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Abstract. The concept of an S—Linear ADL is defined and characterized in terms of the S—prime ideals
and S—prime filters. Equivalent condition for an ADL R to become a (dually)B—relatively normal ADL
in terms of minimal prime ideals(filters) and B—maximal ideals(filters) is obtained, where B is the
Birkhoff centre of R.
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1. Introduction

The concepts of S—completely normal lattice and dually S—completely normal lattice were
given by Cignoli [2]. The concept of an Almost Distributive Lattice (ADL) was introduced by
Swamy and Rao [9] as a common abstraction of the existing ring theoretic and lattice theoretic
generalizations of a Boolean algebra. The concept of an ideal in an ADL was introduced in [9]
analogous to that in a distributive lattice and it was observed that the set PI(R) of all principal
ideals of R forms a distributive lattice. This enables us to extend many existing concepts from
the class of distributive lattices to the class of ADLs. In our paper [5], we introduced the
concept of an S—normal ADL R, where S is a uni subADL of R and obtained necessary and
sufficient conditions for an ADL R to become an S—normal ADL in terms of S—prime filters,
S—maximal filters. B—normal ADLs were also studied, where B is the Birkhoff centre of R. In
this paper, we define the concept of an S—relative annihilator of any two elements of R and
characterize an S—normal ADL in terms of S—relative annihilators.
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We introduce the concepts of S—relatively normal ADL and dually S—relatively normal
ADL. We characterize the (dually)S —relatively normal ADL in terms of S—prime filters(ideals).
If B is the Birkhoff centre of R, then we define the concept of (dually) B—relatively normal ADL
and characterize it in terms of minimal prime ideals(filters) and B—maximal ideals(filters)of
R.

2. Preliminaries

Definition 1 ([9]). An Almost Distributive Lattice with zero or simply ADL is an algebra (R, V, A, 0)
of type (2,2,0) satisfying:

1. (xVy)Az=(xA2)V(¥y Az)
2. xAN(yVz)=(xAy)V(xAg)
3. (xVy)Ay=y

4. (xVy)Ax=x

5 xV(xAy)=x
6. OAXx=0
7. xV0=x.

Every non-empty set X can be regarded as an ADL as follows. Let x, € X. Define the
binary operations V, A on X by

x if x # xg y if x # xg
xXVy= . XAy = .
y if x=x, xo if x = x,.

Then (X, V, A, xy) is an ADL (where X, is the zero) and is called a discrete ADL. If (R, V, A, 0)
is an ADL, for any a, b € R, define a < b if and only if a = a A b (or equivalently, a vV b = b),
then < is a partial ordering on R.

Theorem 1 ([9]). If (R,V,A,0) is an ADL, for any a, b,c € R, we have the following:
l.avb=a<aAb=b
.aVb=b&saAb=a
. A is associative in R

2

3

4. aAbAc=DbAaAc

5 (avb)Ac=(bva)Ac
6

. aAb=0bAa=0
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7.av(bAnc)=(avb)A(aVec)

8. an(avb)=a, (anb)vb=bandaV(bAa)=a

9. a<aVvbandaAb<bh

10. aha=aandaVa=a

11. 0OVa=aandaA0=0

12. Ifa<c, b<cthenaAb=bAaandavVb=bVa

13. avb=(avb)va.

It can be observed that an ADL R satisfies almost all the properties of a distributive lattice
except the right distributivity of V over A, commutativity of vV, commutativity of A. Any one
of these properties make an ADL R a distributive lattice. That is

Theorem 2 ([9]). Let (R, V, A,0) be an ADL with 0. Then the following are equivalent:
1. (R,V, A,0) is a distributive lattice
2.avb=bvVva, foralla,beR
3. aANnb=bAaq, forala,beR
4. (anb)vc=(avc)A(bvc), forall a,b,c €R.

As usual, an element m € R is called maximal if it is a maximal element in the partially
ordered set (R, <). That is, foranya €R, m<a=>m=a.

Theorem 3 ([9]). Let R be an ADL and m € R. Then the following are equivalent:
1. m is maximal with respect to <
2. mVa=m, forallaeR
3. mAa=a, forallaeR
4. a Vv mis maximal, for all a €R.

As in distributive lattices [1, 3], a non-empty sub set I of an ADL R is called an ideal of R
ifavbelandaAx €l forany a,b €I and x € R. Also, a non-empty subset F of R is said to
be afilterof RifaAbeF and xVa€F fora,beF and x €R.

The set I(R) of all ideals of R is a bounded distributive lattice with least element {0} and
greatest element R under set inclusion in which, for any I,J € I(R), I NJ is the infimum of I
and J while the supremum is given by IVJ :={aVv b |a €I,b € J}. A proper ideal P of R
is called a prime ideal if, for any x,y € R, x Ay € P = x € P or y € P. A proper ideal M
of R is said to be maximal if it is not properly contained in any proper ideal of R. It can be
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observed that every maximal ideal of R is a prime ideal. Every proper ideal of R is contained
in a maximal ideal. For any subset S of R the smallest ideal containing S is given by

n
(S]:={(Vs)Ax|s;€S,x €Rand n € N}. If S = {s}, we write (s] instead of (S]. Similarly,
i=1

n

forany S CR, [S) := {x V(A ;) |s; €S,x €Rand n € N}. If S = {5}, we write [s) instead of
i=1

[S).

Theorem 4 ([9]). For any x, y in R the following are equivalent:
1. (x]< (]
2. YANXx=X
3. yVx=y

4. [y) C [x).

For any x, y €R, it can be verified that (x]V(y] = (xVy] and (x]A(y] = (x A y]. Hence
the set PI(R) of all principal ideals of R is a sublattice of the distributive lattice I(R) of ideals
of R.

3. S—relatively Normal ADLs

IfRis an ADL and S is a subADL with 0, then the concept of S—normality in R introduced
in [5] and its properties were discussed. R. Cignoli [2] gave the concept of S—completely
normal lattice. In this section we define the concept of S—relative normality in an ADL R
through its principal ideal lattice PI(R). A subADL of an ADL with O carries the usual meaning
where 0 is treated as a nullary operation. Through out this paper R represents an ADL and S
stands for a subADL of R with 0. By a uni subADL of R we mean a subADL of R containing all
maximal elements of R.

In [8], the concept of relative annihilator in an ADL was given.

If x,y €R, then |x,y| ={a €R| yAaAx =aAx}is called a relative annihilator in R
and |x,0] = (x)* is the annihilator of x in R. Now we define the concept of an S—relative
annihilator in R as follows.

Definition 2. Let x,y € R. Define |x,y|ls ={ae€S|yAaAx =aAx} Wecal |x,y|s an
S—relative annihilator.

It can be observed that a € |x,yls iff y = ¥ V (a A x). Clearly |x,y|s is an ideal of S. The
following result can be verified easily.

Lemma 1. Let x,y €R. Then foranya€S,a € |x,y|siff xAha<yAa.

The following definition is taken from [5].
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Definition 3. Let S be a subADL of R. An ideal I of R is called an S-ideal of R if I is generated
by the set INS(I = (INS]). An S—ideal I is called an S—prime ideal of R if I NS is a prime
ideal of S and S—maximal ideal if I NS is a maximal ideal of S. It can be observed that every
S—maximal ideal of R is an S—prime ideal.

The concepts of S— filters, S—prime filters and S —maximal filters are defined analogously.
Now, the following lemma can be verified easily.

Lemma 2. Let R be an ADL, S a subADL of R and F; a filter of S. Then the filter F of R is
generated by F, is S—filter of Rand F; =F NS.

We recall the following from [5].

Definition 4. Let R be an ADL with maximal elements and S a uni subADL of R. R is called
S—normal if for any x,y € R such that x A y = O then there exist elements a,b € S such that
xANa=0=yAbandaV bisamaximal element.

In the following theorem, we characterize the S—normal ADL in terms of S—relative an-
nihilators.

Theorem 5. Let R be an ADL with maximal elements and S a uni subADL of R. Then the following
conditions are equivalent:

1. Ris S—normal
2. |x,¥lsV0y,x|lg=S, forany x,y €eRwithx ANy =0

3. For any prime filter F of S and for any x,y € R with x Ay = 0, there exists a € F such
that x Aa and y A a are comparable.

Proof.

(1) = (2) : Assume that R is an S—normal ADL. Let x, y € R such that x A y = 0. Then
there exist a,b € S such that aAx =0 = b Ay and a V b is a maximal element. That
implies yAaAx =aAx=0=xAbAy=>bAyYy. Therefore |x,ylsV |y, x]s=S.

(2) = (3) : Let F be any prime filter of S and x,y € R such that x A y = 0. Then
lx,¥ls V]y,x]s = S. Let m be any maximal element in S. Then m = a V b, for some
ac€l|x,ylgsand b e |y,x]s. ThatimpliesaAx =yAaAx=0and bAy =xAbAy =0.
Since a V b € F, we get either a € F or b € F. Suppose a € F. Since a € | x,y s, we get
x Aa < y Aa. Thus there is an element a € F such that x Aa and y A a are comparable.
Similarly, we get x A b and y A b are comparable, if b € F.

(3) = (1) : Let x,y € R such that x A y = 0. Suppose that ((x)*NS)V ((y)*NS) #8S.
Then there exists a maximal ideal M of S such that ((x)*NS) Vv ((y)*NS) € M. That
implies S \ M is a prime filter of S. By (3), there exists x € S \ M such that x A a and
y A a are comparable. Suppose x Aa <y Aa.ThenxAa=xAaAyAa=0. Then
a € |x,yls N(S\ M), which is a contradiction. Therefore ((x)*NS)V ((y)*NS)=S.
Hence R is S—normal.
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In [7], the concept of relatively normal ADL was given as follows.

Definition 5. Let R be an ADL with maximal elements. Then R is called relatively normal if for
any x,y €R, there exist a,b € Rsuch that y AaAx=aAx, xAbAy=bAyandaVbisa
maximal element.

The following definition is taken from Cignoli [2].

Definition 6. Let (L,V, A,0,1) be a bounded distributive lattice and S a sublattice of L contain-
ing 0 and 1. Then L is called S—completely normal, if for any x,y € L, there exist a,b € S such
that xNa<y, yAb<xandaVb=1.

Now we define the concept of an S—relatively normal ADL in the following.

Definition 7. Let R be an ADL with maximal elements and S a uni subADL of R. R is called
S—relatively normal if PI(R) is PI(S)—completely normal lattice.

The following lemma can be verified directly.

Lemma 3. Let R be an ADL with maximal elements and S a uni subADL of R. Then R is
S—relatively normal if and if only for any x,y € R, there exist a,b € S such that y Aa A x =
aAx, x A\bAy=DbAyandaV b isa maximal element.

Example 1. Let A be a discrete ADL and B a Boolean algebra. Then R =A X B is an ADL. Let D
be a subADL of A containing at least two elements. Then S = D X B is a subADL of R. Let x,y €R.
Then x = (x1,x5) and y = (y1,¥»). Let t be any non-gero element of D. Suppose xi,y; # O.
Write a = (t, y,Vxs) and b = (t,x,Vy,). Now, y AaAx = (y1, Y2)A(t, yoVX5)A(xq,x5) = (1A
tAX], Yo (Yo VX5)AXy) = (X1, Y2 AXy) = aAx and X AbAY = (X1 AtAy1, xo Ao VY )AY,) =
(y1,X3Ays) =bAy.AlsoaV b= (t,1). Now, suppose x; = 0 and y, # 0. Take a = (t,y, V x5)
and b = (0,x,V y;). Now, y AaAx =(y1 At A0, yo A(ya VX)) Axy) =(0,y5 Axy) =aAx
and x AbAy =(0A0A Y, x3 A(xaVys) Ays) =(0,x3Ay) =bAy. Clearly aVv b =(t,1).
Thus R is an S—relatively normal ADL.

Lemma 4. Let R be an ADL with maximal elements and S a uni subADL of R. If R is S—relatively
normal, then, for each pair a, b € S such that a < b, the segment [a,b] is an S N [a, b]—normal
lattice.

Proof. Let x,y € [a, b] such that x A y = a. Since R is S—relatively normal, there exist
c,d € Ssuchthat yAcAx =cAx, xAdANy =dAy and cVd is a maximal element.
Now, take ¢; = aV (cAb)and d; = aV (d A b). Clearly ¢;,d; € [a,b]NS. Now, ¢c; A x =
(av(icAb)Ax=(arnx)V(cAbAXx)=aV(cAx)=aV(cAyAx)=aV(cAa)=a and
diny=(av(dADb)Ay =(arny)V(dAbAy)=aV(dAy)=aV(dAxAy)=aV(dAa)=a.
Clearly c; vV d; = b. Therefore [a, b] is S N [a, b]—normal lattice.

The following two results can be verified easily.

Lemma 5. Let R be an ADL with maximal elements and S a uni subADL of R. Then R is
S—relatively normal if and only if for any x,y €R, |x,y]s V |y,x]s = S.
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Lemma 6. Let R be an ADL with maximal elements and S a uni subADL of R. Then R is
S—relatively normal if and only if for any prime filter F of S and for any x,y € R, there ex-
ists a € F such that x Aa and y A a are comparable.

Theorem 6. Let R be an ADL with maximal elements, S a uni subADL of R, F an S—filter of R
and K a non-empty subset of R, which is closed under the operation join such that F N K = 0.
Then there exists an S—prime filter P of R such that F € P and PN K = 0.

Theorem 7. Let R be an ADL with maximal elements and S a uni subADL of R. Then the following
conditions are equivalent:

1. Ris S—relatively normal
2. For each pair x,y €R, there is no proper ideal of S contain both |x,y|s and |y, x|g
3. The set of all filters of R that contain a given S—prime filter of R form a chain
4. The set of all prime filters of R that contain a given S—prime filter of R form a chain
5. Any proper filter of R that contain a given S—prime filter of R is prime.
Proof.
(1) = (2) : It follows from lemma 5.

(2) = (3) : Assume (2). Suppose P is an S—prime filter of R and F;, F, are two filters
of R such that P C F; and P C F,. Suppose F; € F, and F, € F,. Choose x € F; \ F,
and y € F, \ F;. Letae [x,y]s. Then y AaAx =aAx.Suppose a ¢ S\ (PNS). Then
a € PNS. That implies a € F; and x € F;. HenceaAx € F;. Thus y V(aAx) =y € F;,
which is a contradiction. Therefore a € S\ (P NS). Hence |x,y]s €S\ (PNS) and
similarly, we have |y, x| €S\ (PNS). Since S\ (P NS) is a prime ideal of S, this is a
contradiction.

(3)=(4): Clear.

(4) = (5) : Assume (4). Let P be an S—prime filter of R and F a proper filter of R such
that P C F. Suppose F is not prime filter of R. Then there exist a, b € R such that a ¢ F,
b ¢ F and a Vv b € F. Then there exist prime filters P,, P, of R such that a ¢ P,,b ¢ P,
and F € P,NP,. Since aV b € P,N Py, we get b € P, and a € P;. Therefore P, ¢ P, and
Py € P,, which is a contradiction. Hence F is a prime filter of R.

(5) = (1) : Assume (5). Let x,y € R. Suppose |x,y]s V |y,x]s # S. Let m be any
maximal element in R. Then m ¢ |x,y|s V |y, x|s and hence there exists an prime filter
P’ of S such that (|x, y |sV ]y, x|s)NP’ = 0. So that | x, y |nP’ =0 and |y, x |sNP' = 0.
Let P be the filter of R generated by P’. By the lemma 2, we get that P is an S—prime
filterof Rand P’ =PNS.If0€PV[xVy), thenO=pA(xVy)and hencepAx =0
and p Ay = 0. Since p € P, there exists s € PNS = P’ such that p Vs = p. Now, we
prove that the filter P V [x V y) is a proper filter of R. Now, s Ax = p AsAx = 0. So
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that s € |x,y]¢ N P’, which is a contradiction. Therefore PV [x V y) is a proper filter
of R containing P. By our assumption, P V [x V y) is a prime filter of R. Without loss of
generality, suppose x € PV [x V y). Then x =t A(x V y), for some t € P. Since t € P,
there exists s; € PNS such that tVs; = t. Now, s;Ax =s; AtA(xVY) = (s1AX)V(s;AY)
and hence s; Ay =s; Ax As; Ay =x As; Ay. That implies s; € |y, x|s N P, which is a
contradiction. Therefore |x,y|sV Ly, x]s =S.

Corollary 1. Let R be an ADL with maximal elements and S;,S, uni subADLs of R such that
S € S,. Then the following conditions are equivalent:

1. Ris S;—relatively normal
2. Ris Sy—relatively normal and the filters generated in S, by prime filters of S, are prime.
Proof.

(1) = (2) : Assume that R is S; —relatively normal. Clearly R is S,—relatively normal
and S, is S;—relatively normal. Let P be a prime filter of S;. We have to prove that
[P) is an S; —prime filter of S,, where [P) ={sVa|s €S, and a € P}. Let x,y € [P).
Then x =s; Va; and y = s,V a,, for some s;,s5 € S, and a;,a, € P. Now, x Ay =
(s1Va)A(saVay) = (s1A(s2Vaz))v(a; AlsaVay)) = (s1A(saVag))v((ag Asp) Via Aay))
and hence (xAy)A(a;Aay) = ((s1A(s2Vay))V((a; Asy)V(a; Aay)))A(a; Aay) = (a3 Aay).
Thus x Ay =(x Ay)V(a; Aay) and hence x Ay € [P). Let x € [P) and r € S,. Then
x =sVa,forsomes €S, and a € P. Now, (rVx)Aa=(rV(sVa))Aa=a and hence
rVx = (rVx)Va. Therefore r V x € [P). Hence [P) is a filter of S,. Let x € [P). Then
x=sVa,forsomeseS,andacP. Now,xVa=(sVa)Va=sVa=x.Hence [P)is
an S;—filter of R. Let a,b € S; such thataVv b € [P)NS;. Then aV b =5V x, for some
se€Syand x € P Now, x =(aVb)Ax =(aAx)V(bAx)eP (since x € P). That
implies either a Ax € P or b A x € P. Suppose a A x € P. Then a A x € [P). That implies
aV(aAx)e[P)NS;. Hence a € [P)NS;. Thus [P) is an S;— prime filter of S,. Since
S, is S —relatively normal, [P) is a prime filter of S,.

(2) = (1) : Assume that R is S,—relatively normal and the filters generated in S, by
prime filters of S; are prime. Let P be an S; —prime filter of R. Let F be a proper filter of
R such that P C F. Clearly P is an S,—filter of R. We have to prove that [PNS;) = PNS,.
Leta € [PNS;). Then a =sV x, for some s €S, and x € PNS;. That implies a € PN S,.
Therefore [PNS;) € PNS,. Let a € PN S,. Then there exists s € P N S; such that
a Vs = a. That implies a € [P N S;). Hence P N S, is a prime filter of S,. That implies
P is an S,—prime filter of R. Therefore F is prime filter of R. Thus R is an S; —relatively
normal ADL.

Corollary 2. Let R be an ADL with maximal elements and S a uni subADL of R. Then R is
S—relatively normal if and only if R is relatively normal and the S—prime filters of R are prime.
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Proof. Take S; =S and S, =R in the above corollary.

Let R be an ADL and F a filter in R. Then the relation Y (F) = {(x,y) €ERXR| x At = y At,
for some t € F} is a congruence relation on R and the set R/Y(F) = {x/y(F) | x € R} is an
ADL. Let [ | be the natural homomorphism from R onto R/1(F) defined by [ [(x) = x /4 (F)
for all x €R.

Theorem 8. Let R be an ADL with maximal elements and S a uni subADL of R. Then R is
S—relatively normal if and only if R/v(F) is a chain, for each prime filter F of S.

Proof. Assume that R is S—relatively normal. Let x /4y (F), y /vy (F) € R/ (F). Since x,y €
R, by theorem 6, there exists a € F such that x Aa and y A a are comparable. With out loss of
generality, suppose x Aa < yAa. Then x Aa = x AaAyAa = x Ay Aa. That implies (x,xAy) €
Y (F) and hence x/Y(F) = (x Ay)/Y(F) = x/yY(F) A y/yY(F). Therefore x /Y (F) < y /¢y (F).
Hence R/ (F) is a chain. Conversely, assume that R/v(F) is a chain. Let x,y € R. Then
x/Y(F),y/yY(F) € R/4(F). Since R/+(F) is a chain, x /4y (F), y /4 (F) are comparable. With
out loss of generality, suppose x/Y(F) < y/y(F). Then x/yY(F) = x/yY(F) A y /4y (F). That
implies (x,x Ay) € Y(F). Then x Aa = x Ay Aa, for some a € F. Therefore x Aa < y Aa.
Thus R is an S—relatively normal.

The following result follows directly from the above theorem.

Theorem 9. Each S—relatively normal ADL is a subdirect product of the bounded chains R \ P,
where P runs through the set of all prime ideals of S.

4. Dually S—relatively Normal ADLs

The concept of a dually S—completely normal lattices was given by Cignoli [2]. In this
section we define the concept of dually S—relative normality in an ADL R through its principal
filter lattice PF(R). We begin with the following.

Definition 8. Let R be an ADL, S a uni subADL of R and x,y € R. We define [x,y]s = {a €
S|(xva)Vy=xVa}. Wecall [x,y]s an S—relative dual annihilator. It can be observed that

ac[x,ylsiff y=(xVa)Ay.Clearly [x,y]s is a filter of S.

The usual lattice theoretic duality principle doesn’t hold in ADLs. For example, in an ADL
R, A is right distributive over V but V is not right distributive over A. However, we get that
the dual of many results of section 3, hold good in dually S— relatively normal ADLs. For this
reason we give only statements of these results.

Lemma 7. Let R be an ADL with maximal elements and S a uni subADL of R. If my, m, are two
maximal elements in R, then for any x €R, [x,m;|s = [x,my]s.

Lemma 8. Let P be any prime ideal of S. For any x,y €R, if y € PV (x], then PN [x,y]s is
non-empty.
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Definition 9. Let R be an ADL with maximal elements and S a uni subADL of R. R is called dually
S—normal if for any x,y € R with x V y is a maximal element in R, then there exist a,b € R
such that x V a, y V b are maximal elements and a A b = 0.

Theorem 10. Let R be an ADL with maximal elements and S a uni subADL of R. Then the
following are equivalent:

1. Ris dually S—normal
2. [x,¥1sVIy,xlg =S, for any x,y € Rwith x V y is a maximal element.
The following definition is taken from [8].

Definition 10. Let R be an ADL with maximal elements. Then R is called dually relatively normal
if for any x,y € R there exist a,b € R such that (x Va)Vy =xVa, (yVb)Vx=yVband
aAnb=0.

The following definition is taken from Cignoli [2].

Definition 11. Let (L,V,A,0,1) be a bounded distributive lattice and S a sublattice of L con-
taining 0 and 1. Then L is called dually S—completely normal, if for any x,y € L, there exist
a,beSsuchthatxva>y, yvb>xandaAb=0.

Now we define the concept of dually S—relatively normal ADL in the following.

Definition 12. Let R be an ADL with maximal elements and S a uni subADL of R. R is called
dually S—relatively normal if PF(R) is dually PF(S)—completely normal lattice.

Lemma 9. Let R be an ADL with maximal elements and S a uni subADL of R. Then R is dually
S—relatively normal if and only if for any x,y € R, there exist a,b € R such that (x Va)Vy =
xVa, (yVb)vx=yVbandaAb=0.

Lemma 10. Let R be an ADL with maximal elements and S a uni subADL of R. Then R is dually
S—relatively normal if and only if for any x,y €R, [x,y]|sV[y,x]s =S.

Theorem 11. Let R be an ADL with maximal elements and S a uni subADL of R. Then the
following conditions are equivalent:

1. R is dually S—relatively normal

2. For each pair x,y €R, there is no proper filter of S containing both [x,yls and [y, x]s
3. The set of all ideals of R that contain a given S—prime ideal of R form a chain

4. The set of all prime ideals of R that contain a given S—prime ideal of R form a chain

5. Any proper ideal of R that contain a given S—prime ideal of R is a prime.

Corollary 3. Let R be an ADL with maximal elements and S;,S, uni subADLs of R such that
S € S,. Then the following conditions are equivalent:
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1. Ris dually S;—relatively normal

2. Ris dually S,—relatively normal and the ideals generated in S, by prime ideals of S; are
prime.

Corollary 4. Let R be an ADL with maximal elements and S a uni subADL of R. Then R is dually
S—relatively normal if and only if R is dually relatively normal and the S—prime ideals of R are
prime.

Proof. Take S; =S and S, =R in the above corollary.

Definition 13. Let R be an ADL with maximal elements. R is called relatively normal if for any
X,Y €R, there exist a,b € R such that y AaAx =aAx, xAbAy=bAyandaVbisa
maximal element. R is called dually relatively normal if for any x,y € R, there exist a,b € R
such that (xVa)Vy=xVa, (yVb)Vx=yVbandaAb=0.

Definition 14. Let R be an ADL with maximal elements. Then R is called a linear ADL if R is
both relatively normal and dually relatively normal. If S is a uni subADL of R, then R is called an
S—linear ADL if R is both S—relatively normal and dually S—relatively normal.

The following theorem can be verified easily.

Theorem 12. Let R be an ADL with maximal elements and S a uni subADL of R. Then R is
S—linear if and only if

1. Ris alinear ADL
2. The S—prime filters of R are prime in R
3. The S—prime ideals of R are prime in R.
Definition 15. Let R be an ADL with maximal elements. Then

B =1{a €R| there exists b €R such that a Ab =0 and a V b is maximal}

is called the Birkhoff centre of R and (B, V, A) is a uni sub ADL of R which is also a relatively
complemented ADL [10].

If a € B, then an element b € R with the property a A b =0 and a V b is maximal is called
a complement of a in B. It was observed in [7] that every relatively complemented ADL is a
normal ADL and hence B is normal.

We conclude this paper with the following characterization theorem.

Theorem 13. Let R be an ADL with maximal elements and B the Birkhoff centre of R. Then the
following conditions are equivalent:

1. R is B—relatively normal
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1 /

2.

2 /

3.

3 /

R is dually B—relatively normal

Given x,y € R, there is a € B and a complement a’ of a such that y Aa A x = a A x and
xANd Ay=d Ay

Given x,y € R, there is a € B a complement a’ of a such that xVaV y = x V a and
yvdvx=yvd

R is a linear ADL and the minimal prime ideals of R are B—maximal ideals of R

R is linear ADL and the minimal prime filters of R are B—maximal filters of R.

Proof.

[3]

(1) = (2) : Assume (1). Let x,y € R. Then there exist a,b € B such that y Aa A x =
aAx, xAbAy = bAy and aVb is a maximal element. Since a € B, there exists ¢ € R such
that a Ac =0 and a V ¢ is a maximal element. Now, aV(cAb)=(aVc)A(avb)=aVb
and a Ac A b =0. So that c A b(= a’ say ) is a complement of ain Band x Aa’ Ay =
XAcAbAy=cAxAbAy=cAbAy=d Ay.

(2) = (2') : Assume (2). Let x,y € R. Then by our assumption there exists a € B and
a complement a’ of a in B such that yAaAx =aAxand x Aa’ Ay =a’ Ay. Now,
(xvaAy=((xVv(@Ay)va)Ay=(xVvavd)A(xvavy)Ay=(avad)Ay=y.
Therefore (x Va)Vy = x Va. Similarly, (y va’)vx =y vd'.

(2’) = (2) : Assume (2'). Let x,y € R. Then there exists a € B and a complement a’
ofain Bsuchthat (x Va)Vy =xVaand (yva)vx=yvd.Now, y V(aAx)=
yV(@an(yva)ax)=yv({(anyAx)V(and Ax))=yV(aAyAx)=y. Therefore
yA(aAx)=aAx.Similarly, x A(a’Ay)=a’ Ay.

(2) = (3) : Assume (2). Since (2) and (2’) are equivalent, R is a linear ADL. Let P be a
minimal prime ideal of R and x € P. Then there exists y € R\ P such that x A y = 0. By
(2), there exists a € B and a complement a’ of a such thata Ax = y A(a Ax)=0 and
aANy=xA(aAy)=0.Sothata’ Ay € P and hence a’ € P Now, x =(aVvVad')Ax =
(aAx)V(a’Ax)=d Ax. Therefore P is B—ideal of R and hence P is a B—maximal
ideal of R, since B is a relatively complemented ADL. Similarly, we get that (2")=(3").
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