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More on Classes of Strongly Indexable Graphs

K. A. Germina

PG. & Research Department of Mathematics, Mary Matha Arts & Science College (Kannur Univer-
sity), Mananthavady-670645, India.

Abstract. Given any positive integer k, a (p,q)-graph G = (V, E) is strongly k-indexable if there exists
a bijection f : V — {0,1,2,...,p — 1} such that f(E(G)) = {k,k+ 1,k + 2,...,k + q — 1,} where
ft(uv) = f(u)+ f(v) for any edge uv € E; in particular, G is said to be strongly indexable when k = 1.
For any strongly k-indexable (p,q)-graph G, q < 2p — 3 and if, in particular, ¢ = 2p — 3 then G is
called a maximal strongly indexable graph. In this paper, our main focus is to construct more classes of
k-strongly indexable graphs.
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1. Introduction

Unless mentioned otherwise, by a graph we shall mean in this paper a finite, undirected,
connected graph without loops or multiple edges. Terms not defined here are used in the
sense of Harary [11].

Acharya et.al [2] introduced the concept of an ’indexer’ of a graph as a special case of
arithmetic labelings. A labeling of a graph G = (V, E) is an assignment f of distinct nonnegative
integers to the vertices of G; it is an indexer of G if the induced ’edge function’ f* : E(G) —
N, from E(G) into the set N of natural numbers, defined by the rule: f*(uv) = f(u) +
f(v), Y uv € E(G), is also injective. It is known that every finite graph has an indexer; hence,
an indexer f is said to be optimal if f[G] := max,cy (g {f(v)} has the least possible value
v(G) amongst all the indexers of G. Clearly, v(G) > |V(G)| for any graph G with a countable
number of vertices. For any given positive integer k, an indexer f of G is called a k-indexer if
FHEG) :={f"(uv):uv € E(G)} = {k,k+ 1,k +2,...,}. Not every graph is k-indexable as
indicated by the following theorem for finite graphs.
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Theorem 1. [2]: Let G = (V,E) be any (p,q)-graph and f be any k-indexer of G, where k is
odd. Then, there exists an ’equitable partition’ of V into two subsets V, and V, such that there
are exactly [(Hzﬂ] edges each of which joins a vertex of V, with one of V,, where [.] denotes the

least integer function.

Theorem 2. [2]: For any indexable (p,q)-graph G, q < 2p—3, calling G a maximally indexable
graph if g =2p — 3.
Acharya and Germina [3] characterized the classes of maximal strongly indexable graphs,

satisfying ¢ = 2p — 3, particularly, such outerplanar graphs.
We shall need the following known results.

Theorem 3. [1]: For any graph G = (V, E) and for any additive vertex function f : V(G) —
N, Zecpf F(e) = Syer f (Wd (W)

Theorem 4. [2]: Every strongly indexable finite graph has at most one nontrivial component
which is either a star or has a triangle.

Lemma 1. [4]: Let G = (V,E) be a maximal outerplanar graph with p > 7. Let H =
(uq,uy,us,...,u,) be a Hamiltonian cycle in G. Let V; = {ul,uz,ug,...,uL%J} and V, =
{uL§J+1’uL§J+2’uL§J+3""’u } constitute an equitable partition of the vertex set of G. Then,
no chord of G has both vertices in V; or V, if and only if A(G) = [%J + 2 and there exist exactly
two vertices of degree 2.

Theorem 5. [4]: Let G = (V,E) be a maximal outerplanar graph with p > 7. Then, G is
strongly indexable if and only if A(G) = L%J + 2 and there exist exactly two vertices of degree 2.

2. Construction of Strongly Indexable Graphs

Definition 1. Let G; = (V;, E,) and Gy = (V,, E,) be two graphs. Then the join G = (V, E) of G,
and G, is defines as the V. = V| 4+ V, and the edge set E of G is the edges in G; U G, and all edges
joining Gy and G,.

In this section we study the properties of some important families of graphs such as fans,
ladders, and generalized prisms that are strongly indexable (for some value of k).

Theorem 6. The fan P, + K is strongly indexable if and only if n € {1,2,3,4,5, 6}.

Proof. The strongly indexable labellings of P, + K; for n € {1,2,3,4,5,6} is depicted in
Figure 1

Conversely, note that P, + K, for n > 2 is a maximal outer planar graph with ¢ =2p — 3
and there exists a vertex of full degree. Hence invoking Lemma 1 ( see, [4]), G is strongly
indexable if and only if p < 7. Hence the proof follows.

Theorem 7. P, + K, is strongly indexable if and only if n < 2.
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Proof. The strongly indexable labellings of P, + K, for n = 1,2 is depicted in Figure 2

2
Figure 2

Converse follows from the fact that for any indexable (p,q)-graph G, q < 2p — 3 (See
[1, 2]), since |E(P, + K,)| > 2|V(P, + K,)| — 3.

In general, we have the following Theorem

Theorem 8. P, + K; is strongly indexable if and only if n < 2, when i < 2, and n < 6, when
i=1

Lemma 2. For every positive integer n, the graph K, + nK is strongly indexable.

Proof. Let V(Ky) = {v;,v,} and V(nK;) = {u;,us,...,u,}. Let f : V(Ky + nk;) —
{0,1,2...,n+ 1} defined by
f)=0;f(va)=n+1; f(y) =i, 1<i<p-—-2

Remark 1. Lemma 2 establishes the sharpness of the Theorem 2 and hence we obtain a sequence
of strongly indexable graphs as follows: Take the labellling f defined for K, + nK;. Remove the
edge with maximum labelling (here 2p — 3) and continue this process of removing the edge with
maximum labelling until we arrive at K, ,. Hence we are able to characterize all the strongly
indexable complete m-bipartite graphs as follows.

Theorem 9. The only strongly indexable complete m-partite graphs are K; , and K; 1 ,,, for all
integers n > 1
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Proof. It is easy to see that K; , is strongly indexable by assigning O to the central vertex
and the integers 1,2,...n — 1 to the non-central vertices in a one-one manner. Furthermore,
the complete tripartite graph K; ; , = K, + nKj is strongly indexable by Lemma 2.

For the uniqueness of K, ; ,, let G =K, , .. beacomplete tripartite graph with ny,n,,ng >
1. Now, assume the contrary that n, > 2 and G is strongly indexable. The order of G is
ny +ny + ng and the size of G is nyny + nyng + nyns. Since K, . 5, is strongly indexable by
assumption, nin, + nyns +nyng < 2(ny + ny 4+ n3) — 3, which in turn implies nyn; < 2n, — 3,
since n, > 2. Hence nyng < 2n,, which implies 2 — n3 > 0, from which we conclude that
ns = 1. By similar argument we get n; = 1.

Now to show that there are no strongly indexable complete m-partite graphs for m > 4,
observe that K, ; 1, is such that |[E(K; 1 ,)| > 2|V(Ky 11, —3. (V(Ky1,1,,] =3+ n and
|E(K1’1,1’n| =3n + 3)

Definition 2. Let G; = (V;,E;) and Gy = (V,, E,) be two graphs. Then the Cartesian product
G = (V,E) of Gy and G, is defined as : Consider any two nodes u = u uy and v{v, in V.=V, X V,.
Then u and v are adjacent in G; X Go, whenever u; = v; and uy,v, € E(G,) or uy = v, and
u;v; € E(Gy).

The Ladder L, = P, x P, is not strongly indexable for all n > 2, since L, contains no
triangle. However there exists an integer k such that L, is k-strongly indexable.

Theorem 10. The ladder L,, = P, X Py is [%]-strongly indexable, if n is odd.

Proof. Let V(Py) = {v{,vy} and V(P,) = {u; : 1 < i < n}. Define f : V(P, X Py) —
{0,1,2,...,2n} defined by

i-1 ; i
i-1 1<i<n,iodd
. = 2 - B ’
fu,v) { n+;_—1 1<i<n,ieven
and i
Flwyy)= | fQn-v) s - 1Sisnieven
i»V2 f(un—1v1)+nT+l 1<i<n,iodd

Remark 2. The converse of Theorem 10 is not true. L, = C, is not k-strongly indexable. However
P, x P, and Pg X P, are 3-strongly indexable and 4-strongly indexable respectively. (See Figure
3)

Theorem 11. K5 X P,, is strongly indexable

Proof. Let V(K3) ={u; : 1 <i<3}and V(P,) = {x;: 1 <i<n}
Define f : V(K53 x P,) — {0,1,,2,...,3n} defined by
f(uyx;) =10,4,6,10,12, 16,18, 22,24, 30,32, 36,...}

f(uyx;) = 12,3,8,9,14,15,20,21,26,27,32,...} and

fusx) =1{1,5,7,11,13,17,19,23,25,29,31,35,...}

Figure 4 illustrates the strongly indexable labelling of K3 X P,
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Theorem 12. In general K,, X Py is strongly indexable if and only n = 3.
Proof. Necessary part follows from Theorem 11.

Converse follows from the fact that |E(K,, X P;)| > 2|V (K, x P;)| — 3.

Theorem 13. C,, X P, is 2-strongly indexable if m is odd and n > 2

Proof. Assume V(C,,) = {v;,1 <i < m} and V(P,) = {u;,1 < j < n.} Now, the 2-strongly
indexable labeling f is defined as follows

i+mT—1 1<i<m,ievenj=1
i ) % 2<j<n,jodd,1<i<m
VoUi) =1 i j— . : i 1
i» Uj % 2<j<n,jeven,1<i<m,iodd
i—24m(2j—2)

5 2<j<n,jevenl<i<m,ieven

Remark 3. Even though C,, X P, is not strongly indexable we can generate infinitely many classes
of strongly indexable graph G by adjoining two vertices say u and v with the vertex assignments
0 and 1 respectively. Hence C,,, X P, U{uv}, where u and v having the vertex assignments 0 and 1
are classes of strongly indexable graphs. In fact, this constriction of adjoining an edge uv where,
f(w)=0and f(v) =1 of a 2-strongly indexable graphs results in to a strongly indexable graph.

Theorem 14. Given any k-strongly indexable graph G = (p, q), there exists a strongly indexable
graph H = (p,q + k — 1) graph, with G a spanning subgraph of H.
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Proof. Let G = (p,q), be k-strongly indexable and let f be the k-strong indexer of G.
Hence, f(V(G)=1{0,1,2,...,p—1} and f"(E(G) = {k,k+1,...,k+q—1}. Letu € V(G) be
such that f(u) =0 and let u;,1 <i < k — 1 be the vertices of G with f(u;) =i, 1<i<k-1.
Now construct the edges by joining uu; so that f(uu;) = {1,2,...,k — 1}. The new graph H
constructed is a (p,q+k—1) graph with f(V(H) = {0,1,2,p—1}and f T(E(H) = {1,2,...,k+
q — 1} and hence f is a strong indexer of H.

Figure 5 and Figure 6 gives the strongly indexable labellings of C5 x P, and Cs5 x P, U {uv}
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Figure 6

Definition 3. For three or more disjoint graph Gy, G, ..., Gy sequential join G; + G5 + ... Gy is
the graph (Gl + Gz) U (G2 + Gg) J---u (Gk—l + Gn)

Lemma 3. Let G; = K;, 1 <i < n. Then the sequential join (G, + G5)U(Gy+ G3)U---U(G,_; +
G,,) is strongly indexable if and only if n < 3.

Proof. The proof follows from the fact that P, is strongly indexable if and only if n < 3.
Lemma 4. Let G; = K;, 1 <i < n. Then the sequential join (G, + G5)U(Gy+ G3)U---U(G,_; +
G,)is [%]- strongly indexable for all n.

Proof. The proof follows from the fact that P, is [%]-strongly indexable for all n, where
the [%]-strongly indexable labelling of P, is as follows
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Define f : V(P,,) — {0,1,2,...,m — 1} defined by

—_

i—

1<i<m,iodd, modd
1<i<m-—1,iodd, meven

I o
_

f(ui) = n

n—
2

| N

i—1

2<i<m-—1,ieven, modd

~N

—2

2<j<m-—1,1ieven, meven

Lemma 5. Let G; = K;, and G; = K,, 2 < i < n. The sequential join (G, + G5) U (G5 + G3) U
-++U(G,_1 +G,) is strongly indexable if and only if n = 2. However, P, is [%1-strongly indexable.

Proof. The proof follows from the fact that P, is strongly indexable if and only if n < 3 and
that P, is [%]-strongly indexable

Theorem 15. K, , + K; is not strongly indexable forn > 2, i > 1.

Proof. The proof follows from the fact that |[E(K; , + K;)| > 2V(K; , + K;)| — 3.

Theorem 16. Let G; = K; ,, 1 < i < n. The sequential join G = (G, + G3) U (G, + G3) U
-+ U (G,—1 + G,)) is strongly indexable if and only if, eitheri =n=1ori=2andn =1 or
i=1,n=3.

Proof. Leti =n =1, then G = P,, which is strongly indexable and wheni =2 and n =1
ori=1,n=3, G = P; which is again strongly indexable.
Converse follows from the fact that, wheneveri =n>1ori>2andn>1ori > 1,n> 3,
|[E(G)| > |V(G) — 3.

Definition 4. Let G; = (V;,E;) and G, = (V,, E;) be two graphs. Then the union G = (V,E) of
G, and G, is defines as the V =V, UV, and E = E; UE,.

Theorem 17. For any integer n > 3, the linear forest P; U P,, is strongly indexable if and only if
n<3.

Proof. Clearly, for n € {0,1,2}, P; UP, is strongly indexable.
Conversely, since P,, n > 4 is not strongly indexable since we can not have a strongly index-
able labelling of P,,.

Theorem 18. For any integer n = 3, the linear forest P; U P, is [%]-strongly indexable.

Proof. The proof is immediate as P,, n > 4 is [%]-strongly indexable.

Theorem 19. The linear forest P, U P, is not strongly indexable. However P, U P, is [HT%]'

strongly indexable.
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Proof. Let P, U P, be a linear forest. Let V(P, UP,) = {u;,us} U{v;, 1 <i < n} so that
E(P,UP,) ={uju} U{v;v;i1, 1 <i<n-—1}. Now, V(P,UP,)=n+2and E(P,UP,) =n.

Define f : V(P,UP,) — {0,1,2,...,n+ 1} defined in the following cases.

Case 1 n=0(mod4)
fu))=0; fup) =15 +2

5+1 if j=1
1+3 ifj=3
2i—1 ifj=4iand1<i<Z
i) =1 142i+3 1f1—4l+2and15f5%4
2i+2 1f]—4land1<15%
5+2i+2 ifj=4i+3and1<i 5%4
Case 2 n = 1(mod4)
flw)=0; fluz)=n+1
et if jisoddand 1 <j<n
fp= 3n+2jtl 4 3 ifjisevenandZSjS"T_1
2j+1+1 ifjisevenand”T+3§anT_1

Case 3 n = 2(mod4)
flw)=0; flup)) =5+1

n+1 if j =1
n—1 ifj=3
n ifj=n

fop={ 5-2+1 ifj=4iand1<i<?
n—-2i—1 ifj=4i+land1<i 5-%
2-2i-2 ifj=4i+2and0<i §ﬂ§
n—2i ifj=4i+3and 1<i< L2

Case 4 n = 3(mod4)
flu)=0; f(up))=n+1
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”Tl ifjisoddand1<j<"7_1
F) ﬁTn-i-B ifjisoddand”;"3 j<
V)= .
! ”;1 if jisevenand 2 < j < HT
%-FB ifjisevenandﬂliji -1
In all the cases f extends a [™2]-strongly indexable labelling, as the edge values are
5 gly g g
consecutive integers from [”—;3] to [32—“].
Theorem 20. For an integer m > 2, P; U mP, is k-strongly indexable, where k = M ifmis
odd and k = 3m+2 if m is even.
Proof. Case 1 m is odd
Define f : V(P UmP,) — {0,1,2,...,2m + 2} defined by
3m—5 ifx=u
m+1 ifx=v
mT+3 ifx=w
f)=4{ i-1 ifx:uianmeSiSmTH
i ifx=uiandm;5515m
l+3m2+2 if x =v; and1<l§mT+3
l+m21 if x =, andmzsflSm
Clearly f is infective and the edge values are consecutive numbers from 3m2+3 to mT_l

Case 2 m is even
Define f : V(P;UmP,) — {0,1,2,...,2m + 2} defined by

m+1 ifx=u
m ifx=v
m+2 ifx=w

Fo) =4 i-1 if x=u;and 1 <i< ™2
i ffx=u;and T <i<m
i+ +2  ifx=vandl<i<?®
i+3+2 if x=v;and 22 <i<m

Clearly f is infective and the edge values are consecutive numbers from 3’";2 to 57'" +2.

Theorem 21. K; , UKy 41, n > 1 is strongly 3-indexable

Proof. Let V(K; UKy 1) = {u,u;, 1 <i<n}uiv,v;, 1 <i <n+1}and E(K; ,UK; ;1) =
fuy; ;1 <i<nlufvy;:1<i<n+1}.
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Define f : V(K; , UKy 541) — {0,1,2,...,2n + 2} defined by
fW=0; f(y;))=2(i+1),1<i<n
fv)=2;f(v;y)=2i—1,1<i<n+1.

Now, clearly f(V(K; , UKy ,41)) = 1{0,1,2,...2n + 2}. Also, the minimum and maximum
edge value induced at the edges are f " (vv;) =2+ f(v;) =3 and f T (vvp1) =2+ f (V1) =
2n + 3; Also note that f(u) + f(u;) is always even and f(v) + f(v;) is always odd. Again,
f@+ fw) # fW+ f(uy) for all i # j, and f(v) + f(v;) # f(v) + f(v;) for all i # ;.
Hence, the induced edge values are consecutive integers from 3 to 2n + 2, which implies f is
a 3-strong indexer of Ky , UKy 1.

Theorem 21 can be expanded to the following form

3m—1_

Theorem 22. For the integers m,n, mKy ,, is =

strongly indexable, whenever m is odd.

Proof. Let V(mK; ) ={u; : 1 <i<m}U{y;;:1<i<m, 1<j<n}and
E(mK,,)={yv;;:1<i<m, 1<j<n}l
Define f : V(mKy ,) — {0,1,2...,m(n+ 1) — 1} defined by
flw)=i—-1, 1<i<m;

i+33 jfl<i<md

V; = . o . .
Fvin) {l+ng 1fmT+1<lSm

and f(v;;))=f(vi))+m(—1), 1<i<m, 2<j<n;
Clearly, f is a %-sttong indexer of mKj ,,.

Figure 7 gives the strong indexer of 5Kj,.

8
9
10
13
14 5
18 \. 19
- \. 20
43
25
a4
11 iz
\. 16 \. 17
21 22

Figure 7

Theorem 23. The graph mC,, is m[%J-strongly indexable for alm > 1 and n > 3.

Proof. Let both m and n be odd integers. When m = 1 the graph is an odd cycle which is
k-strongly indexable.
Let V(C,)={0,1,2,...,n— 1}
Define the strong indexer of C, as follows:
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i=2 if 1 =0(mod2)

f(vi)={ nz+2L2 if i = 1(mod2)

Then f is a [%J-strong indexer of C,,. Now, let m > 3.
Let V(mC,)={y;;:1<i<m, 1<j<n}and
E(an) = {ui’jui’jﬂ :1<i < m, 1 S] <n-— 1} U {ui’nutl :1<i < m}

Define f : V(mC,) — {0,1,2,...,mn} defined by

flu;1)=i-1,1<i<mand

m([§]+j%2)+2i+Tm_l iflSiSmT_landjeven
Fn)= m([%]—l—%)—l—zi_—g‘_l ifmTHSiSmandjeven
BT m(5- +1) - 2i if 1 <i<™landj#1isodd

m(5* +2) - 2i if X <i<mand j#1isodd

It is not difficult to check that f is a strong indexer of mC,,

Figure 8 is strongly indexable labelling of 7Cs

Figure 8
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Remark 4. Invoking Theorem 3 due to Acharya [1 ] which state that “if G is r-regular k-strongly
indexable (p,q)-graph (r > 1), then q is odd” we see that the converse of Theorem 23 also holds

good.

From Theorem 23 and Remark 4 we have the following Theorems

Theorem 24. The 2-regular graph mC,, is k-strongly indexable if and only if m > 1 and n > 3

are odd

Theorem 25. Any 3-regular graph G = (p, q) is k-strongly indexable then p = 2(mod4)

Proof. Assume G = (p,q) be 3-regular k-strongly indexable. Since G is 3-regular, p should

necessarily be even so that either p = 0(mod4) or p = 2(mod4).
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When p = 0(mod4), p = 4t say, for some positive integer t so that ¢ = % =6t
If f is the strong indexer of G, then by Theorem 3 [1]
2 oidu)=k+k+1+-+k+q—1
Hence, %_1) =kq+ q(qT_U, applying p = 4t, q¢=6t = 21t(4t —1) =12tk +6¢t(6t —1) =
2k+1

t==-,a contradiction.

Hence, p = 2(mod4).

3. Conclusion and scope

Graph labelings, where the vertices and edges are assigned, real values subject to cer-
tain conditions, have often been motivated by their utility to various applied fields and their
intrinsic mathematical interest (logico - mathematical). Graph labelings are applied in de-
termination of crystal structure from X-ray diffraction data [6, 10, 14, 15, 16], the design of
certain important classes of good non periodic codes for pulse radar and missile guidance [7],
and in the problem in radio-astronomy that a few movable antennae are required to be lo-
cated in several successive array configurations to receive various spatial frequencies relative
to some area of the sky [5]. Harper formulated this design Optimization Problem in graph
labeling terms and solved some cases using this technic for minimum-confusion code design
[12]. k-strongly indexable graphs are used in the construction of polygons of same internal
angle and distinct sides: Using strongly k-Indexable labelings of a cycle C,,,,, one can con-
struct a polygon Py, , with 4n+ 2 sides such that all the internal angles are equal and lengths
of the sides are distinct [13].
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