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1. Introduction

Starting from the Flett real potential defined for any f € L?(R) by [see Flett 1]

1 [o.9]
FE(f)(x) = mf 47l Q (XN,
0

where Q,(f)(x) = % f jooo fu(zx +_t lé) du is the classical Poisson-Cauchy real singular integral, in the

recent paper [3] we studied the approximation properties for a \ 0, of its complex version
defined by

1 o
Fi(f)(z)= mf t* e 'Q,(f)(z)dt,
0
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where Q,(f)(z) = ﬁ foo fGe ™) gy, Also, in the same paper [3], the approximation properties

-0 u?+t?
of following types of comSlex potentials generated by the Gamma function and some other

singular integrals were studied :

1 o0
Fi(f)(=) = mj e U (F)(2)d,
0

with .
1 )
U(f)(z) =P(f)(z) = ZJ fze™™)e M/t qy,
2¢3 [+ fze ™)
U.(f)z)=R.(f)(z) = ?f . W u,

1 +00 ' ,
— W — —iuy,—u”/t
U (f)(2) = W/ (f)(z) N f_oo fze™™)e ™" " du,

representing the complex versions of the Picard, generalized Poisson-Cauchy and Gauss-
Weierstrass singular integrals, respectively.

The goal of the present paper is to find the exact orders of approximation by the complex
potentials generated by the Euler’s Beta function, that is of the form

1
af _ L a-1¢q _ \B-1
65" (N = Grratah) fo 71— 0P (R,
for Q,(f)(2) and for all the U,(f)(z) defined above.

2. Main Result

For R > 0 let us denote Dy = {z € C; |z| < R}. The main result is the following.

Theorem 1. Let us suppose that 0 < a < <1, a+f >1andthat f : Dy — C, withR > 1, is
analytic in Dy, that is f(z) = 220:0 a,zX, for all z € Dy.

a

(i) For U(f)(z) = %foo f(ze_iu)du we have that GU’ﬁ(f)(z) is analytic in Dy and we can

) —o0 u+t?
write
o
Gy (F)(=) =) axb(a, B)- %, € Dy,
k=0
where

— 1 ' a-1 p—-1,—kt
bk(%ﬁ)-mﬁ t* (1 —t)P e dt.

Also, if f is not constant for ¢ = 0, and not a polynomial of degree < q — 1 for q €N, then
forall1<r <r; <R, qeNU{0}, a(0,[] we have

IGEP (1@~ FD|, ~a,



S. Gal / Eur. J. Pure Appl. Math, 3 (2010), 1150-1164 1152

where ||f ||, = sup{|f (2)|; |z| < r} and the constants in the equivalence depend only on f,
q, r,r, B

(i) For U,(f)(z) = % j;of(ze_i“)e_lul/t du we have that Gg’ﬁ(f)(z) is analytic in Dy and

we can write
o0

Gy (F)(=) =) a- bila, B) -5,z € Dy,

k=0

1 sa—-1 1— -1
where bk(a’ﬁ) = Betal(a,[a’) fO : 1S—t21t<)2 dt.

Also, if f is not constant for ¢ = 0, and not a polynomial of degree < q — 1 for q €N, then
forall1<r<r; <R, qeNU{0}, a €(0,[] we have

IGEP (D~ f D), ~a,

where the constants in the equivalence depend only on f, q, r, r; and f3.

(iii) For U.(f)(z) = % fj;o {u(fj:;l du we have that Gg’ﬁ (f)(2) is analytic in Dy and we can
write
o0
Gyl (F)=) =Y a- bela, B) -2,z € Dy,
k=0
1. _ _
where bi(a,3) = Beml(a’ﬁ) fo t*7 11 = )P (1 + kt)e K dt.

Also, if f is not constant for ¢ = 0, and not a polynomial of degree < q — 1 for q €N, then
forall1<r <r; <R, qeNU{0}, a €(0,[] we have

IGEP ()@ = D), ~a,

where the constants in the equivalence depend only on f, q, r, ry and f3.

+00

(iv) For U,(f)(z) = \/% f_oo f(ze_i”)e_uz/t du we have that Gg’ﬂ(f)(z) is analytic in Dy and
we can write

Gyl (F)@) = ax- b(a, B)z*,z € D,
k=0

1 1 (k2
where bi(a, f) = Beml(a,ﬁ) o i@ = e)f e (/g

Also, if f is not constant for ¢ = 0, and not a polynomial of degree < q — 1 for q €N, then
forall1<r <r; <R, qeNU{0}, a (0,[] we have

IGEP ()@ - @), ~q,

where the constants in the equivalence depend only on f, q, r, ry and f3.
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Proof.

(i) By Gal [2, p. 213, Theorem 3.2.5, (i)], U,(f)(2) is analytic (as function of z) in Dy and
we can write

o0
U(f)(=) = Zake_ktzk, for all |z] <Rand t > 0.
k=0

Since | Yoo o axe *izK| < 3707 lag|-|z|* < oo, this implies that for fixed |z| < R, the series
o0

in t, Zk:o age ¥zk is uniformly convergent on [0, 00), and therefore we immediately
can write
o0
a, k
Gy (F)(=) =) axby(a, P)z*,
k=0
where

— 1 ' a—1 -1 -kt
bk(a’ﬁ)—mj;) t* (1 —t)P e dt.

In other order of ideas, we easily can write

a,p _ 1 ' a—1 p-1
Gy (f)=) - f2) = Beta(a.p) t* (1 - )P [U(f)(=) — f(=)]dt,
’ 0

which together with the estimate |U,(f)(2)— f(z)| < C.(f)t in Gal [2, p. 213, Theorem
3.2.5, (iii)], implies

a 1 ' — —
G (&) = @I S et L (1 - O UHE) - F@)lde

1 ! B Beta(a+1,0)
- - . a1 — \B-14¢ — JpetalaT L, P0)
SCr(f)Bem(a’ﬁ) L t*(1 =)' dt =C.(f)

Beta(a, f3)
a
=Cr(f)'m <C(f)a
for all |z| < r, where C,.(f) > 0 is independent of z (and a, 3) but depends on f and r.
Beta(a+1,8) _  «

Here we used the well known formula Betataf) — aip

Now, let ¢ € NU {0} and 1 < r < r; < R. Denoting by y the circle of radius r; and
center 0, since for any |z| < r and v € y we have |v — 2| > r; — r, by using the Cauchy’s
formula, forall |z| <rand0<a < <1,a+f >1, we get

f G (F) =)~ f(2)

(v —2)1tt av

WBr 1@ [y — @y — I
G (I9E) - D) = o

27y
(ry —r)att a

*

q
Scrl(f)a'ﬁ' Ca,
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with C* depending only on f, g, r and r;.

It remains to prove the lower estimate. For this purpose, reasoning exactly as in the
proof of Theorem 3.2.5, at pages 218-219 in the book Gal [2], for z = re'¥ and
p € NU {0} we get

if [F =) - [U(]DP(=)]e P¢d
2n ) _

=a,,,(q+p)q+p—1)..(p+DrP[1—e @],

1
Beta(a,p)

Multiplying above with t*1(1 — t)P~! an then integrating with respect to t, it
follows

I:=

1 1 1 “ .
Wf {%L” M- fUr(fﬂ%ﬂe‘de}f“‘lu—tw—ldt

1
1
= — P~ a=1rq _ \B-1r1 _ ,—(q+tp)t
ag+p(@+p)g+p—1)..(p+ Dr Beta(a,[o’)J; t* (11— [1—e ]dt.

Applying the Fubini’s result to the double integral I and then passing to modulus, we
easily obtain

. -

s 1
— f eive m L [f@(z)—[Ut(f)]@(znr“—l(l—t)ﬁ—ldt] dy

—T

= lag4pl(@+p)q@+p—1)..(p+ rP

1 ' a—1 p-1 —( )t
. _WL t (1-1) [1—e atp ldt | .

Since

1 1
5 . o~ @ —_ (@) a—1 _ \B-1
Beta(a,[g’)J;) [F9(2) - [U(HID@)] % (1 - ) de

= f@(z) - [G‘L",’ﬂ(f)](q)(z),

the previous equality immediately implies

1 (" .
o Le—w [F9@) - GNP de

=lag1pl(@+p)g+p—1)..(p+ )r?

1 ' a—1 p-1 —( )t
. [WL t (1—t) [1—6 a+p ]dt
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and
lag+pl(@+p)g+p—1)...(p+ DrP

1 ' a—1 p-1 —( )t
'[B—eta(a,[a’)jo t* Y1 - )P 71— e @tPI]qt

<IF@ - G5 EN@I,-
First take g = 0. In what follows, denoting

1
1
V,g=inf | ———— ta_ll—tﬂ_ll— “PHdt
afp = 0 (Beta(a,[a’)fo ( ol me ’
we clearly get
1
1
Vog=—"—< t 11— )P 1 — et dt.
o Beta(a,ﬁ)J0 ( yrli—er]

But denoting g(t) = e ¢, by the mean value theorem there exists £ € (0,1) such that
1—et=g(0)—g(t)=te*> é, which immediately implies

1
Vap = __ t*(1—t)f1dt = Beta(a +1,06)
’ e-Beta(a,f) J, e-Beta(a, f3)

1 a 1 «o a
=—- > >
e a+f " e 2B 7 2e
Therefore,
If = 65" (Ol
—-rp-laplf—,
2e a

forallp>landO<a<f<l,a+f>1.
This implies that if there exists a subsequence (o) in (0, 8] with limy_,,, a; = 0 and

IGEP (F)—£ I,
A

such that lim;_, =0, then a, =0 forall p > 1, that is f is constant on D,.

IGEP (F)—£ 1,
a

Therefore, if f is not a constant function, then inf,¢( g > 0, which implies

a,f _
that there exists a constant C,.(f) > 0 such that w > C,(f), that is

”Ggﬁ(f)_f”r >C.(fla, forall0<a<pf<1l,a+p=>1.

Now, consider g > 1 and denote

1
1
V . f L ta_l 1_t ﬂ_]' 1— _(q+p)t dt :
q,a,3 ;rzlo (Beta(a,ﬁ) J;) ( ) | e |

. 1
Evidently that we have V; , 5 > Vo p 2 - 5.
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Reasoning as in the case of ¢ = 0, we obtain

) e A L Ry DL S
= |aq+p|T : z - T

5

a

forallp>0and0<a<pf<1l,a+pB=1.

This implies that if there exists a subsequence (o) in (0, 8] with lim;_,,, a; = 0 and
ILGy P ND—F D],
ag

polynomial of degree < q — 1 on DD,.

such that lim;_,, =0, then a;,, = 0 for all p = 0, that is f is a

Therefore, because by hypothesis f is not a polynomial of degree < g — 1, we obtain
] IG5 FND—f @,

infye(0, > 0, which implies that there exists a constant C,,(f) > 0

a
@ (£y1(@)_ £(0)
such that "% (f)(]lq i > Cpq(f), for all a € (0, B], that is

IIGEP (1@ — FD|. > C,.o(f)a, for all a € (0, B1.

(ii) By Gal [2, p. 206, Theorem 3.2.1, (i)], U,(f )(2) is analytic (as function of ) in Dy and

we can write
o0

a

U(f)z)= Z Tt];kZZk’ forall |z| <Rand t > 0.

k=0
Since |Z,i°:0 Hi’;kzzkl < Z,io:o lag|-|z|* < oo, this implies that for fixed |z| < R, the series
in t, Zio:o ﬁzk is uniformly convergent on [0, 00), and therefore we immediately
can write ) 5
& 1 t* (1 —¢t)P1
GP(F)z) =) as”
o (=) kZ:(:) k Beta(a,3) J, 1+ t2k2

In other order of ideas, we easily can write

1 1
G (&) = f () = poms f (1 - 0P UHE) - F@Nt,
? 0

which together with the estimate |U,(f)(z)—f (2)| < C.(f)t? in Gal [2, p. 207, Theorem
3.2.1, (iv)], implies

a 1 ' — —
G (&) = @) S et fo (1 - O UH)E) - F@lde

Beta(a+2,)

1
< C () f (1 -0 e =, (f)-
Beta(a,f3) J, Beta(a, )
a+1 a ala+1)

:Cr(f)a+/5+1'a+ﬁ SCr(f)TSCr(f)a,
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for all |z| < r, where C,.(f) > 0 is independent of z (and a, ) but depends on f and r.

Now, let g € NU {0} and 1 < r < r; <R. By using the Cauchy’s formula and reasoning
as in the proof of the above point (i), we get the upper estimate

I[GEP ()@ - @, < C*a,

with C* depending only on f, g, r and r;.

It remains to prove the lower estimate. For this purpose, reasoning exactly as in the
proof of Theorem 3.2.1, at pages 209-210 in the book Gal [2], for z = re'¥ and
p € NU {0} we get

T

2 9@ - )@@ e de

2T r
t*(q +p)?
= + +p-D..(p+ P —————.
ag+p(@+p)g+p—-1..(p+Dr T+ (g1 p)

1

a_l _ ﬂ_l . . . .
ety (1 —t)P™" an then integrating with respect to t, it

Multiplying above with
follows
I:=

1 Lrq (™ .
ey (37 U WO e
=ag4p(@+p)g+p—1)..(p+Dr?

a-1(1 - )f 1 [—tz(qﬂ))z } dt.

1 1
— | ¢
Beta(a, ) L 1+ t%(q+p)?

Applying the Fubini’s result to the double integral I and then passing to modulus, we
easily obtain

27

—T

s 1
L f eive {m fo [F ()~ [Ut(f)]@(z)lt“—l(l—t)ﬁ—ldt] dy

=lag1pl(@+p)g+p—1)..(p+ )r?
1 b g1 | _tg+p)
: {B—em(a’ﬁ)fo t* 7 (1-1) [—1+t2(q+p)2} dt:| .

1 1
= @(z) — @(NTpa-171 _ -1
Beta(a,ﬁ)fo [f () = [U(F)IP()]e* (1 - )P dt

Since

= f@(z) - [Gg’ﬁ(f)](q)(z),
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the previous equality immediately implies

1 (" .
o Le—w (9@ - (657D de

=lagpl(@+p)g+p—1)..(p+ )r?
1 et g | P@+p)? ]
' |:Beta(a,[3’)J; -y [1+t2(CI+P)2_ a
lagipl(@+p)g+p—1)...(p+ DrP

L ! a—1 p-1 tz(q +P)2 @) a,pB @
'[Beram,ﬁ)fo -0 [ ‘“] S G

and

First take g = 0. From the previous inequality we immediately obtain

1 2.2
1 t“p
Pl — ta_l 11—t -1 —— dt
laplr (Beta(a,[o’)J; ( ) 1+ t2p?

<|If = GEP(,-

In what follows, denoting

1 ! B t2p?
V,g=inf | ———— ta_l 1—-t 1 — dt
af = )0 Beta(a, ) L ( ) [ 1+ t2p? } ’

we clearly get

1 ! 8 t2
\% = = ta_l 1—t -1 dt
“f = Beta(a, B) L (1-t) [1+ tz}

1 ! 1
= ta_l 11—t p-1 1-— dt.
Beta(a, 3) J;) ( ) [ 1+ tz}

But we have 1 — 1J:t2 > %, for all t € [0,1]. Indeed, denoting g(t) =1 — 1jt2 — %, we
get g(0)=0and g’'(t) = (Hzttz)z — % =2t ((1+1L'2)2 — i) >0, forall t € [0,1]. It follows

that g(t) is nondecreasing on [0, 1] and therefore g(t) > 0 for all t € [0, 1].

In conclusion,
2

1 ! t
V,g 2 ———— ta_l 1—t’3_1—dl’
“p = Beta(oz,ﬁ)J0 ( ) 4

1 Beta(a+2,[9’)_1 a+1 a

4 Beta(a,p) 4 a+ﬁ+1.a—|—[3’
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(iii)

1
L1 aatl)
4 2
Now, by following for g > 0 similar reasonings with those in the above point (i), we get
the desired equivalence in the statement.

a
g

By Gal [2, p. 213, Theorem 3.2.5, (i)], U,(f )(2) is analytic (as function of z) in Dy and
we can write

o0
U(f)z)= Zak(l +kt)e k2K, forall |z| <Rand t > 0.
k=0

Since | Z}io ake_c’;t(l +kt)zk| <2 Z}io lay|-|z|* < oo, this implies that for fixed |z| <R,
the series in t, Zk:o a;(1+ kt)e %tz is uniformly convergent on [0, 00), and therefore
we immediately can write

00 1 1
GoP = k| %711 - t)P (1 +kt)e idt
M@= 0 s fo (1= (1 +ke)e™Mde,
. _ 1 1 a1 -1 —k :
where denoting bk(a,[a’)—mfo t* 11— t)P~1(1 + kt)e *tdt, we obtain
o0
Gy(f)@) = Y ay- b(a, B) - 25,
k=0

In other order of ideas, we easily can write

a,f _ 1 ' a—1 p-1
Gy (f)z)—f(z)= Beta(a.p) t* (1 - )P [U(f)(=) — f(=)]dt,
’ 0

which together with the estimate |U,(f)(z) — f(2)| < C.(f)t? in Gal [2, p. 213-214,
Theorem 3.2.5, (iv)], implies

G5P () - f(2) < N — 1 L1 - P HU(F)(2) - f(2)ldt
u ~ Beta(a,B) ), ‘

Beta(a+2, )

Beta(a, ) =G (e,

1 ' a+1 p-1 _
SCr(f)m'J; 1 -t Mde=C.(f)-

for all |z| < r, where C,.(f) > 0 is independent of z (and @) but depends on f and r.
We used here the estimate from the above point (ii).

Now, let g € NU {0} and 1 < r < r; <R. By using the Cauchy’s formula and reasoning
as in the proof of the above point (i), we get the upper estimate

IGEP ()@ - @), < C*a,
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with C* depending only on f, g, r and r;.

It remains to prove the lower estimate. For this purpose, reasoning exactly as in the
proof of Theorem 3.2.5, at pages 219-220 in the book Gal [2], for z = re'¥ and
p € NU {0} we get

T

— | 9w - w@eie g

2 J_

= a4p(@+p)(q+p — 1)e(p + 1rP[1— (14 (g + p)t)e @HP1].

1
Beta(a,f)

Multiplying above with t*1(1 — t)P~1 an then integrating with respect to t, it

follows
I:=

1 Lo ™ .
ey (37 U WO e
=aq4,(q+p)q+p—1..(p+DrP
1 1 @ -1 —(q+p)t
'WL 7N (1= 0 [1- (1 + (g +p)n)e @] de.

Applying the Fubini’s result to the double integral I and then passing to modulus, we
easily obtain

s 1
~ f e {m fo [F =)~ [Ut(f)]@(z)lt“—l(l—t)ﬁ—ldt] de

2r J_

=lagpl(@+p)g+p—1)..(p+ )r?

1 ' a-1 B-1 —(q+p)t
: |:B—eta(a,[3’)J;) 1 - ) [1 -+ (g+p))e @ ] de | .
Since

1 1
= @(z) - @(NTpa-171 _ -1
Beta(a,ﬁ)fo [f () = [U(HIP()] e (1 - )P dt

= f@(z) - [Gg’ﬁ(f)](q)(z),

the previous equality immediately implies

= | e lrom- weme)] o

2 )_

= lag4pl(@+p)q@+p—1)..(p+ rP
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1 v ~ oot
. {WL t® 1(1—t)[3 ! [1—(1+(q—|—p)t)e (a+p) :Idt:|

and
lagipl(@+p)g+p—1)...(p+ DrP

1 v ~ oot
. {WL t® 1(1—t)[3 1 [1—(1+(q—|—p)t)e (q+p) ]dt:|

<|If @ =GP (N9,

First take g = 0. From the previous inequality we immediately obtain

1 1
|ap|rp (mk ta_l(]. - t)ﬁ_l I:]. —(1 +pt)€_pt] dt)

<|If =GZP (),

In what follows, denoting

1
1
V,g=inf | ———— ta_ll—tﬂ_l 1-(1 t)e Pt | dt
@b zgl (Beta(a,[a’)ﬁ ( ) [ (1+pt)e J )’

we immediately get

= ! 1 a=1 B-1 —t
Va,ﬂ—mL t* " (1—1t) [1—(1+t)e ]dt.

But we have 1 — (1+t)e "t > %, for all t € [0,1]. Indeed, denoting

gt)=1—-(1+1t)e " — %, we have g(0)=0and g'(t) =te " — 5 =t (ﬁ - %) > 0 for
all t € [0,1]. This implies that g(t) is nondecreasing on [0, 1] and therefore g(t) > 0
forallt € [0,1].

Therefore,
1 ! t2
V,g 2 ———— ta_l ].—tﬁ_l—dt
= Beta(a,[a’)fo ( ) 2e
_Beta(a+2,[3’)_ 1 a+1 a

2¢-B(a,) E.a+ﬁ+1 . a+p
1
1 aetD o
2e 2 de
Now, by following for g > 0 similar reasonings with those in the above point (i), we get
the desired equivalence in the statement.
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(iv) By Gal [2, p. 223, Theorem 3.2.8, (i)], U,(f)(2) is analytic (as function of z) in D and

we can write
o0

U (f)(z) = Zake_kzt/"fzk, for all |zl <R and t > 0.
k=0

Since |Zliio ake_kzt/"fzkl < ZszIakl - |z|¥ < oo, this implies that for fixed |z| < R,
the series in t, Y., ape Kt/4gk

immediately can write

is uniformly convergent on [0, 00), and therefore we

%) 1 1 s
P =) gk ———— | 21— )l KD ge
=20 ) fo (1-1)
where denoting by (a, ) = m fol t* (1 - t)ﬂ_le_(kz/“)tdt we can write

o0

Gy ()= =) ay- bela, B)-=*.

k=0

In other order of ideas, we easily can write

1 1
G (1)e) = f () = poms f (1 - 0P UHE) - FENt,
? 0

which together with the estimate |U,(f )(z) — f(2)| < C.(f)t in Gal [2, p. 224, Theorem
3.2.8, (iv)], implies

a 1 ' — —
G (&) = @) S et L (1 - O UHE) - F@)lde

Beta(a+1,)

Beta(a, ) <G (e,

1 1
- . a1 _ \B-144 — .
Scr(f)Beta(a,[a’) L t*(1 -6 dt=C.(f)

for all |z| < r, where C.(f) > 0 is independent of z (and a) but depends on f and r.

Now, let g € NU {0} and 1 < r < r; <R. By using the Cauchy’s formula and reasoning
as in the proof of the above point (i), we get the upper estimate

IGEP ()@ - @), < C*a,

with C* depending only on f, g, r and r;.

It remains to prove the lower estimate. For this purpose, reasoning exactly as in the
proof of Theorem 3.2.8, at pages 227-228 in the book Gal [2], for z = re!¥ and
p € NU{0} we get

T

2 9@ - ) @@ie e de

2w J_
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= aq+p(q +p)g+p—1)...(p+1DrP[1- e—(q+p)2t/4].

1

a_l _ ﬂ_l . . . .
Betata )t (1 —=t)”~" an then integrating with respect to t, it

Multiplying above with
follows
I:=

™
-7

1 1 1 .
N R e IR L S B B

=ag4,(q+p)q+p—1)...(p+DrP

1

1 2
— | =) [1 —e(@tP) t/4] dt.
Beta(a,ﬁ)J0 ( )

Applying the Fubini’s result to the double integral I and then passing to modulus, we
easily obtain

1

T ) 1 o0
ﬁf e 'P¥ [WJ; [F %) - [U.(MHI D) (1 - t)ﬁ_ldt} dey

—T

=lag1pl(@+p)g+p—1)..(p+ )r?

1
1 2
) ta—lo=t |1 _ o=(a+P)*t/4 | ¢ | .
|:Beta(a,[3’)fo ¢ [ ¢ ]

1 1
—= @(z) - @(,)74%-1(] — £)B-1
Beta(a,ﬁ)J;) [f ') = (U V()] e (1 - )P dt

Since

= f@(z) - [G‘L",’ﬂ(f)](q)(z),

the previous equality immediately implies

1

= | e lroe- @]

—T

= lag4pl(@+p)g+p—1)..(p+ 1rP
1 ' a-1 B-1 —(q+p)?t/4
. [B—eta(a,[;’) fo t* M 1-1) [1 —e latp ] dt

lag4pll@+p)g+p—1)..(p + )rP

1 ' a-1 p-1 —(q+p)*t/4
-[B—em(a’ﬁ)fo t* M 1-1) [1—e atp ]dt

and
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<|If@ - (GEP ()9,

First take g = 0. From the previous inequality we immediately obtain

1 v _ i af
|a,|rP (mfo t271(1 — )P-1 [1_6 P /4] dt) <If =Gy (Ol

In what follows, denoting

1
1 2
\V =inf| —— ta—l 11—t p-1 1-— —p-t/4 dt
%P ;gl (Beta(a,ﬁ)fo ( ) [ ¢ ] ’

by simple calculation we get

1
1
V,g=———— ta_l 1—-t¢ p-1 1-— —t/4 dt.
p Beta(a,[;’)J‘0 ( ) [ ¢ ]

But denoting g(t) = e~!/4, by the mean value theorem there exists & € (0, 1) such that

1—et/*=g(0)—g(t)= te_j f> 4e—t1/4, which immediately implies

1
1 Beta(a +1,
Vop = t*(1—t)P1dt = ( p)
7 4el/4. Beta(a, B) J, 4el/4 . Beta(a, B)

1 a 1 a a
= . > >
4el/4 a+ B T 4el/4 2B T 8el/4

Now, by following for g > 0 similar reasonings with those in the above point (i), we get
the desired equivalence in the statement.
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