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Abstract. In 2002, J.M.Rassias [14] imposed and investigated the bi-parabolic elliptic bi-hyperbolic

mixed type partial differential equation of second order. In the present paper some boundary-value

problems with non-local initial condition for model and degenerate parabolic equations with parameter

were considered. Also uniqueness theorems are proved and non-trivial solutions of certain non-local

problems for forward-backward parabolic equation with parameter are investigated at specific val-

ues of this parameter by employing the classical "a-b-c" method. Classical references in this field of

mixed type partial differential equations are given by: J.M.Rassias [16] and M.M.Smirnov [25]. Other

investigations are achieved by G.C.Wen et al. (in period 1990-2007).
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1. Introduction

Degenerate partial differential equations have numerous applications in Aerodynamics

and Hydrodynamics. For example, problems for mixed subsonic and supersonic flows were

considered by F.I.Frankl [2]. Reviews of interesting results on degenerated elliptic and hy-

perbolic equations up to 1965, one can find in the book by M.M.Smirnov [24]. Among other
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research results on this kind of equations were investigated by J.M.Rassias [14, 15, 16, 17, 18,

19, 20, 21], G.C.Wen [26, 27, 28, 7, 29], A.Hasanov [6] and references therein. Also works by

M.Gevrey [4], A.Friedman [3], Yu.Gorkov [5] are well-known on construction fundamental

solutions for degenerated parabolic equations. Boundary-value problems with initial non-local

condition for model parabolic equations were studied by N.N.Shopolov, for example see [23].

Various non-local problems for mixed type equations containing parabolic type equation were

studied by many authors, for instance, see works by Kerefov [12], Sabytov [22], Berdyshev

[1], Karimov [10, 11]. However, in 2002, J.M.Rassias [14] imposed and investigated the

bi-parabolic elliptic bi-hyperbolic mixed type partial differential equation of second order.

In the present paper some boundary-value problems with non-local initial condition for

model and degenerate parabolic equations with parameter were considered. Also unique-

ness theorems are proved and non-trivial solutions of certain non-local problems for forward-

backward parabolic equation with parameter are investigated at specific values of this param-

eter by employing the classical "a-b-c" method. Classical references in this field of mixed type

partial differential equations are given by: J.M.Rassias [16] and M.M.Smirnov [25]. Other

investigations are achieved by G.C.Wen et al. (in period 1990-2007).

2. Non-local Problems for Degenerate Parabolic Equations with Parameter.

Let us consider a parabolic equation

ymux x − xnuy −λxn ymu = 0, (1)

with two lines of degeneration in the domain Φ =
��

x , y
�

: 0< x < 1, 0< y < 1
	

, where

m, n> 0, λ ∈ C .

The problem 1. To find a regular solution of the equation (1) satisfying boundary conditions

u
�
0, y
�
= 0, u
�
1, y
�
= 0, 0≤ y ≤ 1, (2)

and non-local initial condition

u (x , 0) = αu (x , 1) , 0≤ x ≤ 1, (3)

where α is non-zero real number.

The following statements are true:

Theorem 1. Let α ∈ [−1,0)∪ (0,1] , Reλ ≥ 0. If there exists a solution of the problem 1, then

it is unique.

Corollary 1. The problem 1 can have non-trivial solutions only when parameter λ lies outside

of the sector ∆= {λ : Reλ ≥ 0}. These non-trivial solutions represented by

upk

�
x , y
�
= Cpk

�
2

n+ 2

� 1

n+2

µ
1

2(n+2)

k
x

1

2 I 1

n+2

�
2
p
µk

n+ 2
x

n+2

2

�
e(− ln |α|−ipπ)ym+1

, (4)
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where Cpk are constants, p, k are natural numbers. Eigenvalues defined as

λpk = µk + (m+ 1) ln |α|+ i (m+ 1) pπ.

Here µk are roots of the equation

I 1

n+2

�
2
p
µ

n+ 2

�
= 0,

where Is () is the first kind modified Bessel function of s-th order.

We will omit the proof, because further we consider similar problem in three-dimensional

domain in a full detail.

Let Ω be a simple-connected bounded domain in R3 with boundaries Si (i = 1,6). Here

S1 =
��

x , y, t
�

: t = 0, 0< x < 1, 0< y < 1
	

,

S2 =
��

x , y, t
�

: x = 1, 0< y < 1, 0< t < 1
	

,

S3 =
��

x , y, t
�

: y = 0, 0< x < 1, 0< t < 1
	

,

S4 =
��

x , y, t
�

: x = 0, 0< y < 1, 0< t < 1
	

,

S5 =
��

x , y, t
�

: y = 1, 0< x < 1, 0< t < 1
	

,

S6 =
��

x , y, t
�

: t = 1, 0< x < 1, 0< y < 1
	

.

We consider the following degenerate parabolic equation

xn ymut = ymux x + xnuy y −λxn ymu (5)

in the domain Ω. Here m> 0, n> 0, λ= λ1 + iλ2, λ1,λ2 ∈ R.

The problem 2. To find a function u
�

x , y, t
�

satisfying the following conditions:

1. u
�

x , y, t
� ∈ C
�
Ω
�
∩ C

2,2,1
x ,y,t (Ω);

2. u
�

x , y, t
�

satisfies the equation 5 in Ω;

3. u
�

x , y, t
�

satisfies boundary conditions

u
�

x , y, t
� ���S2∪S3∪S4∪S5

= 0 ; (6)

4. and non-local initial condition

u
�

x , y, 0
�
= αu
�

x , y, 1
�

. (7)

Here α= α1 + iα2, α1,α2 are real numbers, moreover α2
1 +α

2
2 6= 0.

Theorem 2. If α2
1 +α

2
2 < 1, λ1 ≥ 0 and exists a solution of the problem 2, then it is unique.
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Proof. Let us suppose that the problem 2 has two u1, u2 solutions. Denoting u = u1 − u2

we claim that u≡ 0 in Ω.

First we multiply equation (5) to the function u
�

x , y, t
�
, which is complex conjugate

function of u
�

x , y, t
�
. Then integrate it along the domain Ωǫ with boundaries

S1ǫ =
��

x , y, t
�

: t = ǫ, ǫ < x < 1− ǫ, ǫ < y < 1− ǫ	 ,
S2ǫ =
��

x , y, t
�

: x = 1− ǫ, ǫ < y < 1− ǫ, ǫ < t < 1− ǫ	 ,
S3ǫ =
��

x , y, t
�

: y = ǫ, ǫ < x < 1− ǫ, ǫ < t < 1− ǫ	 ,
S4ǫ =
��

x , y, t
�

: x = ǫ, ǫ < y < 1− ǫ, ǫ < t < 1− ǫ	 ,
S5ǫ =
��

x , y, t
�

: y = 1− ǫ, ǫ < x < 1− ǫ, ǫ < t < 1− ǫ	 ,
S6ǫ =
��

x , y, t
�

: t = 1− ǫ, ǫ < x < 1− ǫ, ǫ < y < 1− ǫ	 .
Then taking real part of the obtained equality and considering

Re
�

ymuux x

�
= Re
�

ymuux

�
x − ym
��ux

��2 , Re
�

xnuuy y

�
= Re
�

xnuuy

�
y
− xn
��uy

��2 ,

Re
�

xn ymuut

�
=

�
1

2
xn ym |u|2
�

t

,

after using Green’s formula we pass to the limit at ǫ→ 0. Then we get

∫

∂Ω

∫
Re
�

ymuux cos (ν , x) + xnuuy cos
�
ν , y
�− 1

2
xn ym |u|2 cos (ν , t)

�
dτ

=
∫ ∫

Ω

∫ �
ym
��ux

��2 + xn
��uy

��2 +λ1 xn ym |u|
�

dσ

where ν is outer normal. Considering Re
�

uux

�
= Re
�

uux

�
, Re
�

uuy

�
= Re
�

uuy

�
we obtain

Re

∫ ∫

S1

1

2
xn ym |u|2 dτ1 +

∫ ∫

S2

ymRe
�

uux

�
dτ2−
∫ ∫

S3

xnRe
�

uuy

�
dτ3−
∫ ∫

S4

ymRe
�

uux

�
dτ4

+

∫ ∫

S5

xnRe
�

uuy

�
dτ5−Re

∫ ∫

S6

1

2
xn ym |u|2 dτ6 (8)

=

∫ ∫

Ω

∫ �
ym
��ux

��2 + xn
��uy

��2 +λ1 xn ym |u|
�

dσ.

From (8) and by using conditions (6), (8), we find

1

2

�
1−
�
α2

1 +α
2
2

��
1∫

0

1∫

0

xn ym
��u�x , y, 1
���d xd y

+

∫ ∫

Ω

∫ �
ym
��ux

��2 + xn
��uy

��2 +λ1 xn ym |u|
�

dσ= 0. (9)
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Setting α2
1 +α

2
2 < 1, λ1 ≥ 0, from (9) we have u

�
x , y, t
�≡ 0 in Ω.

We find below non-trivial solutions of the problem 2 at some values of parameter λ for

which the uniqueness condition Reλ= λ1 ≥ 0 is not fulfilled.

We search the solution of Problem 2 as follows

u
�

x , y, t
�
= X (x) · Y �y� · T (t) . (10)

After some evaluations we obtain the following eigenvalue problems:

¨
X ′′ (x)+µ1 xnX (x) = 0

X (0) = 0, X (1) = 0;
(11)

¨
Y ′′
�

y
�
+µ2 ymY
�

y
�
= 0

Y (0) = 0, Y (1) = 0;
(12)

¨
T ′ (t) +
�
λ+µ
�

T (t) = 0

T (0) = αT (1) .
(13)

Here µ = µ1+µ2 is a Fourier constant.

Solving eigenvalue problems (11), (12) we find

µ1k =

�
n+ 2

2
gµ1k

�2
, µ2p =

�
m+ 2

2
gµ2p

�2
, (14)

Xk (x) = Ak

�
2

n+ 2

� 1

n+2

µ
1

2(n+2)

1k
x

1

2 J 1

n+2

�
2
p
µ1k

n+ 2
x

n+2

2

�
, (15)

Yp

�
y
�
= Bp

�
2

m+ 2

� 1

m+2

µ
1

2(m+2)

2p y
1

2 J 1

m+2




2
p
µ2p

m+ 2
x

m+2

2


 , (16)

where k, p = 1,2, . . ., gµ1k and gµ2p are roots of equations J 1

n+2

(x) = 0 and J 1

m+2

�
y
�
= 0,

respectively.

The eigenvalue problem (13) has non-trivial solution only when

¨
α1 = eλ1+µkp cosλ2

α2 = eλ1+µkp sinλ2.

Here λ= λ1 + iλ2, α = α1 + iα2, µkp = µ1k +µ2p. After elementary calculations, we get

λ1 = −µkp + ln
Æ
α2

1
+α2

2
, λ2 = arctan

α2

α1

+ sπ, s ∈ Z+ (17)

Corresponding eigenfunctions have the form

Tkp (t) = Ckpe

�
µkp−ln
p
α2

1+α
2
2−i

�
arctan

α2
α1
+sπ

��
t
. (18)
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Considering (10), (15), (16) and (18) we can write non-trivial solutions of the problem 2 in

the following form:

ukp

�
x , y, t
�
= Dkp

�
2

n+ 2

� 1

n+2
�

2

m+ 2

� 1

m+2

µ
1

2(n+2)

1k
µ

1

2(m+2)

2p

p
x yJ 1

n+2

�
2
p
µ1k

n+ 2
x

n+2

2

�

× J 1

m+2




2
p
µ2p

m+ 2
y

m+2

2


 e
�
µkp−ln
p
α2

1+α
2
2−i

�
arctan

α2
α1
+sπ

��
t
,

where Dkp = Ak · Bp · Ckp are constants.

Remark 1. One can easily see that λ1 < 0 in (17), which contradicts to condition Reλ= λ1 ≥ 0

of the theorem 2.

Remark 2. The following problems can be studied by similar way. Instead of condition (6) we

put conditions as follows:

Problem’s name P3 P4 P5 P6 P7 P8 P9 P10

S2 ux u u ux u u ux u

S3 uy u uy u uy u u u

S4 u ux u ux u ux u u

S5 u uy uy u u u u uy

3. Non-local Problem for "Forward-backward" Parabolic Equation with

Parameter.

In this section we prove the uniqueness of solution of a non-local problem for "forward-

backward" parabolic equation with parameter. We have to note work by C.D.Pagani and

G.Talenti [13], where boundary-value problems for equation

sgn(x)uy − ux x + ku = f (x , y)

were investigated. Existence theorems are proved, with an integral equations technique with

the developing of Wiener-Hopf integral equations of the first kind with solutions belonging to

Sobolev spaces.

In the domain D = D1 ∪ D2 ∪ I0, D1 =
��

x , y
�

:−1≤ x ≤ 0, 0≤ y ≤ 1
	
,

I0 =
��

x , y
�

: x = 0, 0≤ y ≤ 1
	
, D2 =
��

x , y
�

: 0≤ x ≤ 1, 0≤ y ≤ 1
	

let us consider equa-

tion

Lu= λu, (19)

where λ ∈ R, Lu= ux x − si gn (x)uy .

The problem 3. To find a regular solution of the equation (19) from the class of functions

u
�

x , y
� ∈ C
�

D
�
∩ C1
�

D ∪ I1 ∪ I2

�
, satisfying non-local conditions

k1ux (−1, y) + k2u(−1, y) = k3ux (1, y), 0≤ y ≤ 1, (20)
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k4ux(1, y) + k5u(1, y) = k6ux(−1, y), 0≤ y ≤ 1; (21)

u (x , 0) = αu (x , 1) , −1≤ x ≤ 1. (22)

Here ki

�
i = 1,6
�

, α is given non-zero constant, I1 =
��

x , y
�

: x = −1, 0≤ y ≤ 1
	
,

I2 =
��

x , y
�

: x = 1, 0≤ y ≤ 1
	
.

Note, non-local conditions (20), (21) were used for the first time by N.I.Ionkin and

E.I.Moiseev [9, 8].

Theorem 3. If

|α|= 1, λ > 0, k3k5 = k2k6, k1k2 < 0, k4k5 > 0 (23)

and exists a solution of the problem 3, then it is unique.

Proof. We multiply equation (19) to the function u
�

x , y
�

and integrate along the domains

D1 and D2. Using Green’s formula and condition (22), we get

1∫

0

u
�−0, y
�

ux

�−0, y
�

d y =

0∫

−1

α2 − 1

2
u2 (x , 1) d x

+

1∫

0

u
�−1, y
�

ux

�−1, y
�

d y +

∫ ∫

D1

�
u2

x +λu2
�

d xd y,

1∫

0

u
�
+0, y
�

ux

�
+0, y
�

d y =

1∫

0

α2 − 1

2
u2 (x , 1)d x

+

1∫

0

u
�
1, y
�

ux

�
1, y
�

d y −
∫ ∫

D2

�
u2

x +λu2
�

d xd y.

From conditions (20), (21), we find

u
�
1, y
�

ux

�
1, y
�
=

k6

k5

ux

�−1, y
�

ux

�
1, y
�− k4

k5

u2
x

�
1, y
�

,

u
�−1, y
�

ux

�−1, y
�
=

k3

k2

ux

�−1, y
�

ux

�
1, y
�− k1

k2

u2
x

�−1, y
�

.

Taking above identities into account, we establish

0∫

−1

α2−1

2
u2 (x , 1) d x +

1∫

0

1−α2

2
u2 (x , 1) d x +

1∫

0

h
k4

k5
u2

x

�
1, y
�− k1

k2
u2

x

�−1, y
�i

d y+

+

1∫

0

h
k3

k2
− k6

k5

i
u
�−1, y
�

ux

�
1, y
�

d y +
∫ ∫

D1

�
u2

x +λu2
�

d xd y +
∫ ∫

D2

�
u2

x +λu2
�

d xd y.

Considering condition (23), we get u
�

x , y
�≡ 0 in D and the proof of Theorem 3 is complete.
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Remark 3. By similar method one can prove the uniqueness of solution of boundary-value prob-

lem with non-local initial condition for equation

0=

¨
ymux x + (−x)n uy −λ (−x)n ymu= 0, x < 0

ymux x − xnuy −λxn ymu= 0, x > 0.

Open question. A question is still open, on the unique solvability of boundary value problems

for the following equation:

0=

¨
ym1 (−x)n2 ux x + (−x)n1 ym2uy −λ1u= 0, x < 0

ym1 xn2ux x − xn1 ym2uy −λ2u = 0, x > 0,

where λ1, λ2 are given complex numbers and mi, ni = const > 0 (i = 1,2).
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