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Abstract. In 1940 (and 1964) S.M. Ulam proposed the well-known Ulam stability problem. In 1941
D.H. Hyers solved the Hyers-Ulam problem for linear mappings. In 2008, J. M. Rassias introduced
the generalised Hyers-Ulam “product-sum” stability. In this paper we introduce a Cauchy type ad-
ditive functional equation and investigate the generalised Hyers-Ulam “product-sum” stability of this
equation.
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1. Introduction and Preliminaries

In 1940 (and 1964) Stanislaw M. Ulam [9] proposed the following stability problem,
well-known as Ulam stability problem:

“When is true that by slightly changing the hypotheses of a theorem one can still
assert that the thesis of the theorem remains true or approximately true?”

In particular he stated the stability question:

“Let G, be a group and G, a metric group with the metric p(.,.). Given a constant
6 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G; — G,
satisfies p(f(xy), f(x)f(¥)) < c for all x,y € Gy, then a unique homomorphism
h: G, — G, exists with p(f(x),h(x)) < 6 for all x € G; ?”

In 1941 D.H. Hyers [2] solved this problem for linear mappings as follows:
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Theorem 1 (D.H. Hyers, 1941: [2]). If a mapping f : E — E’ satisfies the approximately
additive inequality

If(x+y)=fG)=fIl e,

for some fixed ¢ > 0 and all x,y € E, where E and E’ are Banach spaces, then there exists a
unique additive mapping A : E — E’, satisfying the formula

A(x)= lim 27"f(2"x),
n—c0
and inequality
I1F () —AX)l[ < e
for some fixed e >0 and all x € E.
No continuity conditions are required for this result.

Theorem 2 (T. Aoki, 1950: [1]). Let f : E — E’ be a mapping from a normed vector space E
into a Banach space E’ subject to the inequality

1f Ce+y) = £G) = FODII < e(llxIP + 1y 117, @)
forall x,y € E, where € > 0 and p < 1 constants. Then the limit
Alx) = linc}o 27 f(2"x),

exists for all x € E and A: E — E’ is the unique additive mapping which satisfies
2¢

2-2p

forall x € E. If p < 0 then the inequality (1) holds for x,y # 0 and (2) for x # 0.

IIf () = A = [|x[[P (2)

Theorem 3 (Th. M. Rassias, 1978: [6]). Let f : E — E’ be a mapping from a normed vector
space E into a Banach space E’ subject to the inequality

1f G+ y) = f£G) = FODII < ellxIP + 1ylIP), (3)
forall x,y € E, where € > 0 and p < 1 constants. Then the limit
A(x)= lim 27"f(2"x),
n—o0

exists for all x € E and A: E — E’ is the unique additive mapping which satisfies
2¢e
2—2P

forall x € E. If p < 0 then the inequality (3) holds for x,y # 0 and (4) for x # 0.
If, moreover, f(tx) is continuous in t € R for each fixed x € E, then A(tx) = tA(x) for all x € E
and t €R. A: E — E’ is a unique linear additive mapping satisfying equation

I1f (x) —AQ0)]| < [lx]1? )]

Alx+y)=A(x)+A(y).
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Theorem 4 (J. M. Rassias, 1982-1989: [3, 4, 5]). Let X be a real normed linear space and Y a
real Banach space. Assume that f : X — Y is a mapping for which there exist constants 6 > 0
and p,q €R such that r = p +q # 1 and f satisfies the functional inequality

If G+ y) = FG = FODIIN < OllxPlly 119,

for all x,y € X. Then the limit
Alx) = linc}o 27f(2"x),

exists for all x € X and A: X — Y is the unique additive mapping which satisfies

[lxl1”

G = AN S sy

forall x €X.
If, moreover, f(tx) is continuous in t € R for each fixed x € X, then A(tx) = tA(x) forall x € X
andt € R. A: X — Y is a unique linear additive mapping satisfying equation

Alx+ y) =A(x)+A(y).

For the theorem that follows, let (E, L) denote an orthogonality normed space with norm
.||z and (F,||.||r) is a Banach space.

Theorem 5 (Ravi, K., Arunkumar, M. and Rassias, J. M., 2008: [7]). Let f : E — F be a
mapping which satisfies the inequality

IIf (mx + y) + f(mx — y) = 2f (x + y) = 2f (x = y) — 2(m? — 2)f (x) + 2f ()|
<e{llxIPlylE+ (IxIZP +1yIP)} 6

for all x,y € E with x 1 y, where € and p are constants with €,p > 0 and either m > 1;p <1
orm<l;p>1lwithm#0;m#+1;m#+v2and —1# |mP~! <1.

Then the limit (mx)
Q(x)= lim flm'x

n—oo m2n

exists for all x € E and Q : E — F is the unique orthogonally Euler-Lagrange quadratic mapping
such that

1 () = QUOllr € = [x]|?
F=2im2 — m?| E
forall x €E.
Note that the mixed type product-sum function
(x,y) = e[llxlBIyIE + (x 122 + 1y 117 ]

was introduced by J. M. Rassias ([7, 8]).
In this paper we introduce a Cauchy type additive functional equation and investigate the
generalised Hyers-Ulam “product-sum” stability of this equation.
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2. Cauchy Type Additive Functional Equation

Let X be a real normed linear space and Y a real Banach space.

Definition 1. A mapping f : X — Y is called approximately Cauchy type additive, if the approx-
imately Cauchy additive functional inequality

1f e+ )+ Flx=y)+ F oy =)= F )= FOIN < e(lIxz Iy 112 +1x]1*+11yl1)  (©)
holds for every x,y € X with € > 0 and a # 1.
Lemma 1. Mapping A: X — Y satisfies the Cauchy-type additive equation
Alx+y)+A(x —y)+A(y —x) =A(x) +A(Yy)

for all x,y € X if and only if there exists a mapping C : X — Y satisfying the Cauchy additive
equation
Clx+y)=C(x)+C(y)

for all x,y € X such that A(x) = C(x) forall x € X.

Proof. (=) Let mapping A: X — Y satisfy the Cauchy-type additive equation
Ax +y)+A(x = y) + Ay — x) =Alx) +A(y) 7

for all x, y € X. Assume that there exists a mapping C : X — Y such that A(x) = C(x) for all
x € X. Observe that for x = y =0 and x = x, y = x from (7) we obtain respectively

C(0) =A(0)=0

and
C(—x)=A(—x)=—-A(x)=—-C(x), for x € X. (8)

From (7) and (8) it is obvious that
Clx+y)+Clx—y)+C(y—x) = C(x)+C(y),or

Clx+y)+Cx—y)+C(—(x—y)) C(x)+C(y),or
Clx+y) = Cl)+C(y).

Hence, C satisfies the Cauchy additive equation.

(<) Let mapping C : X — Y satisfy the Cauchy additive equation
Clx+y)=C(x)+C(y) 9

for all x, y € X. Assume that there exists a mapping A : X — Y such that A(x) = C(x) for all
x € X. Observe that for x = y = 0, from (9) we obtain

A(0)= Cc(0)= 0. (10)
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Thus, from (9) and (10) one gets
AX)+A(y) = C(x)+Cy)=C(x+y)=Alx+Yy)
= Alx+y)+A0)=Alx+y)+A((x—y)+(y —x))
= Alx+y)+Ax—y)+A(y —x).

Hence, A satisfies the Cauchy type additive equation.
Thus the proof of Lemma 1 is complete.

Theorem 6. Assume that f : X — Y is an approximately Cauchy type additive mapping satisfy-
ing (6).
Then, there exists a unique Cauchy type additive mapping A : X — Y which satisfies the formula

A(x) = lim f£,(x),

where
27f(2"x), —oo<a<l
falx) = {
2nf(27"x), a>1
forallx eX and ne N ={0,1,2,...}, which is the set of natural numbers and
I1f () = A < > [
x)—A(x x
~|2-2¢

for some fixed e >0,a# 1andall x €X.
If, moreover, f(tx) is continuous in t € R for each fixed x € X, then A(tx) = tA(x) forall t €R
and x € X.A: X — Y is a unique linear Cauchy type additive mapping satisfying equation

Ax+y)+Ax —y) +A(y —x) =A(x) +A(Y). (11)
Proof. We start our proof considering: —oo < a < 1.
Step 1 By substituting x = y = 0 and x = y in (6), respectively, we can observe that
f(0)=0

and 3
If(x) =27 F(2x0)l| < EEIIXII“-

Hence, for n € N — {0}

|1f () =277 f (2"x)|| [1f ) =27 F 220l + 11271 F (2x) = 272 £ (2% + ...

127D 20 ) — 270 F (20|

IN + IA

3
5(1 42071 420Dy g x|

5 (1= 2 D)ellx][”
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Thus,

(1—2"@"Dyel|x||%,

IFe)—27F @)l < 5=

forne N —{0}and —co < a < 1.

Step 2 Following, we need to show that if there is a sequence {f,,} : f,(x) =27"f(2"x), then
{f,} converges.
For every n > m > 0, we can obtain

[1fa() = frn @Ol = (1277 (2"x) = 27" F (2™ x)|
= 27M|f(2Mx) — 27 F(2mmamy )|

< 272 (- 20D e
2—2¢

< 22 e s,
2—2¢

for m — o0, as a < 1. Therefore, {f,} is a Cauchy sequence. Since Y is complete we
can conclude that {f,} is convergent. Thus, there is a well-defined A : X — Y such that
A(x)=1im,_, 27" f(2"x), for —co < a < 1.

Step 3 Observe that

3¢
I1F G0 = fu(AI =11 () =27 fF ("0l = o —2 (1 - 2" D[],
from which by letting n — oo we obtain
3¢ «
FG) = AN < 5z Il (12)

Step 4 Claim that mapping A : X — Y satisfies (11). In fact, by letting x — 2"x and y — 2"y,
from (6), we have:

I1f (2"Cx +¥)) + £ (2%(x = ¥)) + £ (2"(y — %)) — f (2"x) — £ (2"y)
< e (12712112 |2 + |27 || + |27y [|%).
Next, by multiplying with 27" we obtain
0 < 1277 (2"(x + ¥)) +27"F (2%(x — ¥)) + 27 (2"(y — x)) — 27"F (2"x) — 27" (2"y)
< 2M Vg ([|x|[2 |y |2 + |x||* + |y 11%)

and by letting n — oo, for —0o < @ < 1 we can conclude that an A: X — Y truly exists
such that: A(x) = lim,,_,, 27" f (2"x) satisfies the Cauchy-type additivity property

Alx+y)+Ax —y)+A(y —x)=A(x)+A(y). (13)

Therefore, existence of Theorem holds.
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Step 5

Step 6

We need to prove that A is unique.
Observe, from (13), that

A(0)=0 and A(2x)=2A(x).
Therefore, by induction we can show that
A(2"x) = 2A(2" 1x) = 2™A(x)

or equivalently
A(x)=2""A(2"x). (14)

Assume, now, the existence of another A’ : X — Y, such that A'(x) = 27"A’(2"x). With
the aid of the (12)-(14) and the triangular inequality, one gets

0 < [|JAGx) — A'(x)] |127"A(2"x) — 27"A/(2"x )|

< [I27"ARM) = 27 (2| + (27 F (M) — 27"A (2 )|
< 2n(a—1) 3¢ ||x||a

2—2¢
— O’

as n — 00, (—oo < a < 1). Thus, the uniqueness of A is proved and the stability of
Cauchy-type additive mapping A: X — Y is established.

To complete the proof of Theorem 6, we only need to examine whether A: X — Y is a
linear Cauchy-type mapping. To be more precise, we need to show that:
MAx+y)+Ax—y)+A(y —x)=A(x)+A(y), and

(2) A(rx)=rA(x), VreR.

Recall that we have shown already that (1) holds.
Therefore, we only need to show that (2) is valid Vr €R.
For that we will study four cases.

Case1: Letr=keN={0,1,2,...}.

For k = 0, from (2), we have A(0) = 0. This is verified if we substitute x =y =0
in (13).

Assume, that A((k — 1)x) = (k — 1)A(x) is true Vk.

Then, we need to prove that A(kx) = kA(x).

Note that for x = x, and y = 0 from (13), we can easily obtain A(—x) = (—1)A(x).
Let x =x and y = (k — 1)x in (13). Then,

Alkx)+A(— (k—2)x) +A((k —2)x) =A(x)+A((k — 1)x),

or
A(kx)=kA(x), VkeN=1{0,1,2,...}.
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Case 2: Letr =k eZ.
We only need to observe that A is odd. Since, we have already proved that (2) is
valid Vk e N = {0,1,2,...} we can then conclude that

Alkx)=kA(x), VkeZ.

Case 3: Letr = % eqQ,forkeZ, 1 eZ—{0}.
Then, A(x) :A(l%x) = lA(%x), for | € Z — {0}. Hence, A(%x) = %A(x).
Besides, for k € Z, A(%x) =A(k%x) = kA(%x), from Case 2.
Thus, A(%x) = %A(x), or A(rx)=rA(x) for r €Q.
Case 4: Let r €R, where r = q,, : rational numbers.
Since R is a complete space, every sequence {q,} converges in R, i.e. lim,_,, q, =
q €R.
Recall that A(x) = lim,,_,, 27" f(2"x) and f(tx) is continuous in t for each fixed
x in X. Therefore, A(tx) is continuous in t for each fixed x in X. Besides,

lim A(g,x) =A( lim g,,x) = A(qx) (15)
and

lim A(g,x) = lim q,A(x) = qA(x). (16)

n—oo n—oo

From (15) and (16) Case 4. is now proved, which completes Step 6. and thus the proof
of our Theorem 6 for the case of —oo < a < 1.

The proof for the case of a@ > 1 is similar to the proof for —oo < a < 1.
In fact, we can find the general inequality

3e

oa (1= 2" x|, 17)

If (o) =2"F (27" < 5

for all n € N — {0}. Thus from this inequality (17) and the formula
A(x) = lim 2"f(27"x),
n—oo
for n — oo, we get the inequality

3e
20 -2

[|x||%, for a > 1.

I1f (x) —AQ)]] <

The rest of the proof for a > 1 is omitted as similar to the above mentioned proof for —oo <
a<l.
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