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Abstract. In this paper, we introduce a new subclass of meromorphic multivalent functions associated
with Wright generalized hypergeometric function and obtain new results for this class by the applica-
tion of Briot-Bouquet differential subordination.
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1. Introduction

Let X, denote the class of meromorphic function of the form
o0
flz)=g7"P +Zakzk_p (peN:=1{1,2,3,....}), 1D
k=1
which are analytic in the punctured open unit disk
D:={z€¥|0<|z| <1} =%\ {0},

where % := {z € €| |z| < 1}. Also, we denote % = ¥};.

If f(z) and F(z) are analytic in %, we say that f(z) is subordinate to a function F(z)
written symbolically as f < F or f(z) < F(2),(z € %), if there exists a Schwarz function w(z)
which (by definition) is analytic in % with

w(0)=0, [w(z)l<1 (z€%),
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such that

f2)=F(w(z)) (z€%).

In particular, if the function F(z) is univalent in %, then we have the following equivalence
[cf. 7]:
f(@)<F(=)(ze¥%) < f(0)=F(0)and f(%) C F(%).

For functions f(z) € &, given by (1) and g(z) € X, given by
o0
HOELREDW LS )
k=1
the Hadamard product (or convolution) of f and g is defined by

(f *@)@) =27 + ) arhz* P =: (g f)(z) (peN;zeD). (3)
k=1

Let I,s € N. For positive real parameters a;A; (j=1,...,q); ;,B; >0 (j=1,...,s) , with

1+iBj—zq:Ajzo,
j=1 j=1

the Fox-Wright function ;v is defined by [see 8]

o ML T'(a;+nA;)z"
j=1" \&j J
ai,Ai)1;5(Bi,Bi)1 ;2] = E

lws[( j ])1,1 (ﬁ) ])1,3 :| szlF([o’J+nB])n'

n=1

(z€ ). @)

In particular, when A; =B; =1 (i=1,..,;j=1,..,s), we have the following relationship:

1Fs(a, s ar5 By Bss;2) = QP [(ag, Dy 5 (B, 11552] ([Ss+1;2€ %) (5)

where r(By)..T(,)
:= 1 cee s ) 6
* T ) ©
Let
¢pl(aj, A5 (B, Bzl = Q2P pg[(aj,Aj) 5 (B, Bjlis;z]l (2 €D). (7)

Due to Dziok and Raina [2] (see also [1] and [3]) we consider a linear operator

ell),s {(alel)}f(z) = Qp [(alaAl): ---:(al)Al); (ﬁl)Bl): L) (ﬁs:Bs)] : Z:p I Z:p

defined by the following Hadmard product

9;;’5 {(a1,A1)} f(2) := ¢, [(aj,A))1,15 (b, Bi)1s5 2] * f (2). (8)
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If f € %, is given by the equation (1), then we have

l —
IT;_ _T(aj+nA;)z"P
]:1F([3’j+nBj)n!

0L {(a1,A1)} F(z) =277 +QZ a,(z €D). ©)

In particular, for A; =B; =1(i = 1,...,1,j = 1,...,s), we get the linear operator

Al 1f(2)=27P +ZHSJ 1), P (z€U), (10)

AR

studied by Liu and Srivastava [6]. Obviously, for [ =2,s =p =1 and a, = 1, we get
2(ay, f1)f () =27 +Z 2l (zew).
(/51)
It is easy to verify that
/ a a
z [95’3 {(alaAl)}f(z)] = A—ieli’s {la; +1,AD} f(2) - (A—i +P) 9;,’3 {(a1,A1)} f(z) D
Also, for —1 < B <A <1 we denote by

V((alaAl);AaB) = V((alaAl)) RE) (alJAl);A:B)

the class of functions f € %, which satisfy the following condition:

(12)

(ﬂ )_(ﬂ)%’s(aﬁl,m)f(z) 1+Az
A

+p <p .
A 0L (a1,A1) f(2) 1+ Bz

Let h and q be analytic functions in % with h(0) = q(0) = p and let q be univalent convex
function. The first-order differential subordination

W) + g (13)
2)+ ——— < q(2),

Bh(z) +y
is called the Briot-Bouquet differential subordination. This particular differential subordina-
tion has a surprising number of important applications in the theory of analytic functions
(for details see [7]). In this paper we present one more application of the Briot-Bouquet
differential subordination.
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2. Main result

To prove our main results we need the following lemmas:

Lemma 1 ([7], see also [4]). Let 5,y € € and suppose q(2) is convex univalent in % with
q(0)=pand
Re{Bq(z)+7} >0 (z€¥)

If h(2) is analytic in % with h(0) = p, and:

zh'(2)

"t B Ty

<q(z) (zew), (14)
then
h(z) < q(z).

Lemma 2 ([7]). Let the function w(z) be (nonconstant) analytic in % with w(0) = 0. If |w(z)|
attains its maximum value on the circle |z| =r < 1 at a point z, € %, then

zow’ (29) = kw(zp), (15)
where k is real and k > 1.

Making use of Lemma 1, we get the following theorem:

Theorem 1. If
a,(1+B)>pA,(A—B),

then
V((al + m,Al),A,B) - V((alaAl);AJB) (m € N)

Proof. Obviously, it is sufficient to prove the theorem for m = 1. Let a function f belong
to the class V((a; + 1,A1);A, B) or equivalently

/
= [+ LANE] 14
=< p .
6y (ay + 1,A))f (2) 14 Bz

(16)

Then the function

5 [0 (e, A0f ()]

6y (a1,41)f (2)
is analytic in %/ and h(0) = p. Using equation (11) the equation (17) can be rewritten as

h(z) = a7

h(z) + (“1 + ) o Gl t LA (18)
—h(z J— = — .
AP )T A T g e Anf @)
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Taking the logarithmic derivative of equation (18), we get

—zh'(2) B Z [Gé’s(al + 1,A1)f(z)]/ Z [Gé’s(al,Al)f(z)]/

a - ls - l,s ' 19
(24p)-he) & (1 +1Af() 6" (a1,41)f (2)
Using (17) in the above equation we have,
i 2 [015(ay + 1L,ADf )]
sz [ P ] +h(z), 20)
(24p)-he) 6 +1,Af()
; 2 [05(ay +1,4)f )]
h(z) + (=) =— [ - - i ] . 21)
(2+4p)-h=) 6 (@ +LANFE)
Thus by (16) we have
zh'(2) 1+Az
h(z) + (22)

<p .
(% +p) —h(z) 1+ Bz
1
Lemma 1 now yields
1+Az
1+Bz

Thus, by (17) and (11) we conclude that f(z) € V((a;,A1);A, B). This completes the proof of
the Theorem 1.

h(z) <p

Using Lemma 2 we now show the following sufficient conditions for functions to belong
to the class V((a;,A;);A, B).

Theorem 2. Let m € N and
a;(1+B)>pA,(A—B), 2(a; + m—1)B*> <A;p[(A— B)(2B+ 1)]. (23)

If a function f € %, satisfies the inequality

(aﬁ—m) 9;’5(a1+m +1;A:)f (2) 1l < A=B - %B (24)
Ay 0, (ay+m;A)f (2) A=B+ - (1-B)

B+p(A-B)

RS (z€U),

then f € V((a1,A1); A, B).

Proof. It is sufficient to consider the case m = 1. Let a function f belong to the class %,,.
On putting
14+ Aw(z)
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in (21), we obtain

(al +1 ) (al + 1) 6% (a1 +2,A1)f () (A=B — -B)aw'(2)
p - = a a
A At ) 0)(ay +1,A))f (2) -+ {--B+B—Apw(z)
N Bzw'(2) 1+ Aw(z)
1+ Bw(z) P 1+ Bw(z)
Consequently, we have
F(z) =w(z) 2w (z) A0 + B p(A—B) (26)

w(z) ;‘711 + {;‘7113 +B—Alw(z) 1+Bw(z) 1+Bw(z) |’

where

F(2) (al +1 N ) (al + 1) [911,’3(‘3‘1 + Z,Al)f(z)]
z) = p|-

A A ) 6% (e + LA (2)
By (12), (17) and (25), it is sufficient to verify that w is analytic in %/ and

1

lw(z)| <1 (z€%).
Now, suppose that there exists a point z; € % such that
w(zo)| =1, w2l <1 (lz] < [z))-
Then, applying Lemma 2, we can write
20w’ (29) = kw(zg), w(zo)=e? (k> 1).

Combining these with (26), we obtain

A—-B—-2B
A B p(A—B)
F(zy)| > kRe P _ 4 _ | +
| (O)| (p‘: +{pilB+B—A}€le 1_|_BelG 1+B
1 1

\

a
A-B-a B p(A—B)
> k + +
L4 A-B- 2L 1+B 1+B
PAy PAy
_R_ %
. A-B—- "B B+p(A—B)
T A-— 41— 1+B
A=B+ L (1-B) +

Since this results contradicts (24), we conclude that w is the analytic function in % and
lw(z)| <1 (2 € %), which completes the proof of the Theorem 2.

Putting p =1, A=1—a, and B =0 in Theorem 2, we obtain the following result.
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Corollary 1. Let m € N, 0 < a < 1 and a; > A; (1 —a). If a function f € X satisfies the
following inequality:

— %
(1-a) (2+ a a)

atm (a _
Ay (A1+1 a)

95’5(a1+m +1;A))f (2) ~

TS 1| <
0y (a1 +m;A;)f (2)

>

then

<l—a.

@ (1 0+ 1,A1)f(2))
Ay 0" (ay+,A1)f (2)

Putting A; =B; = 1(i = 1,...,[,j = 1,...,5) in Corollary 1, we obtain the following result.

Corollary 2. Let me N, 0 < a < 1 and a; + a > 1. If a function f € X satisfies the following
inequality:

%(a1+m+1)f(z)_ 1-a)(2+a;—a)
H(a; +m)f(z) (ar+m) (g +1—a)’

then
H(a; +1)f(2)

7 (a1)f (2)

Puttingl =2,s = p =A; =A, =B; =1, and ay, = 1 in Theorems 1 and 2, we get the
following two results:

o +1—a;

Corollary 3. Let m € N, a;(1+B) > (A—B). If a function f € X satisfies the following

condition:
Lo +m+1,6)f(z) 1+Az

ZL(a;+m,B)f (2) = 1+ Bz’

(a;+m+1)—(a; +m)

then
L@ +10)f() _ 1+4
Z(ay,B1)f (2) 1+Bz

Corollary 4. Let m € N, a;(1+B) >A—Band 2(a; +m—1)B> < (A—-B)(2B+1), Ifa
function f € X satisfies the inequality:

(g +1) -y

ZL(a;+m+1,6,)f(2) A—B—a;B A
(etm) = @ | ABraa-B 138 2V

then
L +1,6)f(z) 1+Az

2(a, p)f (@) 1+Bz

Putting a; = 3; = m = 1 in Corollary 4 we obtain the sufficient conditions for starlikeness.

a;+1—a,
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Corollary 5. Let 2B2 < (A— B)(2B + 1). If a function f € X satisfies the inequality:

zzf//(z)+4zf/(z)+2f(z)|< A—2B + A @)
2 (2f () + 2f (2)) 14+A—2B ' 14B °- %7
then
—z2f'(z) 1+Az

f(2) 1+Bz’
i.e., the function f is starlike in % .
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