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1. Introduction
The study of stability problems for functional equations is related to a question of
Ulam [37], concerning the stability of group homomorphisms, affirmatively answered
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for Banach spaces by Hyers [13]. Subsequently, the result of Hyers was generalized
by Aoki [2], Bourgin [4], Gavruta [8] and Rassias [24] (see also [9] and [31]). The

functional equation

fe+y)+flx—y)=2f(x)+2f(y) (1)

is related to a symmetric bi—additive function. It is natural that this equation is called
a quadratic functional equation. In particular, every solution of the quadratic equation
(1) is said to be a quadratic function. It is well known that a function f between real
vector spaces is quadratic if and only if there exists a unique symmetric bi-additive
function B such that f(x) = B(x, x) for all x (see [1,16]). The bi—additive function
B is given by

BCe,y) = 3 [F G+ ) = flx = )] @

Hyers—-Ulam-Rassias stability problem for the quadratic functional equation (1) was
proved by Skof for functions f : A — B, where A is normed space and B is a Banach
space (see [36]). Cholewa [5] noticed that the theorem of Skof is still true if rele-
vant domain A is replaced by an abelian group. In the paper [7], Czerwik proved the
Hyers-Ulam-Rassias stability of the functional equation (1). Grabiec [10] has gener-
alized these result mentioned above. We only mention here the papers [14], [16],
[23], [32], [33] [27-30] concerning the stability of the quadratic functional equa-
tions.

The following cubic functional equation, which is the oldest cubic functional equation,

and was introduced by J. M. Rassias [25](in 2001):

fx+2y)+3f(x)=3f(x+y)+ f(x—y)+6f(y).

Jun and Kim [15] introduced the following cubic functional equation

fRx+y)+f@2x—y)=2f(x+y)+2f(x —y)+12f (x) (3)
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and they established the general solution and the generalized Hyers—Ulam-Rassias
stability for the functional equation (3) (in this case we have a much better pos-
sible upper bound for (1.3) than the Hyers—Ulam-Rassias stability). The function
f(x) = x? satisfies the functional equation (3), which is thus called a cubic functional
equation. Every solution of the cubic functional equation is said to be a cubic function.
There are many works in the very active area of the stability of functional equations.
We only mention here the papers [26] and [14] concerning the stability of the cubic
functional equation.

The generalized Hyers—Ulam-Rassias stability of different functional equations in ran-
dom normed and fuzzy normed spaces has been recently studied in [17]- [22].

In the sequel we adopt the usual terminology, notations and conventions of the
theory of random normed spaces, as in [3,6,17,19, 34,35]. Throughout this paper,
A" is the space of distribution functions, that is, the space of all mappings F : R U
{—00,00} — [0,1], such that F is left-continuous and non-decreasing on R, F(0) =0
and F(+o00) = 1. D" is a subset of A" consisting of all functions F € A" for which
[TF(4+00) = 1, where [~ f(x) denotes the left limit of the function f at the point x,
that is, [~ f (x) = lim,_,,~ f(t). The space A" is partially ordered by the usual point—
wise ordering of functions, i.e., F < G if and only if F(t) < G(t) for all t in R. The

maximal element for A" in this order is the distribution function &, given by

0, ift<O,
go(t) =
1, ift>0.
Definition 1. ( [34]). Amapping T : [0,1] x [0,1] — [0, 1] is a continuous triangular
norm (briefly, a continuous t—norm) if T satisfies the following conditions:
(a) T is commutative and associative;
(b) T is continuous;

(c) T(a,1)=a forallae[0,1];
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(d) T(a,b) < T(c,d) whenever a <cand b <d forall a,b,c,d € [0,1].

Typical examples of continuous t—norms are Tp(a, b) = ab, T),(a, b) = min(a, b)
and T;(a,b) = max(a + b — 1,0) (the Lukasiewicz t-norm). Recall (see [11], [12])
that if T is a t-norm and {x,} is a given sequence of numbers in [0,1], T/L x; is
defined recurrently by TL, x; = x; and T, x; = T(T'x;, x,) for n > 2. T x; is
defined as T, x,,,;. It is known( [12]) that for the Lukasiewicz t—norm the following

implication holds:

lim (T,)7° %, =1 = > (1-x,) <00 4

n=1

forall t > 0.

Definition 2. ( [35]). A random normed space (briefly, RN-space) is a triple (X, u, T),
where X is a vector space, T is a continuous t-norm, and u is a mapping from X into D*
such that, the following conditions hold:

(RN1) u,(t) =¢y(t) forall t > 0if and only if x =0;

(RN2) ()= ,ux(r:t')for al x€eX, a#0andall t > 0;

(RN3) phyiy(t+5) = T(u,(t),u,(s)) forall x,y €X and t,s > 0.

Every normed space (X, ||.||) defines a random normed space (X, u, T,;) where

t
t+ [lxl’

u(t) =

forall t > 0, and T, is the minimum t-norm. This space is called the induced random

normed space.

Definition 3. Let (X, u, T) be an RN-space.
(1) A sequence {x,} in X is said to be convergent to x in X if, for every ¢ >0 and A > 0,
there exists positive integer N such that u, _,(€)>1— A whenever n > N.

(2) A sequence {x,} in X is called Cauchy sequence if, for every € > 0 and A > 0, there
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exists positive integer N such that u, _, (€)>1— A whenever n > m > N.
(3) An RN-space (X, u, T) is said to be complete if and only if every Cauchy sequence in

X is convergent to a point in X.

Theorem 1. ( [34]). If (X,u,T) is an RN-space and {x,} is a sequence such that

X, = X, then lim,_,, u, (t) = u,(t) almost everywhere.

The aim of this paper is to investigate the stability of the quadratic and cubic
functional equations in random normed spaces (in the sense of Sherstnev), under

arbitrary continuous t—norms.

2. Main Results

In this section we establish the stability of the quadratic and cubic functional equa-
tion

fCx+y)+f@2x—y)=2f(x+y)=2f(x—y)-12f(x) =0 (5)

in the setting of random normed spaces.

Theorem 2. Let X be a real linear space, (Y, u, T) be a complete RN-spaceand f : X — Y
be a mapping with f (0) = 0 for which thereis p : X X X — D% ( p(x,y) is denoted by
Px,y ) with the property:

M Geryy+f e-y)-2f (-2 (0 (£ Z Py (E) (6)
forall x,y €X and all t > 0. If
31_3.10 Tl.":ol(p2n+i_1x,2n+i_1x(22”+2it)) =1 7

and

lim Paneony (271) =1 8)
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forall x,y € X and all t > 0, then there exists a unique quadratic mapping Q : X —» Y

such that
Haeo-f0 () = TE (01, 21,(251)). 9)

forall x €X and all t > 0.

Proof. Putting y = x in (6), we get

M%_f(x)(t) = px,x(zzt)- (10)

Therefore,

Mokt f(ka)(t) 2 Pakyx,2kx (22(k+1)t) (11

22041 | g2k

for all k € N and all ¢t > 0. By the triangle inequality it follows that

.uf(2T"x)_f(x)(t) > T 1(.uf(zk+1x) f(ka)(t)) = T, 1(Pz’<x 2kx (22(k+1)t))
2 n

22(k+1) 22k

=T/ (Po1x21,(2%)) (12)
for all x € X and all t > 0. In order to prove the convergence of the sequence {L (22;’()}
we replace x with 2™x in (12) to find that
nimy pome (£) = U pontmy 22m¢
‘U/fz(zz(nim)) f(zzm)( )= .uf(222+n )_f(zmx)( )
> T (pgitm-ty pitm1, (22727 1)). (13)

Since the right hand side of the inequality tends to 1 as m and n tend to infinity, the se-
f2"x)

n—0o0  92n

(2"x)
22n

quence (L2239 i q Cauchy sequence. Therefore, we may define Q(x) = lim
for all x € X. Now, we show that Q is a quadratic function. Replacing x, y with 2"x

and 2"y, respectively, in (6), it follows that

2n
Mf(Z"x+2”y)+f(2”)c72”y)_2f(2"x)_2f(2"y)(t) Z pznx,zny(z t). (14‘)
92n 22n 92n 22n

Taking the limit as n — oo, we find that Q satisfies (5) for all x,y € X.

To prove (9), take the limit as n — oo in (12). Finally, to prove the uniqueness of
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the quadratic function Q subject to (9), let us assume that there exists a quadratic
function Q' which satisfies (9) Since Q(2"x) = 22"Q(x) and Q’(2"x) = 22"Q’(x) for

all x € X and all n € N, from (9) it follows that

Mae-'0(20) = Harn-qe (2 0)
2 T(ozr—r @0 (27" 0 by -/ (270)
> T(Tl.O:ol(p2n+i—1x72n+i—1x(22n+2it)), Tl.O:ol(pzn-H—lx’zn-H—l(22n+2it))) (15)

for all x € X and all t > 0. By letting n — oo in (15), we find that Q = Q.

Theorem 3. Let X be a real linear space, (Y, u, T) be a complete RN-spaceand f : X —Y
be a mapping which there is T : X x X — D" ( 7(x,y) is denoted by 7, , ) with the
property:

W (21 y )4 £ (2x—y)—2f (ety)—2f (x—y)-12f () (E) = Ty (£) (16)

forall x,y €X and all t > 0. If

lim T, (Toneio1, o(25728)) =1 (17)
and
lim Ty, o0, (2°8) =1 (18)
n—o0

forall x,y € X and all t > 0, then there exists a unique cubic mapping C : X — Y such
that

Hego—foo(t) = T (Toim1,,0(2%0)). (19)
forall x €X and all t > 0.
Proof. Putting y =0 in (16), we get
Wiz () 2 T p(270) 2 T 0(2°0). (20)
Therefore,

U rpktly  fko ()= Tzkx,o(zs(k+1)t), (21)

23(ktD) 93k
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for every k € N and t > 0. Thus we have

t
2(k+1)
Mf2(32(kl:1)§) f(22kx)(2k+1) > Toke0(2 t), (22)
foreverykeNand t >0.As1> - + R 57> by the triangle inequality it follows
t
n—1 n—1 2(k+1)
MJ‘(ZZT';X)_f(x)(t) =T _ (ufz(z(kk:ll);) f(2kx)(2k+1 )) 2 T2y (T 0(2 t))
= T, (Tom10(271)) (23)
for all x € x and all t > 0. In order to prove the convergence of the sequence {£ (223:’()}
we replace x with 2™x in (23) to find that
ntm mao(E) = n mx 23mt
Mfz(ff(;m)) £ (1) = .uf(z M0 _f(amy )( )
> T (Tyimo1, o(27M1)). (24)

Since the right hand side of the inequality tends to 1 as m and n tend to infinity, the se-
f ( x) f2"x)

n—0o0 23n

quence {~==1 is a Cauchy sequence. Therefore, we may define C(x) = lim
for all x € X. Now, we show that C is a cubic function. Replacing x, y with 2"x and

2"y respectively in (16), it follows that

3n
st aeany) | @ lasaty) o f@eaty) o f@-2ty) o (£) 2 Tong ony (2778). (25)
231 + 231 - o3n - 231 - 231

Taking the limit as n — oo, we find that C satisfies (25) for all x, y € X.

To prove (19), take the limit as n — oo in (23). Finally, to prove the uniqueness of the
cubic function C subject to (19), let us assume that there exists a cubic function C’
which satisfies (19). Since C(2"x) = 23"C(x) and C’(2"x) = 23"C’(x) for all x € X

and n € N, from (19) it follows that

‘UIC(X)—C/(X)(ZI:) = AU‘C'(an)_C/(an)(ZBTH'l t)
> T (begm-f (270 By (ne)-crann(27))

> T(T.2, (Tontioy, o(2°M2 ), T2 (Tonticay, 0o(23m121))), (26)

for all x €X and all t > 0. By letting n — oo in (26), we find that C = C’.
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Example 1. Let (A, ||.||) be a Banach algebra and

max{l — ”%”,0}, if t>0,
uy(t) =
0, if t<0,

for every x,y €A. Let
32[|x[| +32[y|l

Py, (t) =max{l — " ,0}  (t>0)

and p, ,(t) =0 if t < 0. We note that p, , is a distribution function and

lil‘l’l pznx,zny(22nt) - ].
n—oo

502

forall x,y € Aand all t > 0. It is straightforward to show that (A, u, T,) is an RN-space.

Indeed,
(Ve>0; u()=1)=
[BY|
and
O B 315 N L
Wiy t t i Uy 2

forall x € Aand all t > 0. Also, for every x,y € Aand t,s > 0 we have

llx + ¥l x+y
Uty (t +5) =max{l — P ,0}=max{1—||t—+sl|,0}
X Yy
=max{l — || — +——1/,0}
t+s t+s

x Yy
X y
= max{1l — ||| - ||l 0}
t S
= TL(Au’x(t)uu'y(S))'
It is also easy to see that (A, u, T;) is complete, for
=yl

‘U,X_y(t)Zl— t ’ (X:yeA’t>O)

(27)

(28)
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and (4, ||.]|) is complete. Define f : A— A, f(x) = ||x]||x,, where x, is a unit vector in A.

A simple computation shows that
If(e+y)+fle—y)=2f ()= 2f (¥l

= [l +yll +1lx =yl = 2[lx] = 2|yl

< 32|x|| + 32|yl
for all x,y €A, hence

ot ety )of ey )—2f GO—2F () (E) = P,y (£, (29)

forall x,y €Aand all t > 0. Fix x € Aand t > 0O, then

o0
(T)2(Pariit grii 1 (2272 8)) = max{ Y (poneicty guii1, (227%1) — 1) + 1,0}
i=1
32| x|l

2"t

=max{l — ,0},

hence lim,, (T} )%, (ponti-1, gnri-1,(22"F2't)) = 1. Hence, all the conditions of Theorem
3 hold. Since
o0
(T,)2 (Pt g1 (2%6)) = max{ Y (pyi-1,2-1,(2%1) = 1) +1,0}

i=1
32| |l

=max{l — ,0},

we obtain that there exists a unique quadratic mapping Q : A — A such that

2
3 IIXII’O} (30)

Haeo—r(0(t) Z max{l —

forall x €eAandall t > 0.

Let

_ G4llxll+64llyll

" b (t>0) (31)

T,y () = max{1l

and 7, ,(t) =0if t <0. We note that 7, , is a distribution function and

lim Ty, o0, (2°8) =1 (32)
n—o0
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forall x,y € Aand all t > 0. It is obviously that (A, u, T;) is an RN-space. It is also

easy to see that (A, u, T,) is complete, for

llx =yl
" (x,y €A t>0) (33)

nu’x—y(t) >1-

and (A, ||.]]) is complete. Define g : A— A, g(x) = x>+ ||x||x,, where x, is a unit vector

in A. A simple computation shows that

lg2x +y)+g2x —y)—2g(x+y)—2g(x —y)—12g(x)||
< 64||x|| + 64|yl

forall x,y €A, hence

Mg2x+y)+g(2x—y)—2g(x—y)—2g(x—y)~12g(x) (t)= T,y (t),

forall x,y €Aandall t > 0. Fix x € Aand t > 0O, then

o0
(T)2 (Tamei1 (2272 8)) = max{ Y (Tomis, (2% t) — 1) +1,0}
i=1

32|

=max{l — ———
{ 22nt

b O}’

hence lim,,_, (T, )2, (Tonri-1, o(2°F% 1)) = 1.

Thus, all the conditions of Theorem 3 hold. Since

(TL)?il(Tzi—lx,o(ZZit)) = maX{Z(Tzi—lx,o(ZZit) —-1)+1,0}

i=1
32| |l

=max{l — ,0},

we obtain that there exists a unique cubic mapping C : A— A such that

32]|x]|

Au’c(x)—g(x)(t) > max{l - 5 O} (34)

forall x €eAandall t > 0.
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