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Abstract. In this paper, we obtain some applications of first order differential subordination and su-
perordination results for some analytic functions defined by convolution.
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1. Introduction

Let S denote the class of functions of the form:
o

f@ =2+ az, &)
k=2

which are analytic and univalent in the open unit disk U = {z:2€C, |2/ <1}.If f and g
are analytic functions in U, we say that f is subordinate to g, written f < g if there exists a
Schwarz function w, which (by definition) is analytic in U with w(0) = 0 and |w(z)| < 1 for
all z € U, such that f(2) = g(w(z)), z € U. Furthermore, if the function g is univalent in U,
then we have the following equivalence:

f(2) <g(z) (z€U) = f(0)=¢g(0)and f(U)  g(V).

Let H(U) denote the class of analytic functions in U and let H[a, 1] denote the subclass of the
functions f € H(U) of the form:

f(z)=a+a12+a222+... (aeC).
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Supposing that h and g are two analytic functions in U, let
o(r,s,t;2): C2xU—C.

If h and ¢(h(z),zh’ (z),zzh//(z);z) are univalent functions in U and if h satisfies the second-
order superordination

g(2) < ¢(h(2),2h' (2),2°h" (2);2), 2)

then g is a solution of the differential superordination (2). A function g € H(U) is called a
subordinant of (2), if q(z) < h(z) for all the functions h satisfying (2). A univalent subor-
dinant q that satisfies q(z) < q(z) for all of the subordinants q of (2), is said to be the best
subordinant.

Recently, Miller and Mocanu [15] obtained sufficient conditions on the functions g, g and
¢ for which the following implication holds:

g(2) < p(h(2),2h' (2),2°h" (2);2) = q(z) < h(2).

Using the results of Miller and Mocanu [15], Bulboaca [4] considered certain classes of first
order differential superordinations as well as superordination-preserving integral operators
[5]. Ali et al. [1], have used the results of Bulboaca [4] to obtain sufficient conditions for
normalized analytic functions to satisfy:

zf'(2)
Z) R — < Z),
q1(2) 7(2) q2(2)
where g, and g, are given univalent normalized functions in U.
Very recently, Shanmugam et al. [23] obtained sufficient conditions for a normalized
analytic function f to satisfy

2/
01(2) < z’;(—z) < p(=) and 1 (2) < ff{—zgﬁ <),

where q; and g, are given univalent functions in U with q;(0) = q,(0) = 1.
o0
For functions f given by (1) and g € S given by g(z) =z+ Y, byz*, the Hadamard product

k=2
(or convolution) of f and g is defined by

(f *)@) =2+ Y arbiz" = (g * f)(2). (3)
k=2

We observe that for different choices of the function g, the function (f * g)(z) reduces to
several interesting operators. For example, if

. = (a)k—l k 1 .
g(z)—z+kZ:2—(C)k_12 (c#0,-1,-2,..;2€U), 4
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where

dd+1)..(d+k—-1) (keN;deC),
we see that, (f * g)(z) = L(a,c)f () and L(a,c) is the Carlson-Shaffer operator [6]. If

Mh:{l (k=0;d € C*=C\{O})

(ak—1--(@)k-1 k

B =24 ) o (e

(5)

where, a; > 0 (i = 1,2,..1);8; > 0 (j = 1,2,...5),l <s+1,I,s € Ny = N U {0}, where
N ={1,2,...}, we see that, (f * g)(z) = H; (a1)f (2), where H, ((a,) is the Dziok-Srivastava
operator introduced and studied by Dziok and Srivastava [9] ( see also [10] and [11]). The
operator H; ;(a; ), contains in tern many interesting operators such as, Hohlov linear operator
(see [12]), the Carlson-Shaffer linear operator (see [6] and [21] ), the Ruscheweyh derivative
operator (see [20]), the Bernardi-Libera-Livingston operator ( see [13]) and Owa-Srivastava
fractional derivative operator (see [18]).
Also, if

X M1+1+ Ak —
g(z)—z+kZ:2[ ik

we see that (f % g)(z) = I(m, A,1)f (), where I(m,A,1) is the generalized multiplier trans-
formation which was introduced and studied by Catas et al. [7]. The operator I(m, A, 1),
contains as special cases, the multiplier transformation (see [8]), the generalized Saldgean
operator introduced and studied by Al-Oboudi [2] which in tern contains as special case the
Salagedn operator (see [22]).

In [16], Mostafa et al. obtained some interesting subordination results for the function

((f *g)(z))“ (@ech,

z

nI1"
2°(A=0,l=0,meNy), (6)

In this paper, we get some interesting subordination results for the function

9 o
((f*g)(Z)) (Fec).

2. Definitions and Preliminaries

To prove our results we shall need the following definition and lemmas.

Definition 1 ([15]). Let Q be the set of all functions f that are analytic and injective on U\ E(f),
where

E(f)={CedU: liH}f(Z) = oo},
and are such that f'({) # 0 for { € dU\ E(f).

Lemma 1 ([14]). Let q be univalent in the unit disc U, and let 6 and ¢ be analytic in a
domain D containing q(U), with ¢(w) # 0 when w € q(U). Set Y(z) = 2q’(2)¢(q(2)), h(z) =
0(q(2)) + Y (z) and suppose that
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() Y is a starlike function in U,

(i) R 2@ >0,z€U
ii) Re ) ,z€U.
If p is analytic in U with p(0) = q(0), p(U) € D and
8(p(2)) +2p'(2)¢(p(2)) =< 6(q(2)) +2q' ()¢ (q(2)), (7)

then p(z) < q(2), and q is the best dominant of (7).
Lemma 2 ([23]). Let u,y € C*, and let q be a convex function in U with
2q" (2
Re 1+q/—()+E >0 ,zel.
q'(z) v

If p is analytic in U and
up(z) + v2p’(2) < uq(z) +rzq’(2), (8)
then p(z) < q(2), and q is the best dominant of (8).

Lemma 3 ([5]). Let q be convex univalent function in U and let 6 and ¢ be analytic in a domain
D containing q(U). Suppose that:

. 6'(q())
(i) Re ) >0,zeU,

(i) h(z) =2q'(2)¢(q(2)) is starlike in U.
If p € H[q(0),1]1NnQ with p(U) C D, the function 6(p(2))+zp’(2)¢(p(2)) is univalent in U and

0(q(2)) +2q'(2)p(q(2)) < 0(p(2)) +2p’ () (p(2)), 9
then q(z) < p(2), and q is the best subordinant of (9).

Lemma 4 ([19]). The function q(z) = (1 —2)72 is univalent in U if and only if |2ab —1| < 1
or|2ab+1|<1.

3. Main Results

Unless otherwise mentioned, we assume throughout this paper that, 5§, € C*,z € U and
the power is the principal one.

Theorem 1. Let q be univalent in U and satisfies

2q"(z) &
q'(2) +n

If f,g € S with (f xg)(z) # 0,z € U* = U\{0} satisfy the subordination:

Re{l +

}>o0. (10)

15(n.6,) < (=) + 324 @), an
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where x,(n, 6, f) is given by

xs(1 0. 1) = (1 m) (ufm) it (((J{:gg))((zz))) ((f *Zg)(z))é’ (12
then .
(mf < q(2) (13)
and q is the best dominant.
Proof. Define a function p by
p(z) = ((f*zm)ﬁ. (14)

Then the function p is analytic in U and p(0) = 1. Therefore, by differentiating (14) logarith-
mically with respect to z, we have

n : (@) [ = \°
p(z)+67’p(z)_(””)((f*g)(z)) T ) ((f*g)(z))' (15
Using (11) and (15), we have
PE)+ 22p(2) < 4() + 37(2) 16)

Hence, the assertion (13) now follows by using Lemma 2 with y = g and yp=1.

Putting q(2) = (1 +Az)/(1 +Bz) (-1 < B <A < 1) in Theorem 1, the condition (10)
becomes

o e R (17)
e —1>0,z€U.
1+Bz 1
1¢

It is easy to check that the function ¢(z) = |¢| < |B] <1, is convex in U, and since

1+’
¢ (L) = ¢(&) for all || < |B|, it follows that the image ¢(U) is a convex domain symmetric
with respect to the real axis, hence

) 1—Bgz 1—|B|
inf{ Re =

= > 0.
14+ Bz 1+ |B|

Then, the inequality (17) is equivalent to

> (18)

hence, we have the following corollary.
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Corollary 1. Let —1 <B <A <1 and (18) holds. If f(z) € S with (f *g)(z) # 0,2 € U* and

1+Az 7 (A—B)z
1+Bz 6 (1+B2)*

Xg(n,6,f) =

where x,(n, 6, f) is given by (12), then

Z o 1+ Az
((f*g)(Z)) " 148z

1+Az -

and TiBs S the best dominant.

Putting g(2) = 2(1 —2)~! and g(2) = 2(1 — )2, respectively, in Theorem 1, we have the

result obtained by Shanmugam et al. [24, Corollaries 3.2 and 3.3, respectively].
Taking g(z) of the form (5), and using the identity (see [9])

z (Hi(a)f (@) = arHyg(ay + 1)f (2) = (a1 — DH;(a)f (2), (19)
then we have the following corollary.

Corollary 2. Let q be univalent in U and satisfies (10). If f € S with H; ((a,)f (2) # 0,2 € U,
and satisfies the subordination

xiar,n,6,0) < (@) + 424,

where y1(a,,1n, 6, f) is given by

(a1,1,5,f) = (1+a )(—z )5—a HI’S(%H)M( ; )6 o
IO EETA Hlaf @)~ T HL@)f B \Hila)f@))

then

o
b4
(Hz,s(al)f(z)) =)

and q is the best dominant.

Letting g be of the form (6), and using the identity (see [7])

2z (1", Df () = L+ DM, Df () — (L +1 - DIMADF (=) (4 > 0;1 > 0;m & N),
(21)
then we have the following corollary.

Corollary 3. Let q be univalent in U and satisfies (10), A > 0,1 = 0 and m € N,. If f € S with
I™(A,Df (2) # 0,2 € U, and satisfies the subordination

n
xo(Lm,A,m,6,f) <q(z)+ gzq’(zx
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where y5(l,m,A,m, 08, f) is given by

XZ(Lm’A, 7),5,f) = (1 +

n(l + 1)) ( 2 )5 _ n(l + 1) I"H'l(l,l)f(z) ( 2 )5 (22)
) ImMADf (2) ) mADfE) \ImADfE) ) 2

then

P o
(F%&Dﬂ@) = 4()

and q is the best dominant.
Theorem 2. Let y € C* and let q be univalent in U with q(0) =1,q(2) # 0,z € U and satisfies

the condition: ” /
Re{1+zq/ (z)_zq (z)}>0,zeU. (23)
gz q()

If f,g €S with (f * g)(z) # 0,z € U* and satisfies the subordination:

2(f * g)/(@) 2q'(@)
1) _ .
1ty (1 (f*m@))*1+yq@) (@4
then,
P 1))
(U*gX@) =),

and q is the best dominant of (24).

Proof. Let a function p defined by (14), then the function p is analytic in U and p(0) = 1.
Therefore, by differentiating (14) logarithmically with respect to z, we have

2p'(z) _ 5 (1 _2(f *g)’(Z))
p(2) (fx8)=) )

Using the above relation in (24), we have

2p'(2) 2q'(@)
@ e

Taking O(w) = 1 and ¢(w) = y/w, then ¢ and 6 are analytic in C*. Simple computations
show that

1+

Y() = 2¢'(2)e(q(k) = Yzq—(z),
q(2)
_ B zq'(2)
h(z) = 0(q)+y@E)=1+y——,
q(2)

and it is easily to see that the conditions of Lemma 1 are satisfied whenever (23) holds. Then,
applying Lemma 1, the proof of Theorem 2 is completed.

Putting q(z) = (1 +Az)/(1+ Bz) (—1 <B <A <1) in Theorem 2, it is easy to check that
the condition (23) holds whenever —1 < B <A < 1, hence we obtain:
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Corollary 4. Let —1 <B <A<1 Let f,g €S with (f * g)(z) #0, z € U*, suppose that

(f *g)’(z)) oy, TA=B)
F* @ (L+4)(1+B2)

1+7v0 (1—

Then,

Z o 1+ Az
((f*g)(Z)) S 118

and (1 +Az)/(1 + Bz) is the best dominant.

Taking v = ;—; (a,b € C*),5 = a and q(z) = (1 — 2)~2?® in Theorem 2, then combining
this together with Lemma 4, we obtain the following corollary.

Corollary 5. Let a,b € C* such that |2ab — 1| < 1 or |2ab + 1| < 1. Letf €S and suppose that
(f*‘iﬁ #0forall z € U If

1+

b

1 (Z(f*g)’(Z) ~ ) 1tz
b\ (f*g)@) 1-2

2 ‘ _ o\—2ab
((f*g)(Z)) <=2

and (1 —2)2%b is the best dominant.

then

Remark 1. (i) Taking g(z) = 1ZTZ in Corollary 5, we obtain the result due to Obradovi¢ et al.
[17, Theorem 1];

(i) Taking g(z) = ﬁ and a = 1 in Corollary 5, we obtain the recent result of Srivastava and
Lashin [25, Theorem 3];

(ii) Taking g(z) = 7,7y = —abeci;l (a,beCllAl< D), a=aandq(z)=(1— z)~2abeosre™
in Corollary 5, we obtain the result due to Aouf et al. [3, Theorem 1].

Theorem 3. Let q be convex univalent in U, §,m € C* and satisfies
o
Re{—1} > 0. (25)
n

5
Let f,g €8, (f *xg)(z) #0, 2 € U, suppose that ((f*zm) N H[g(0),1] € Q and that
xg(a,m; f) is univalent in U, where y,(5,m; f) is given by (12). Then

a(=)+ 324'() < 2,6, 1)z, (26)
implies

2 5
(=) < (—) ,
k F*2)@)
and q is the best subordinant of (26).
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Proof. Define a function p defined by (14). Then simple computations show that

n
p(z) + EZP/(Z) = 2.(8,m,f).
Putting 6(w) =w and ¢(w) =n/8, then 6 and ¢ are analytic in C, and

0'(q(=)
Reo@@®) ~

o
Re;q’(z) >0(z€U).

Since q is a convex function, it follows that h(z) = 2q'(2)p(q(2)) = %/(Z) is starlike in U.
Then by applying Lemma 3, the proof is completed.

Letting g be of the form (5) in Theorem 3 and using the identity (19), we get the following
result obtained the following result:

Corollary 6. Let q be convex in U, and suppose that §,n € C* satisfies the condition (25). For all

functions f € Swith H; (a1)f (2) # 0, 2 € U*, suppose that (;) € H[q(0),1]NQ,
’ Hys(a1)f (2)

and that y,(ay;6,n; f) is univalent in U, where y,(ay;6,n; f) is given by (20).
Then,

(=) + 324'() < 7236, £)(2), 27)

implies

5
Z
@< == >
(Hl,s(al)f(z))
and q is the best subordinant of (27).

Letting g be of the form (6) in Theorem 3 and using the identity (21), we have:

Corollary 7. Let q be convex in U, and suppose that a,m € C* satisfies the condition (25).

For all functions f € & with I(m,A,1)f(z) # 0, 2 € U* (A>0,1>0, meN,), suppose
5

that (m) € H[q(0),1]NQ, and that y,(m,A,l;6,n; f) is univalent in U, where

x2(m, A, 1;8,m; f) is given by (22).
Then,

n
q(z) + aqu(Z) < x2(m, A, L a,m; f)(2), (28)
implies

2 a
1)~ (I(m, % l)f(Z)) ’
and q is the best subordinant of (28).

Combining Theorem 1 and Theorem 3, we deduce the following sandwich theorem:
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Theorem 4. Let q, and q, be convex functions in U. Suppose that &,m € C* satisfies (25) and

z
qy satisfies (10). Let f,g € &, with (f * g)(z) # 0, z € U, suppose that (—(f o) ))
g)(z
H[q(0),11NQ. and that z,(8,; f) is univalent in U, where 14(8,7; f) is given by (12). Then,

01(2) + 3504 (2) < 7,5, £ )(=) < 4a(2) + 524} (2), 29)
implies

o
0 (2) < (Ufm) < (),

and q, and q, are respectively, the best subordinant and the best dominant.
Combining Corollary 2 and Corollary 6, we get the sandwich result:

Corollary 8. Let q; and q be convex functions in U. Suppose that 6,1 € C* satisfies (25) and

5
q,, satisfies (10). Let f € &, with H;(a;)f(2) # 0, 2 € U*, suppose that (;) €
’ Hys(a1)f (2)

H[q(0),1]1nQ, and that y,(ay;6,n; f) is univalent in U, where y,(a,;6,n; f) is given by (20).
Then,

n n
q:1(2) + gzqi(Z) < x1(ay;6,m;f) = qa(2) + EZQQ(Z),

implies

5
Z
q:1(2) < (m) =< qy(2),

and q, and q, are respectively, the best subordinant and the best dominant.
Combining Corollary 3 and Corollary 7, we get the sandwich result:

Corollary 9. Let q; and g5, be convex functions in U. Suppose that 6,m € C* satisfies (25) and

5
Z
q-, satisfies (10). Let f € &, with I(m, A,1)f (2) # 0, z € U*, suppose that (m) S
H[q(0),1]1NQ, and that y,(m,A,l;a,n; f ) is univalent in U, where yo(m,A,l;a,n; f) is given

by (22). Then,
n n
01(2)+ 3264 (2) < za(m, 2,1 0,03 £)(E) < 4a(2) + 3704(2),

implies

5
Z
q1(2) < (m) =< qa(2),

and q, and q, are respectively, the best subordinant and the best dominant.

Remark 2. Taking g in the form (4) in Theorems 1, 3 and 4, respectively, we obtain the results
obtained by Shanmugam et al. [ 24, Theorems, 3.1, 4.1 and 5.1, respectively].

Specializing the parameters a;(j = 1,2,...,s + 1), §;(j = 1,2,...,s) , 4,1 and m, in Corol-
laries 8 and 9, we obtain the sandwich results for the corresponding operators.
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