

In particular, for m = 0 then (31) becomes
&F K (x,0) = 6. (42)
From Lemma 5, (22) and (41), we obtain
K (2,0) = (Rff(@) « (<1 Riy(@) « (B ()*") « Poy(,0)

= (R (@) * (~)® R (@) « (B @)™ ) (~1) R (a) * REf ()
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= (Rik(@) * (~ )™ R (@) « (" (@) (43)
is the fundamental solution of the o-plus operator @&*.
Putting ¢ = m = 0, then (31) becomes
4k
AV K (2,0) =6, (44)

where A;k is Laplace operator of p-dimension iterated 4k-times. By Lemma 1, we have

K(z,0) = (-1)"" R (z) = R (x)

is the fundamental solution of (44).
On the other hand, we can also find K (z,m) from (41). Since ¢ = 0, we have Rl (z)
reduces to (—1)¥RS, (z). Thus, by (41) for ¢ = m = 0, we obtain

K (2,0) = (—1)* R (w) « (-1 Riy(@)) * (—)*R5u(2)) "+ Por(a,0)

= ()R an(a) * (CDPRG) (DA RE () # ()8R (1)
= (-1 Rg(2) = R (),

where (Rj,(z 2))*"! is the inverse of R,.(x) in the convolution algebra.
From (41), we have

K(2,0) = (Rif(@) « (~1)*Rip(@)) « (@) + Pu(a,0).

Convolving the above equation by (R, (z) * (=1)3%*R®, (z)) * (H**(z)) . By Lemma 4,
Lemma 5, and (25), we obtain
(R (@)« (“1)* R gy(a)) + (B (@) ) = K (2,0)

= (Rif(@) + RE,y (@) + (1) Riy(@) « (~ )™ R gy (@) ))
*—1

« ((H*k(x)) x (H*k(a:)) )  Poy(,0)

or

(RH4k( ) (—1)%F R, ) H* (2) ) + K (,0)

=d(z) x (— 1)5’“1%3%() 6(x) * Pog(z,0)
= 6(x) * (1) R gy, (2) * 6(x) * ((—=1)" RSy, (x) * RYj(z))
= 6(z) * 6(z) * 6(z) * RE (z) = RE (x).

It follows that

(RYu(a) » (CUP R () = (H (@) # K(2.0) = Rf(2) (45)
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as the fundamental solution of the ultra-hyperbolic operator iterated k-times defined by
(3).

In particular, if we put p =1, =n—1,k=1,m =0 and 21 = ¢ (time) in (41) then

RH,(z) reduces to M, (u) and RY(x) reduce to M4 (u), where M} (u) and MH (u) are
defined by (15) with a = —4, a = 2, respectively. Thus, (45) becomes

C1\2
(M, (u) % (—1)3R% 4(2)) = <;Mf(:c) + ( 21) Rj(x)) s« K(z,0) = M (u). (46)

By Lemma 7, we obtain

(_1)3 e H (_1)5 e _ H
S REg(z) + MZy(u) 5 RZy(2) | x K(z,0) = My' (u) (47)
or . .
((~3rea) 4 MM« (0o ) ) # Ko 0) = 21f ) (48)
as the fundamental solution of the wave operator defined by
92 o2
O=— -y = 4
ot2 ]2::1 83;?’ (49)

where R¢ 4(x) defined by (19). This completes the proof.

Theorem 2.

F | (R (@) + (1) R () + (H* ()7 )  Porlr,m)|

_ 1
(2m)"/2 [((5% +&E+ -+ )2+ %2)2 - ((5% €22 - @2)2]’“
— )]: [(Rﬁ;(x) * (_1)2kRzk(LE) * (H*k(x))*—l) " P%(x,m)” < (27T1)72LM (50)

for a large & € R, where m is a non-negative real number and M is a constant. That is,
F is bounded and continuous on the space S’ of the tempered distributions.

Proof. By Theorem 1, we obtain

<(<> +m?) <A2‘2FDQ)>Ic ((Rg(x) x (—1)2F RS, (x) * (H*k(x))*_l) % Po(z, m)) —6

or

(((o +m?) (Af))k 5) o ((Rib(e) « (<D Rip(a) = (@) ) « Pue,m)) =&
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Taking the Fourier transform on both sides of the above equation, we obtain

F ((((o vty (5 BQ)Y&) « ((Ri(@) + (~1* Ri(a) + (™))

b
(27’(‘)”/2 :

*Po(x,m))) = F§ =
By (18), we have

s (0 +m (555))s) - (tors 1o o)

b
(27-‘-)71/2 '

* Py (x,m)), e*i(g"'”)> =

By the definition of convolution

<27r1>n/2<((<<> +m?) <A2§D2>>k5> i ((RI@) * (D R (@) = () )

—i&-(z+r 1
P ) < b
(27T1)n/2 <(R5c($) s« (1) RS, (x) * (H*™*(x))* 1) % Poy(x,m), e—i(g.r)>

{0 (B2 )<

2 2 k
F(RY (@)« (~1) Ry (@) + (H™ () 7) = Pag(w,m)) (27) 8 F (((o +m?) (A 3 >) 5)

B 1
(27r)n/2 '

By Lemma 8, we obtain

F((Rik(@) * (~1)*Riy(2) » (H™(@))""") * Pox(z,m))
2

X

2 21 27"
<(§%+§%+---+§£)2+";) - <(§%+£§+~-+£§)2—2> ]
1

(271')"/2 :
It follows that

F((Rik(x) * (~1)*Riy(x) * (H™(2))"1) * Par(w,m))
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1

2 2 2 2 ke
(22 [((£%+£% oA P+ T) () ) ]

Since
1
2\ 2 2\ 2
[((5%+5§ g2+ ) —<(£§+1+§§+2+---+§§+q)2—@)}
_ 1
(G+8+ 42+ + it +E4,)]
X ! . (51)
(@+8+ +DE+8+ +8 -~ — &)+

Let &€ = (&1,&,...,&,) € I'y with 'y defined by Definition 1. Then (£ + &2 +--- + 512, +
£5+1 + §g+2 +---4&2,,) > 0 and for a large k, the right-hand side of (51) tend to zero. It
follows that it is bounded by a positive constant M say, that is we obtain (50) as required
and also by (50) F is continuous on the space S  of the tempered distribution.

Theorem 3.
F ([ (Rif@) « (1) Riplw) « (B (@))"") + Py, m)|
« | (Bl @)« (~)? By(a) (B (2)) ") + Pula,m)| )
= (2m)"/2F | (Rif(@) + (=12 Riy(@) + (B (@)™ ) + Py, m)|

x F | (R @) « (<12 Riy(@) « (B (@) )  Pa(e,m)|
1

kit
<2w>”/2[(<§%+§% crgpem) —(<§%+£%+-~-+£,%>2—’32)1

where k and | are non-negative integers and F is bounded and continuous on the space S
of tempered distribution.

Proof. Since RE (z), RS, (x) and Py (z,m) are tempered distribution with compact
support,

([(RZ‘?@) # (—1)* Ry (2) + (H*k(x))*_1> * Poy(z, m)}
* [(Rfl[(:r)  (—1)2 RS (x) * (H*l(x)>*—1> * Py, m)D

= (R () « RE(@)] [ (= )* 2R (2) « Ry ()]« [(H () (1 ()]
* [Pog(z, m) * Poy(x,m)]



REFERENCES 1321
_ [Rf(kﬂ)(m)] « |:(_1>2(k+l)RZ(k+l)(x)} % [(H*(k+l)($))*_1
* [Pg(k+l)(x,m)]

by [8, Pages 156-159] and [21, Lemma 2.45]. Taking the Fourier transform on both sides
and using Theorem 2, we obtain

F ([(Rﬂ(x) % (=) RS, (z) * (H*’“(:c))**l) * sz(%m)}

* fgm*— a(T) * x))" ) x Py, m
|(Ril @)« (=) B (a) « (" (@) ™") « Pu(z,m)] )

1
N [ 22 2 2]k
o | (@G + G+ +8r+%5) - (@+g+-+82-%)
p— _ 1 _
a [ 2\ 2 2 2] ¥
@r2 (G 4G+ + @2 +5) - (@+8+--+87- %)

n/2
) (2)

2

2 2 2 !
(2m)n/2 [((f% TGP+ ) — (@G 2T ]
= (2m)"2F | (Rif (@) + (<12 Rip(w) (B (@) ") + Poy(,m)|
x F {(Rﬁ(m) s« (=1)2 RS, () * (H*l(:v))*_1> * Pgl(:n,m)} :
Since (Rﬁkﬂ)(a:) * (—1)2(k+l)RZ(k+l) (z) * (H*(-+D ($))*_1>*(P2(k+l) (z,m)) € S, the space
of tempered distribution and by Theorem 2, we obtain that F is bounded and continuous
on S’
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