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Almost Hermitian Manifold with Flat Bochner Tensor
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Abstract. Many researchers investigated the flat Bochner tensor on some kinds of almost Hermitian
manifold. In the present paper the author studies this tensor on general class almost Hermitian mani-
fold by using a new methodology which is called an adjoint G-structure space. Thus this study general-
ize the results which are found out by those researchers. It is proved that if M is an almost Hermitian
manifold of class R; with flat Bochner tensor, then either M is 2-dimensional flat Ricci manifold or
n-dimensional (n > 2) flat scalar curvature tensor manifold. As well, it is proved that if M is an almost
Hermitian manifold with flat Bochner tensor, then M is a manifold of class Ry if and only if M is a
linear complex manifold. Later on, equivalently of classes R, and R5 is investigated. Finally we prove
that if M is flat manifold with flat Bochner tensor, then M is an Einstein manifold with a cosmological
constant.
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1. Introduction

The Bochner tensor was introduced by S. Bochner [3] . He defined this tensor on a Kahler
manifold as a formal analogy of the Weyle conformal curvature tensor. S. Tachibana [14] gave
It the real form and he proved that the Bochner tensor had a meaning on any almost Hermitian
manifold. The Kahler manifold with flat Bochner curvature tensor has been studied by many
researchers. M. Mastumoto [8] Proved that a Kahler manifold of constant scalar curvature
tensor with flat Bochner tensor is local symmetric. S. Tachibana [15] proved that Kahler
manifold of a constant scalar curvature tensor with flat Bochner tensor is local-isometric to the
product of complex spaces. L. Vanhecke [18] studied the Bochner curvature tensor on almost
Hermitian manifold and he obtained some properties which are proved for Kahler manifold. Z.
Olsgak [10] gave the classification of 4-dimensional compact flat Bochner of Kahler manifold
with non positive scalar curvature tensor. M. Petrovic and L. Vestraclen [11] studied the flat
Bochner of Kahler manifold where the Weyles tensor satisfies some conditions. K. Nam [9]
proved that if M is a Kahler manifold with flat Bochner curvature tensor whose length of
the Ricci tensor is constant, then M is a space of constant holomorphic sectional curvature
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or a locally product space of two spaces of constant holomorphic sectional curvatures. A.
Al-Otman [1] studied the Bochner tensor of the class nearly Kahler manifold. He found the
classification of the flat Bochner tensor of this class.

In fact you may notice that the most of the mentioned researchers above are studied
the Bochner tensor on some kinds of the sixteen classes of almost Hermitian manifold. In
the present paper we study the flat Bochner tensor on general class almost Hermitian man-
ifold. This study uses the method of adjoint G-structure space which was introduced by VE
Krichenko who found two tensors which are the structure and virtual tensors [5]. This method
helped the researchers to study the different geometrical properties of almost Hermitian man-
ifold, therefore we use this method to generalize the results which are given by Vanhecke and
by the referred researchers.

2. Preliminaries

Let M be 2n-dimensional smooth manifold, X (M) be a module of smooth vector fields on
M and C*(M) be an algebra of smooth functions on M.

An almost Hermitian structure (AH-structure) on M is a pair {J , 8 =<.,. >}, where J
is an endomorphism of a tangent space T,(M) with (Jp)2 = —id and g is a Reimannian
metric on M such that < JX,JY >=< X,Y >, X,Y € X(M). A smooth manifold provided
AH-structure is called an almost Hermitian manifold (AH-manifold). We recall that the funda-
mental (Kahlerian [7]) form is given by Q(X,Y) =< X,JY >.

As it is well known from [6] that the given AH-structure on a manifold M is equivalent to
the given an G-structure in principle fiber bundle of all complex frames of M with structure
group U(n). This group is called an adjoint G-structure. The frame adapted to the AH-
structure is called A-frame look as {p, &1, ...,&,,€1,...,€:} [5], where ¢, are the eigenvectors
corresponded to the eigenvalue i = +/—1 and ¢, are the eigenvectors corresponded to the
eigenvalue i = —+/—1. Here the index a ranges from 1ton and @ = a +n.

The matrices of the J, G and Q in A-frame are given as:

0 I, ’ V=17, 0 0 V—1I,
(1) = ( I, 0 )’(JJ) :( 0o —V-1, )’(Q”):( —V/=11, 0 ) =

Where I, is the identity matrix of order n.
A Bochner tensor on AH-manifold M is a tensor of type (4, 0) which is defined as the form:

B(X,Y,Z,W) = R(X,Y,Z,W)+L(X,W)g(Y,Z)—L(X,Z)g(Y,W)
+ L(Y,2)g(X,W)—L(Y,W)g(X,Z) + L(JX,W)g(JX, Z)
- LUX,Z)g(JY,W)+L{JY,Z)g(JX,W) — LJY,W)g(JX,Z)
- 2LJX,Y)g(JZ,W)—2L(JZ,W)g(JX,Y),

Where

LX,Y)=— g(rx,Y)+

1
X,Y),
2n+4 2(2n+2)(2n+4)g( )
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r is the Ricci tensor and K is the scalar curvature tensor, X,Y,Z, W € X (M).

Denote C (X,Y) = L(JX,Y). We have g(JX,Y) = —Q(X,Y), where Q is the fundamen-
tal(Kahlerian) form.

The components of Bochner tensor at any frame will be as the form:

Biiki = Riju+Lu&jx—Li&ji + Lix&i — Lj1&ix — Cullji + Cuf2jy — 2y
+ leQik+2Ciijl+2Cleij 2
1

Lij= 2 ) l]—l-Kgl] 3

1 k
Cij=-— Y lrk]+KJ 8kj 4

Where
L K
2(2n+2)(2n+4)

Suppose that the indices a,b,c and d in the range 1,2,...,n. Denote @ =a +n.
In the following proposition we find the components of Bochner tensor on any AH-manifold
in the ajoint G-structure space, i.e. in the A-frame:

Proposition 1. The components of Bochner tensor of AH-manifold are given as the following
forms:

~

. Babcd = Rabcd

N

Baped =Rapea + n—}rz("bd5? — 105 +1:463)

_ 1 b b, b b
3. BﬁBcd _RﬁBcd + on+4 (ré15d B rc(i15c + T4 5? - 511)
4. Bﬁbc& =Rabcd + +2(ra5d d5cbl)

5. B

_n . c
abcd _Rabcd d5

o n+2
6. Babed = Rapea — =5 7ab0
7. Babc& :Rabc& n+2 ab6d
8. Bapea = Rapea + =5 (165 + g6y ) — 4K 5258

And the other components of the Bochner tensor are conjugate of the above components.

Proof. 1-Seti=a, j=>b, k=c,  =d, thus equation (2) becomes:

Babcd = Rabcd + Ladgbc - Lacgbd + Lbcgad - Lbdgac - Cadec+Cachd_Cchad
+ CBDQaC+2CabQCd + 2Ccdﬂab

According to equations (1) we get Bypeqd = Raped-
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2-Seti=d,j=>b,k=c,l=d, the equation (2) becomes:

Babed = Raved t Laa&bc — Lac&bd + Lbc8ad — Lva&ac — CadSlbeTCacf2ba —Chc 2ad
+  Cpaf2%ac+2C5 Qg + 2Cq24p

Using (1), (3) and (4), we obtained:

1
Baped = Rabea t m(rbd‘Sg —Tpc0g +7cq0p)

In the same manner we can get the other components.

3. Main Results

A. Gray [4] defined three special classes of AH-manifold, which are given as the following
form:

1. ClassR; if <R(X,Y)Z,W >=<R(JX,JY)Z,W > .

2. Class R, if < R(X,Y)Z,W >=< R(JX,JY)Z,W > + < R(UX,Y)JZ,W > 4R <
JX,Y)Z,JW >.

3. ClassRy if <R(X,Y)Z,W >=<RUX,JY)JZ,JW > .

Gray proved that for a random AH-manifold , the relation among them is, R; C R, C R5.

The manifold of class R is called a parakahler manifold [12]. The manifold of class R4
has been studied by the name RK-manifold [17]. The following lemma gives the necessary
and sufficient conditions that a random AH-manifold is one of the above classes in the adjoint
G-space.

Lemma 1 ([16]). In the adjoint G-structure space, an AH-manifold is a manifold of:
1. Class Ry if, and only if, Rgpeq =0, Rgpea =0, Rypeqg =0
2. Class R, if, and only if, Rgpeq =0, Rypea =0
3. Class R3 if, and only if, Rgpeqg =0
Recall that an AH-manifold has J-invariant Ricci tensor if, roJ=Jor [16].

Lemma 2 ([16]). An AH-manifold has J-invariant Ricci tensor if, and only if, in the adjoint
G-structure space, 14, = 0.

Theorem 1. Suppose that M is AH-manifold with flat Bochner tensor, then M is a manifold of
class R4 if, and only if, M is linear complex manifold.
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Proof. By proposition 1 we have:

B&bcd = R&bcd + (’”bd5? - rbc6§ + rcdég)

n+2

Suppose that M is AH-manifold of class R; with flat Bochner tensor. That means Bgp.q = 0
and R;p.q = 0. Thus we get:
rbdOg — TpcOg +1cq0p =0 (5)

Contracting (5) by the indexes ¢ and a, we obtained:
nryqg — pg + I'pa = 0

Which means that 1,4 = 0. By Lemma 2 we have 3 = 0 if, and only if, r oJ = J o r. Hence,
from [2] M is linear complex manifold.

Corollary 1. Suppose that M is an AH-manifold with flat Bochner tensor, then M is a manifold
of class R if, and only if, M is a manifold of class R,.

Proof. This is directly from the condition of the class R, .

Theorem 2. Suppose that M is an AH-manifold with flat Bochner tensor. If M is a manifold of
class Ry, then M is either n-dimensional Ricci flat manifold for n > 2 or 2-dimensional flat scalar
curvature manifold.

Proof. Suppose that M is AH-manifold of class R; with flat Bochner tensor. According to
Lemma 1 we have Rypcq =0, Rgpeqg = 0, Ry, = 0. Thus

rf5§—r§5f+r§5?—rf5§=0 (6)
Contracting the equation (6) by the indexes a and c we get:
ragh —rb+nrb —rb=o0 (7)
Contracting the equation (7) by the indexes b and d we obtained:

a a a a __
nr,—r,+nr,—r, =0

Hence
r-=0
Thus, the equation (7) will be as the form:
(n—2)r 5 =0
If n # 2 we get:
ré’ =0

Therefore M is Ricci flat manifold.
If n =2, we shall discuss the cases of the values a, b, c, and d in the equation (6):
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1. Puta=2,b=2,c=1,d =1 we get:
rl1 + 1‘22 =0
2. Puta=2,b=1,c=1,d =2 we get:
—r% — 1‘22 =0
Thus in all possible other cases of the values a, b, ¢, and d we obtained:
r11+r§=00r—ri—r22=0

This means rl.l =0.

735

It is well known, that the scalar curvature tensor is given by the form K = rl‘ Therefore

M is a manifold of flat scalar curvature tensor.

Theorem 3. Suppose that M is AH-manifold with flat Bochner tensor, if M is flat manifold, then

M is an Einstein manifold with cosmological constant %

Proof. By the proposition 1 we have:

1
_ d d
Bﬁbc& - Rﬁbc& + n4+ Z(rg6c T 5‘;)

Suppose that M is flat manifold with flat Bochner tensor. This means that the Riemannian

and Bochner tensors are vanishing. Thus we obtained:
asd dsa _
ryo, —r .6, =0
Contracting (8) by the indexes c and d , we get:
a__ ..cga
nry =r;0y

We have K = rl.i =r;+ rg = 2rJ. Thus

c K
T'C = E
So the equation (9) becomes:
K
T'g = Z(SZ
5561 = £5(1 = —5a=F= raz £5a
2n b 2n b 2p b b b op b
Hence
ri — 551

Therefore, from [13] M is Einstein manifold with cosmological constant 2K_n

8)

)]
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