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1. Introduction

For r € N, the higher-order tangent polynomials, 77 (x) (n > 0), are defined by the
following generating function (see [1])

2\ a4 = t"
(e%+1> e :ZT;;(:C)E, 2t < . (1)
n=0 ’

When r = 1, the above equation gives the generating function for the classical tangent
polynomials (see [2]).

The study of tangent polynomials has become an interesting area for many mathemati-
cians for they possess significant properties that can be found in the field of mathematics
and physics (see [3], [4]). Analogues, explicit identities and symmetric properties for tan-
gent polynomials are derived in (see [5], [6], [7]).

In this paper, the researchers derive the Fourier expansion and integral representation
of the tangent polynomials of order r, r € Z* and present an explicit formula of these
polynomials at rational arguments using the method of Luo [8].
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2. Fourier Expansions for Tangent polynomials of Higher-order
In this section, we give Fourier expansion for tangent polynomials of higher order.
Theorem 2.1. For0 <z <1,
92 r4n oo r—1 ' r+n—j—1 7Tj T
Ty =2-n (2 _1yd —B’T(—>
o=z (C) nme ()5 G

 cos [(2k + D)mx/2 — (r+n — j)m/2]
(2k + 1)rtn—J ’

(2)

where B (%) denotes the Bernoulli polynomials of order r defined by

w " w™
W __ '
(e“’—l) ¢ _Z OBj(w)n!'
]:

Proof. For r > 2,

1 . dr_l . 2 r ezt
Res(f(t)at:tk) = m}i{g@ F(t—tk) W W

Consider the function

2 T xt t—1.)" xt
(t_tk)’r‘( ) € :2?"( k') €

e2t +1 n+1 (th + 1)r n+1 :

Writing (th + 1)T as

(e +1)" = (1) (e*(-1) — 1)
— (_1)7‘ (e2t . e—th _ 1)7'
— (=1) (eQ(t—tk) _ 1)’"’
and since e 2tk = ¢72k+D 31 — ~(2k+D)T — _ ] e have
(t ; )7" 2 T ezt _ 2T(t_tk)r ext
k e2t 11 tn+l (_1)7" (62(t—tk) _ 1)7" ' tn+1

= (-1 (2(t = tk))r . et
- (eQ(t—tk) _ 1)7“ tn+1

_ (_1)r (i B;; (2<t ;'tk))”) ot t—(n—f—l)’
n=0 ’

where B], denotes the Bernoulli numbers of order r defined by the generating function
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w ) =, W
(&%) ~xm i
To get the derivative, applying the Leibniz Rule yields
L_l (t—t )7“ L ' Lwt
dir—1 kK\ety1) el
dril r . T (Q(t B tk))n zt ;—(n+1)

=0

Syt { ( S <2<tt>>> t(nﬂ)}
n=0
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Thus,
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Note that B, t (_ )) — 0 as t — tx except when n = [. This gives

r—1
1 , r—1 1 » i
RGS(f(t)’t:tk): (T—l)l(_l) Z( ] >(_1) ! J(n—i_r_l_j)r—l—j tk( )
! =
J j .
x e*te Z (l>le2le
1=0
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(=" (r—1)! el (ntr—i)
(r—1)! oﬂ'(r—l—J)( A L
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> ()R 22

Recall that B (£) = Y°1_, () B (%)’™". Thus,
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This gives
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Now, from (3), we look at
e(2k+1)%im

-7(r+nfj)§ : (4)
2 —_— .

r+n—
rez (2k+ 1)

Noting that i~ ("n=7) = ¢=(r+n=0)7i/2 apd (—1)7+7=7 = (F+7=0)7 e see that

- (Qk;—‘rl)ﬂx — o0 e(2k+1)%x . e~ (2k+1) %
—\r—n—j ——— rTn=j e — 1 e '7
Z (2k + 1)r+n—J kz_o (2k 4 1)r+n—J +(= Z (2k + 1)r+n—i

el@k+1)z/2—(r+n—j)/2]mi +6—[(2k+1)a:/2—(7"+n—j)/2]m
2k + 1)

2cos[(2k+ 1)mx/2 — (r+mn — j)m/2]
(2k + 1)r+n—J

o

2. cos [(2k + V) wx/2 — (r+n —j)7r/2]
Z (2k + 1)r+n—J

Replacing (4) with (5) in (3), we get the desired formula (2).

3. Integral representation for Tangent polynomials of Higher-order

In this section, we establish an integral representation for tangent polynomials of
higher order.

Theorem 3.1. Forn e N, r>2, and 0 <R(z) <1,

r T nril -1)/ B; (2)
T)(z) =2" z;)(j!) '(r_ji1)!

B /°° e ™cos[rx/2 4+ (r+mn—j)r/2] prbn—i-1 g
0 cosh (27t) — cos (7x) ‘

/°° e™cos [rx/2 — (r+n— j)r/2| == g
cosh (27t) — cos (wz)

(6)

Proof. From (2), we get

, 92 r4n oo r—1 ' + . _1) j i
Tn(x)zz-n!<w) P! (r+n jl)'n' .%Bj(g)

k=0 j5=0
 cos [(2k + 1)71'3:/2 - (T +n—j)n/2)
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=)

2’”*”*12 )JB (%) .(r—i—n—j—l icos 2k—|—17ms/2—(7“—|—n—j)7r/2].
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k=0
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We look at
(r+n—j—1)! icos [(2k 4+ )7z /2 — (r +n — j)7/2]
artn— 7 = 2k+ )rJrn 7
1 . (r+n—j—1)!
= — 2k+1 2 - - 2 —.
WT%_JZCOS[(M Jme/2 = (r+n = )n/2] Sesrme @)

k=0
Applying the integral formula

'] |
n_ —at _ n:
/0 the " dt = prEsE

for n > 0 and PR(a) > 0, then (8) becomes

(r+n—j—1) < cos[(2k + V)mz/2 — (r+n — j)m/2]
2 (

i 2k + 1)

1 i :
= =5 Zcos [(2k+ 1)z /2 — (r+n— j)7/2] / rn—i=le= kDt gy
i 0
1 4
= 7rr+”_j/0 rn—i—l Z e~ cos [(2k + Dz /2 — (r +n — §)w/2] di

kO
1

= s /0 grin=i—t Z 2k+1)t{ cos [(2k + 1)mx /2] cos [(r +n — j)m/2]
+sin [(2k + 1)wx/2]sin [(r +n — j)7r/2]} dt

o0

1 o
:r_t,_n_j/ {COS[(T+H—] /2] E e~ @D cos [(2k 4 1) 7 /2]
i 0

k=0

+sin[(r+n — j)n/2] Z e~ R+t gin [(2k + 1)7Tx/2}} trn=i=l g,

k=0
(9)

By making use of

o ‘ sinx cosh ¢

Z e~ (@D gin [(2k + 1)2] = cosh (2t) — cos (2x)’

k=0
and

- —(2k+1)t .

Z e cos[(2k + 1)z] = cosh (2t) — cos (2x)’

k=0

which may be deduced from

i (zi—t)(2k+1) _ cosasinht +isinz cosht
(& = ’
cosh (2t) — cos (2)
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for t > 0, (9) then becomes

[e.9]

(r+n—j-1)! cos [(2k + D)7z /2 — (r +n — j)m/2]
qrtn—j Z (Qk -+ 1)T+n_j

k=0
1 &0 cos TF sinht

=— —j)m/2 :
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. , sin &F cosht i
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Applying the transformation ¢ = 7t, (10) becomes

[e.e]
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trrn=i—l gy
2 [cosh (27t) — cos (7)) }
1 /°° {e”s(cos [(r+n—j)m/2] cos T +sin[(r +n — j)m/2] sin ZF)
0

T
T
r+n—jt7‘+n—j—1 dt
cosh (27t) — cos (7x) } "
sin[(r +n —j)m/2] sinGF (€™ +e77°)
2 cosh (27t) — cos ()

e ™ (cos[(r +n —j)m/2] cos B —sin|(r+n — j)m/2] sin FF) grn—i=1 gy
cosh (27t) — cos (mx)

trr=i—l g

(11)

1/°° e cos[mx/2 —(r+mn—j)n/2] —e ™ cos[mx/2+ (r+mn—j)r/2|
2 Jo cosh (27t) — cos (7x)

Applying (11) to (7), we get the desired formula (6).

4. Explicit formula for Tangent polynomials of Higher-order at rational
arguments

In this section, we obtain an explicit formula for tangent polynomials of higher
order at rational arguments by applying the Fourier expansion (2). Here let Zy =
{0,—1,—2,--- } denote the set of nonpositive integers.

Theorem 4.1. Forn,qe N andp € Z,

n(7) = grmacy (100 e ()

J=0
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XIE;C(”" ]7212 >OS[(21—1)pﬂ_(r+n2—j)7T7 12)

q
where
> 1
C(Sv CL) = T \s? (13)
nZ:o (n+a)

for R(s) > 1 and a ¢ Zy is Hurwitz zeta function.

Proof. We look at

2. cos [(2k + 1) 7x/2 — (r+n — ])77/2]
D (2k + 1)r+n—i (14)
k=0
Replacing k with k£ — 1:
Z cos[(2k + V)mx/2 — (r+n — j)m/2] i cos[(r+n—j)r/2 — (2k — 1)mx /2] (15)
(2k + 1)rtn—J (2k — 1)r+n—J :
k=0 =1
Applying the elementary series identity
oo q (0.9}
D Fk) =D flgk+1), q€N,
k=1 =1 k=0
(15) becomes
i cos[(2k + D)z /2 — (r +n — j)7/2]
r+n—
— (2k+1) J
B Zq: i cos [(r+n—j)w/2 — (2qk + 21 — )7z /2]
- _ 1\r+n—j
== (2¢k + 21— 1) J
B zq: i cos[(r+mn—j)r/2 — (2l — 1)wx/2 — qkrx]
= i
I=1 k=0 [2q (k + 2= 1)] ’
_zq:i cos[(r+n—j)n/2— (2l — V)mzx/2 — qknx] 1 (16)
- (2q)r+n—j 91 r+n—j"
=1 k=0 (k + Tq)

Setting = = 2p/q, (16) becomes

i cos[(2k + Dmx/2 — (r+n — j)7/2]

+
=R

_ NN oos[(r = g)m/2 — (20— Vpr/q — 2m(pk)] 1 |
lZ; kzo (2q)rtn—y (k N 2127;1>r+n—J
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1 1 & , 1
:(2q>r+n_j;kzzocos[(r—l—n—j)wﬂ—(2l—1)p7r/Q]' (k—i—QlT;l)TJrn g

WZCOS T+n ])77/2_(21_1]”/(1 Z

By (13), (17) becomes

i cos [(2k + V)mx /2 — (r +n — j)m /2]

r+n 7
— (2k+1)

1 4Zq:cos[(2l—1)p7r_(r+n—j)7r]C<T+n_‘]72l—1>. a8)

T () = q 2 2q

Replacing (14) with (18) in (2), we obtain the desired formula (12).
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